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ELEMENTS OF STATICS.— SOLUTIONS. 


EXAMPLES. I. (Pages 15, 16.) 

1. (i) R= ,v/(24) a + 7 J = n /C26 = 25. 

(ii) Q=J( 14) 2 -(13) s = ^27 = 8^3. 

(iii) ii = ,/7» + 8 2 + 277 . 8 cos 60° = ^169 = 13. 

(iv) R=js> + ‘>+2.5. 9 cos' 120" = Jbl. 

(v) 7 a =3 a + 5 , + 2 . 3 . 5 cos a, 

whence cosa = g, i.e. a = 60°. 

(vi) COB a= Jl^aWa= \ ~ (i|)*= ± ^‘. 

" ( 13 ) 2 + ( 14 ) S±12 - 13 - 14 -^ = -v/sOS; or 15. 

(vii) 7 2 =5 , + Q a + 2 ( 5 . <J) cos 60°, 

whence Q a + 5Q-24=0, and so Q = 3. 


2. The resultant of two forces is greatest or least according as 
they act in the same straight line in the same direction or in opposite 
directions. Hence [cf. Art. 23], the greatest resultant of forces of 
12 lbs. wt. and 8 lbs. wt. = (12 + 8) lbs. wt. = 20 lbs. wt. ; and the least 
resultant = (12 - 8) lbs. wt. = 4 lbs. wt. 


3, The forces of S lbs. wt. and 4 lbs. wt. act in the same straight 
line in opposite directions, and are, therefore, equivalent to a force of 
1 lb. wt. in the direction of the foroe of 4 lbs. wt., i.e . south. The 
forces of 6 lbs. wt. and 6 lbs. wt. also act in the same straight line in 
opposite directions, and are, therefore, equivalent to a force of 1 lb. 
wt. in the direction of the force of 6 lbs. wt., i.e . west. Hence the 
four forces are equivalent to two forc es of 1 lb. wt. each, acting at right 
angles; therefore the resultants *yiHl*= ^2 lb. wt., and evidently 
acts along a line biseoting the angle between the lines of aotion of the 
forces of 4 lbs. wt. and 6 lbs. wt., i.e. in a direction south-west. 


L. S. K, 
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2 ELEMENTS OF STATICS Exs. 

4. The resultant = = s/4'2025 = 206 lbs. wt. 

6. Here R=J P>+ (PJ 2)»+2 . P . Pj2 eos 135 °=P lbs. wt. at 

an angle tan -1 — , i.e. tan -l oo, i.e. at right angles to 

P+P^oos 135° 

the direction of the first component. 

0. If Q be the required force, we have 

( V 3 )* = 2 a 4 Q a 4- 2 . 2 . Q cos 60°, 
whence Q fl + 2Q-8=0, and therefore Q=21bs. wt. 

7. If tan a = 12 then cos a . 

o lo 

P = /v/(13)’ + (ll) J + 2.13,ll.A = N /400=201bs. wt. 


8. Iftana=^, then cos a = ?. 

o 5 


R=eJ (10) 2 + 9 J + 2 . 10 . 9 *= V 2 89 = 171bs. wt. 


9. If the forces be each equal to P, a be the angle between them, 
and R be their resultant, we have 

i2 2 = 3P 8 , so that 3P 2 = P 2 (2 + 2 cos a) , 
whence cosa= ( j, i.e. a=60°. 


10. If P and Q be the required forces, we have 

U/10 )»=P* + Q», and ( n /13) j = P 4 + Q 2 + 2P( i )cob 60 o , 
i.e. P»+g 3 = 10, and F i +Q‘* + PQ=13. 

Solving these equations, we have 

P=3 lbs. wt., and <2 = 1 lb. wt. 

11. (i) p=pV*u + cosa), i.e. 1 = 2 + 2 cos a; 

whence cosa=-i, i.e. a =120°. 

(2) ^=P*J 2(1 + cos a), i.e. ^ = 2 + 2cosa; 

cos a= - ue. a = cos -1 f - x ) = 151° 3'. 


whence 
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12. Here, if a be the required angle, we have 


( + £ 2 ) a = [A +1])* + {A -13)* +2(1 + B) (. A - B) cos o, 
so that d a + B a =2(d a + B s ) + 2 (4 s -B 8 ) cos a, 


whence 


oos o= 


A* + & 

2 (A 1 -By 


i.e. a=cos 



ld a + ii a \ 

2 A*-B a )‘ 


. 13. _ Find the resultant ( R) of the two given forces ; let S be the 
third given forc^; the greatest resultant R and 8 can ha\o is ii + S 
when they act in the same direction in the same straight line ; i.t, S 
must act in the direction of R. 


14. Take the figure of Art. 27. 

(i) Make CM =5 ins., lA0B~%1°, and cut off 0B = 7| ins.; 
complete the parallelogram OACB; then OC is Ji. 

[2 units of force = one inch.] 

(ii) Make 0A = 4^ ins., lAOB ~ 133° and cut off 0B= 3^ ins.; 
complete the parallelogram OACB; then OC=ll. 

(iii) Make OA = 3i ins. ; with centres 0 and A describe circles of 
radii 5 and 2^ ins. to meet in C; complete the parallelogram OACB ; 
then z AOB = a. 

(iv) Make 0A = 3-05 ins. and zdOB = 65°; draw AG parallel to 
OB; with centre 0 and radius 4*35 describe a circle to cut AC in C; 
complete the parallelogram OACB ; then OB is Q. 


1—8 
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EXAMPLES. II. (Pages 19, 20.) 

1. The resolved parts are 10 oos 80° and 10 sin 30°, respectively , 
i.e. 5^/3 lbs. wt. and 6 lbs. wt. 

2. (1) P cos 45°, i.e. ^P^/2. (2) Pcos^cos— i.e. 1 |p. 

3. The required force = 100 cos 60°= 50 lbs. wt. 

4. If the required forces be each equal to P, we have 

(100) 2 = P 2 (2 + 2 cos 60°); 

whence 8P 2 =(100) a , and P=i5|V? = 67-785 lbs. wt. 

5. If * an<J y be the required forces respectively, we have 

x _ y 50 60 _ 50 

ain 45° “ sin 60° " sin 105° "'cob 16° “cos (46° -30°) 

=^x= 60 ^ 8 - 1 >- 

Hence *=60 (iv/3-l)=36‘603 lbs. wt., 

and y = 25 ( -t/18 - ^6) = 44*83 lbs. wt., nearly. 

6. If * and y be the required components respectively, we have 

* _ y _ P _ P . -PXV2 n f - 

sin 45° " sin 80 ° "EtT 0 ” sin (45° + 80°)“ ^/j + 1 ^ 

Hence x=P(*y3-l), and (^6-^/2). 

7. The required forced 

8. If P and Q be the required forces respectively, we have 

P=Ptan60°-P,y3, and Q=Pseo60°=2P. 
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9, If a force F be resolved into two component forces P and Q, 
and P be at right angles to F and equal to it in magnitude, then the 
other angles are each 45°, and Q = Pyf 2 = F,J 2. Also the angle between 
the component forces is 135°. 

'10. Draw OB vertical and equal to 20 units of length, and OA 
horizontal and equal to 10 units of length. Complete the parallelo- 
gram OABC. Then OC represents the other force. 

Clearly OC=AB= J (20) 1 + (10) a = 10*/ 5 = 22*86 lbs. wt. 

Also tan COB = tan OBA = | , so that the inclination to the vertical 

= tan-i|=26°84'. 

11. In Fig. Art. 84 make 

OC= 3 Jins., L CO A = 98° and L COB =iO°. 

EXAMPLES. ILL (Pages 25, 26.) 

1. If P, Q and R be the forces, we hare, by Lami’s Theorem, 

(i) P=Q=B. 

1 ' sin 150° sin 150° “sin 60° ’ 
hence P :Q: J2= 1 : 1 : 

2. If P, Q and R be the foroes, we have, by Lami’s Theorem, 

P Q R , 

Bin 120° sin 150° “ sin 90° * 
hence P : Q : R= t J‘d : 1 : 2. 

3. Since 7 P is equal tq the resultant of 6 P and 8P, we have, if a 
be the required angle, 

(7P) 2 =(5P) a +(8P) a + 2 . 5P . 8P cos a, 

whence cosa=-~ > i*e, a = 120°. 

4. Draw a figure as in Art. 38, with 12P for P, 5P for Q, and 13P 
for R. The sides OL, LN and NO of the triangle OLN are propor- 
tional to 12, 5 and 18 respectively; and, since (13) a -(12) a + 5 a , the 
angle OLN is therefore a right angle. 

Again, tan LOAT=^= • 4166667 ; therefore the angle LON = 22° 87'. 

Hence the angle between the directions of the forces 5P and 12P 
= MOL = OLN = 90° ; 

between the directions of the forces 12P and 13P the angle 
= 180° -22° &7'=157° 23', 

and, therefore, between the directions of the forces 18P and 5 P the 
angle « 112° 87'. 
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5. Constiuct a triangle ABC wLth its sideB CA, AB , and BG pro- 
portional to 2, 3 and 4 lespectively ; and with the side BG in the given 
direction. The foices 2 P and 3 P are paiallol to CA and AB. 

6. The force represented by BE is the resultant of forces repre 

sented by BD and DE t i.e. by ~BA and \bC ; the foice represented 

£ £ 

by 1)G is the resultant of forces represented by | AC and ^ BC\ but, 

1 * 1 

by the triangle of forces, the forces represented by ^BA and ^ AC have 
resultant represented by ~ BC , therefore tho lequired resultant is re- 
presented in magnitude and direction by ^BC. 


7. By the triangle of forces, the resultant is \ .AB, acting at P 
parallel to AB , i.e. is constant in magnitude and direction. 

8. The diagonals of A BCD bisect each other in some point 0, and 
the resultant of the attractions to A and C is proportional to 2 . PO, 
= 2\ . BO suppose, and is in the direction PO ; bo the resultant of the 
repulsions from B and D is propoitional to 2. OP ( = 2 X.PO) if the 
proportion be the Bame as for the attractions, and is in the direction 
OP. Hence P i« in equilibrium independently of its position, i.e. 
wherever it is situated. 

For Exs. 9-14 take the figure of Pago 13 with L AOC — B. 


9. Make OA — 5 inches (scale 5 lbs.=one inch) and iAOC=35°. 
With centre A and radius 4 inches describe a circle to cut OC in 
C lf C 2 . Complete the parallelograms OA C,B 1 and OAC 2 P 2 . Then 
OCj, 0C 2 give the two values of R, and AOB lt AOB a the two 
values of a. 


10. Draw 0A = 5 ins. [scale 10 kilog. = one inch]; with centres 

0 and A and radii 7 and 6 ins. describe circles to meet in C. 
Complete the parallelogram OACB. Then AOB and AOC are the 
required angles a and d. . 

11. Draw OA — 3 inches and A OB =130°; with centre 0 and 
radius 4 ins. draw a circle to cut AC, parallel to OB, in C. Complete 
the parallelogram OACB; then OB=Q and i AOC =9. 


12. Draw 0-4=6 ins. , AOB = 75° and A OC = 40° ; through A draw 
AC parallel to OB; then AC is Q and OC is H. 
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13. Draw 04 = 6 ins., Z40C = 5 0° and make OC=4 inches. 
Join AC and complete the parallelogram OACB. Then OB is Q and 
AOB is a. 

14. Draw 04=4 ins., L AOB=55° and draw AC parallel to OB. 
With centre 0 and radius 5 ins. draw a circle to cut AO in C. Then 
L A OC is 0 and AC is Q. 

15. Let OC be the direction of the boat’s length ; make L A0C= 20° 
and 0A = 5 ina. [Scale 1 cwt. = 1 inch.] 

On the other side of OC from OA take OB such that 
COB = 180° - 40° = 140°. 

Draw AC parallel to OB to meet OC in 0 ; complete the parallelogram 
OACB ; then on the given scale OC is the resultant force and OB the 
resultant reaction of the water. 


EXAMPLES. IV. (Pages 26—28.) 

1. Take the second figure in Art. 27 and wo have P=80, a = 120°, 
and L C0B = 90°. Let Q be the required force. 

Since OB = BC sin OCB = BC sin COA — BC sin 30° = ~ BC, 

A 

therq/ore Q = i P = 40. 

2. Let 2P and P be the given forces, a be the angle between them, 
and R he their resultant. Then R=2P, and we have 

(2P) a = (2P) a +P a f 2 . 2P . P cos a, 
whence cos a= -j, i.e. a = cos _1 f 104° 29*. 
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3. The resultant is always nearer to the greater foroe. Take the 
figure in Art. 88, with P = 8 lbs. wt , the lLOM= 90°, and the 
L LOR = 150°; let Q and JR be the required forces. Then the 
L ROM =120° t and we have 

_Q Ji JL_ io-r-± 

Bin 150° “ Bin 90° " Bin 120° ’ v "V 3 ’ 
lb. wt., and R=2J'i lba. wt. 

4 . Take the second figure in Art. 27, with 30 lbs. wt. for P, 

l g 

a=- x 90°= 150°, and OG perpendicular to OP; Q and R being re- 
quired. Then we have 

P a = (30) a + Q a + 2 . 30 . Q cos 150°, 

i.e. R^(30)* + Q*-30jdQ-, 

also, since BC=OA, and the angle BOG is a right angle, we have 
Jt»=(30) J -Q 5 6 . 

.-. (30, » + Q> - 30 JfQ = (30) a - Q\ 

^ = 15^/3 lbs. wt. 

Also, P*=(30) a - <? a =(15 y [2 a - ( N /3) a ]=(l 5)', 

so that P = 161bs. wt. 

v otherwise thus: — 

OB =BG cob OBC , t.e. Q = 30 cos 80° =15^3 lbs. wt. 

Also, OG = BC cos OGB, t.e. R = 30 cos 60° = 15 lbs wt. 

5. Let 3P and 5P be the forces, and nP be their resultant. Take 
the second figure m Ait 27, with 3P foi Q t nP for R , 5P for P, and 
OG at right angles to OB Then, since BC 2 =OB 2 + OG 2 , we have 

(6P) a = (3P) a + (*P) a , 
m\ 25=9 + n a , t.s. n*=16, and n= 4. 

Hence 5 P :nP= 6 s 4. 

6. If P and Q be the forces, and R their resultant be perpen- 
dicular to Q, we have 

P + <?=18 (1) P = 12.(2) 

and P*-Q a =P a , tr. (P+Q) (P- Q) = P a ...(3). 

Substituting from (1) and (2) in (3), wc have 

18 (P- Q)-= 144, it f. P-Q = 8...( 4). 

From (1) and (4), we have P= 13, and Q = 5. 
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y. Let the foices P and Q be represented by OA and OB respec- 
tively; complete the parallelogram OACB with the diagonal DC (which 
represents R) equal to OA . Produce OA to Z>, making AD — OA y and 
complete the parallelogram ODEB ; then OE represents the new 
resultant. Also CE~CB=CO ; hence the angle BOE is a right 
angle, being an angle in a semicircle, and therefore OE is at right 
angles to OB. U , y ’• ' '*■ * 

’ / 

8. Let the forces P and Q be represented by OA and OB respec- 
tively; complete the parallelogram OAGB\ the diagonal OG represents 
the resultant and the zAOC= 30°. We have 

sin OAG _ sin GOA . sin OA C __ sin 30° 
~OC~-~AC~' '*■ 

so that gin OAC~^~, i.e. the iOAC= 60° or 120°. 

If the L 040=60°, then 04=2 . 40, i.e. P=2Q. 

If the L 040=120°, then the lACO = 30°, i.e. P=Q. 

9. Since the direction of the resultant is unaltered when the first 
force becomes 4 P and the second force becomes P+12 lbs. wt., the 
ratios of the components in the two cases must be the same. Hence 

2P __ 4P 
P “P+12* 

P+12 = 2P, and P=121bs. wt. 

10. We have (2m + 1) 9 (P a +Q 9 ) = P 9 + Q* + 2 PQ cos 0 , 

and (2m - l) 9 (P 9 + R*) = P 9 + Q 9 + 2 PQ Bind; 

(P a + Q 2 ) (4m 9 + 4m) = 2 PQ cos 0, 
and (P 9 + Q 9 ) (4m 9 - 4m) = 2 PQ sin 0 ; 

4m 9 - 4m m - 1 
tan 9 = -r —= — — = . 

4 m* + 4 m m + 1 

11. Let a be the angle between P and Q ; then we have 


+ 2PQ cos a f 1) 

4R 9 =P 9 + 4Q 9 + 4Pgcosa ..(2) 

and 4R 9 =P 9 + Q 2 + 2PQ cos (180° - a), 

i.e . 4R 9 =P 2 +Q 9 -2PQoosa (3). 

From (1) and (2), 2R 2 =2Q 2 - P 9 ; 

„ (2) „ (3), 12R 8 =3P 9 + CQ 2 , i.c. 4P 9 =2g 9 + P 9 . 

Hence, by addition, 6P 9 =4g 9 , i.e. SR 2 =2Q 2 ; 
and, by subtraction, . 2P 9 =2P 9 , i.e. R 3 =P 9 ; 
pa O 9 R 2 

~ = f = UP!«»W 2:^3:J2. 
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> 12. Let the forces P and Q be represented by OA and OB respec- 
tively; complete the parallelogram OACB ; the diagonal OG represents 
the resultant B. Produce OA to D, making AD = OC t and complete 
the parallelogram ODEB ; join OE ; then OE represents the resultant 
of (P + P) and Q ; and the 2 COD = 0. Now CE=AD=OC ; therefore 
the 2 CEO=the 2 COE. But the 2CEO=t)ie lEOD , sinoe OD is 

a 

parallel to GE; therefore the 2 COE= the 2EOD = ~. q.e. d. 


13. If AB represent the force P, which is turned through an 
angle a and then represented by AD, the system which was in equili- 
brium has had the force represented by AB taken away from it and 
the force represented by AD added to it. Hence, if BA be produced 
to C, so that AC=AB , the system is now equivalent to forces repre- 
sented by AD and AG, which have a resultant ( R t say) represented by 
AE, a diagonal of the parallelogram of which AG and AD are adjacent 
sides; and since AD=AC , therefore AE bisects the 2 CAD, so that 

the 2 BAE | . Hence, if a beoome a + /9, the 2 BA E will become* 

J + a ; t.e. if AD be turned through a further angle p, R turns 
2 2 

through a further angle a „— + £ i.e. f , so that the inclination of B 
2 2 2 

alters by half the amount that that of P does. 

14. If OP be the line of action of the given force, and Q and R 
be the given points, the components will be equal if their directions 
are equally inclined to OP. Hence, if RftI be peipendioular to OP 
and be produced to S so that SM =MR, then SQ or QS meets OP in T 
so that QT and RT are equally inclined to OP ; and therefore if TP 
represent the given force in magnitude and UV be drawn through the 
centre of TP perpendicular to TP and meeting TR and TQ in U and 
V, the requned components are TU and TV. 

15. If A and B be the given points, and the forces P and Q along 
AG and BG meet in C, their resultant pafcses through 0; and if the 
directions of the two foroes be turned round A and B through equal 
angles CAD and CBD, the resultant will now pass through D, and 
meet its former direction in some point E . Also, since the L CAD = 
the / CBD, a circle would go round BACD ; and since the aACB = 
the t ADB, the resultant is unaltered in magnitude and must make 
the same augle ADE with AD as the angle ACE wflbh AC, i.e . the 
2 ADE =the 2 ACE; therefore a circle would go round ACDE . 
Hence, since there is but one circumscribing circle to the triangle 
ACD , E lies on the circle round A CB. Aiso the forces P and Q being 
given and the angle A CB always the same the direction of the resultant 
divides A OB into angles the ratio of whose series is known. Hence 
the angle BCE is known and therefore E is a fixed point. 
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16. By Art. 42, Cor., the resultant of the forces represented by 
PA and PB must pass through F t the middle point of Alj ; alap it 
passes through P and through C ; hence F must lie on the straight 
line CF. 


17. If P be the given force represented by AB acting at A, on a 
definite scale, then A and B are fixed ; and if the other components 
be Q (which is invariable) represented by AC, and R , then, completing 
the parallelogram ACBD , R is represented by AD ; also BD=AC , so 
that DB is constant ; hence the locus of D is a definite circle with B 
as centre. * 

18. Let D, E and F be the middle points respectively of the sides 
BG, CA and AB of the triangle ABC, and P be any point. Then 
forces represented by PB and PC have a resultant represented by 2 PD ; 
forces represented by PC and PA have a resultant represented by 2 PE ; 
and forces represented by PA and PB have resultant represented by 
2PP. Hence the system 2 PA, 2 PB and 2 PC is equivalent to the 
system 2 PD, 2 PE and 2PF; i.e. the system PA, PB and PC is equi- 

4 valent to the system PD, PE and PF. 

19. Let ABCD be the quadrilateral, and P be the required point. 
Join AC and BD, and bisect them in E and F, respectively. Then 
forces represented by PA and PC have resultant represented by 2 PE ; 
and forces represented by PB and PD have resultant represented by 
2PP; hence, for equilibrium, PE and PF must lie in one straight line 
and be equal and opposite ; therefore P is at the middle point of EF. 

20. Through B draw a line parallel to AC to meet CD in L. 
Then foxces represented by AB and BC are equivalent, by the 
triangle of forces, to a force xepresented by AC acting at B or 
at L. 

i 

The resultant of the first three forces is therefore the resultant of 
two foroes acting at L represented respectively by AC and CD, i.e . by 
the triangle of forces, is lepreseuted by a force at L equal and parallel 
to AD. 

Finally this force and the fourth force are equivalent to a force re- 
presented by 2 AD acting at the middle point of DL. 

'21. By the polygon of forces, the force represented by AB is 
equivalent to forces represented by AH, 11F and FB\ the force 
represented by DC is equivalent to forces represented by DH, HF 
and FC; but the forces represented by AH and FB neutralise the 
forces represented by DH and PC, respectively ; hence the resultant is 
parallel to HF and equal to 2 HF. , y <c tJc £#* 

22. The force represented by EG is equivalent to forces repre- 
sented by EA, AD and DO; and the foroe represented by HF is 
equivalent to forces represented by HD, DC and CF. Also, the force 
represented by J^OJa equivalent to forces, represented by EB, BC and 
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CG ; and the foroe represented by HF is equivalent to forces repre- 
sented by II A y AB and BF. Hence the system 2EG and 2 HF is 
equivalent to the system AD and DO, and AB and BG, i.e. to AC and 
AC; and, therefore, the resultant of forces represented by EG and 
HF is represented by AC. 

23. Through 0 the centre of the circle draw OC and OD perpen- 
dicular respectively to A 1 PA t and AJFA 4 . 

Then, since C is the middle point of A we have 
FA 1 - PA 9 ^PC+CA^ICA,- PC) = 2P0. 

Similarly PA % - PA 4 =2PD. 

The resultant of the four forces is therefore the resultant of 2 PC 
and 2PD, i.e, is represented by 4 PE, where CD meets P0 K in E. 

Now, if a be the common inclination of A^A % and A 9 A 4 to the line 
PO, we have 

PE = PC cos a = PO cos 1 a. 

Hence the resultant is independent of the radius of the circle. 


EXAMPLES. V. (Pages 33-35.) 

1. Here X=1 + 2 cob 60 ° = 1 + 1 = 2, 

y= ^3 + 2 sin 60°= ^3 + ^3 = 2^3; 

F- jx* + r s = ^4 + 12 = 4 lbs. wt., 

and tan B = = ^8 = tan 60°, . «... 6= 60°, 

so that the resultant is a force of 4 lbs, wt. in the direction AQ. 


2. Taking the force of 5 lbs. wt. in the direction OX, the force of 
3 lbs. wt. in the direction OY , and the force of 4 lbs. wt. in the direc- 
tion bisecting the angle XOY, we have 

X = 5 + 4 cos 45°=s 5 + 2*J2, 
and V = 3 + 4 sin 45° = 3 + 2J2 ; 

F= JX*TY i = n /60 + 32 s / 2=9 - 76 lbs. wt., 


and 


tjLnS-t + W-l + W 

tontf "6TV2- ~TT~’ 

i.f. B = tan- 1 — = 36° 40'. 


3. Let the three forces be represented by the equal Btralght lines 
OB, OC and OA, so that the L B OA = the L CO A — GO 0 . The resultant 
of P in the direction OB and P in the direction 00=2Pcos 60° =P, 
in the direction Oil; therefore the required resultant is 2P in the 
direction Oil. 
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4. Taking the force 18 P in the direction OX, the force 10P in 
the second quadrant in the direction at 120° to OX, and the force 5 P 
in the third quadrant in the direction at 120° to the directions of 
foroes 13P and 10P, we have 

X— 18P-10Pcog60 o -6Pcoa60°=^P, 
and Y = 10P sin 60° - 6P sin 60° = P ; 

* J?= N /xa+y , =| N /l21+75=7P; 

also, if 0 be the inclination of the direction of the resultant with the 
third force, 13P, we have 

oos0=~P~7P = , i.e. 0= coa -1 ^ = 38° 13', nearly. 

2 14 14 

5. Forces represented by 2P, 2 P and 2P in the given directions 
are in equilibrium [cf. the first figure in Art. 36], and may be removed, 
leaving forces represented by P and 2P acting at an angle of 120°. 
Hence, by Art. 27, we have 

R = V(2 P) a + P 2 + 2 . 2P . P cos 120° = - 2P 3 = P x /3. 

Again, since (P N /3) a = (2P) 2 - P 2 , the L AOB (Fig. Art. 36) is a right 
angle. Hence the L CAB = 30°, the L CBA being 60°. 

0. Through O draw the two fixed lines OX and OY perpendioular 
to BC and AB respectively. Let the force P 8 act along OY, and the 
foroe P 4 along OX, P l aoting along OA in the second quadrant and P- 
along OB in the first quadtant. Let Pj = 4P, P a =GP, P g =5P, and 
P 4 =P. Then we have 

J=P 4 + P t cos 45° + 0-P 1 co&45° 

=, '( 1 + 3 * 7 =)- p “ + ' ,s| ' 

and F = 0 + P, sin 46° + P, + Pj sin 45° 

A P= n /J:>+T j =P(1+ n /2) JM=Px12-31, 

i.e. the resultant iB proportional to 12*31, and if 6 be the angle its 
direction makeB with 0X t i.e . with AB, 

tan 0s=^=5, 

i.e . * stance, i.e, 78° 41'. 
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7. Here we have 

Z=l + 6cos46° = l + 3 N /2, 
y=9 + 6sin45°=9 + 3 N /2; 
f’=^/A , + r a = ls /lX8 + 60^2 = 14*24 lbs. wt. 

8. Draw a figure similar to that on p. 31. Let the two forces of 

4 lbs. wt. act in the directions OX and OB at 60° to each other, the 
force of lib. wt. m the direction OG at 60° to OB, and the force of 
3 lbs. wt. in the direction OX'. The force of 4 lbs. wt. & the direction 
OX and the force of 3 lbs. wt. in the direction OX * have resnltant 
1 lb. wt. in the direction OX ; forces of 1 lb. wt. in the direction OX 
and 1 lb. wt. in the direction OG have resultant 1 lb. wt. in the 
direction OB [since they act at 120°, and, therefore, have resultant 
= 2 cos 60°= 1]; therefore the resultant of the four given foroes is 

5 lbs. wt. in the direction OB. Hence, for equilibrium, the required 
force is 5 lbs. wt. in the direction opposite to OB, i.e. opposite to the 
direction of the second force. 

9. If the angles between P and Q , Q and R, and R and S=a, the 
angle between P and £=3a = 108°, i.e. a = 36°; and the forces being all 
equal, their resultant clearly acts in the direction bisecting the angle 
between Q and R. If each force be equal to P, the resultant of P and 
£=2Pcos 54° ; and the resultant of Q and R — 2P cos 18° ; hence the 
required resultant 

= 2 P (cob 64° + ooB 18°) = iP cos 36° cob 18° = ^ (^6 + 1) \A 0 + V 5 - 

10. If ABODE F be the hexagon, and the given forces respectively 
aot at A in the directions AB, AC, AD, AE and AF , the lesultant 
obviously acts in the direction AD, and 

= 5 + 2 cos 30° + 2 . 2 cos 60° = 10 lbs. wt. 

11. Let ABCDEF be the hexagon, and let the given foroes 
respectively act at A in the directions AB, AG, AD, AE and AF. 
Take AB and AE coinciding with the fixed lines OX and OY. Then 
we have 

X= 2 + 8 cos 80° + 4 COB 60° - 6 OOB 60° = 1 + , 

13 

and Y = 6 + 8 sin 30° + 4 sin 60° + 6 flin 60°= V+5./3; 

a 

F= Jx 2 + y J = Jl25 + 68^/3 = 15-58 lbs. wt.; 

, t „ 13 + 10^3 64 + 1V3 .... 

ta “ ’“-2TV3 = ~ 23 = 4 ' 213 * 

i.e. d=tan _1 4*213=76° 89'. 
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12. Let AliCDE be the pentagon, and the forces of 7, 1, 1 and 
3 lbs. wt. act along AH, AC, AD and AE respectively. Let XOX' and 
YOY' be the two filed lines as on Page 31 — OX coinciding with AB. 

Then the lABC=\ (6t-2t) = ? tt, ».«. the iBAC=\.\t = \-^ q , 
o 5 Jo o 

the aDAB=?t=72°, and the lEAB=\ ir^l08°. 

5 5 

Hence we Lave 

X= 7 + 1 . oos 36° + 1 . cos 72° - 3 cos 72° 

_7 . s/® + l n V® “ 1 _81 -ijb 
_ 7+ -- 2 . — - — , 

r=l . siu 36°+ 1 .sin 72° + 3 . sin 72° 

_ v/10-2^5 , J10 + 2J5 

4 +4 - T ’ 

.-. -F=,/x 5 +y , =£ VlldiU Jn ibs. wt. 

13. If the equal forces P act on the angular point A of the 
octagon ABCDEFGIJ , m the directions AB , AC, AD, AE, AF, AG 
and AH, their resultant acts m the direction AE, by symmetry, and 



= 2 P cos 07 £° + 2 P cos 45° + 2 P cos 22J° + P 

= P[ n / 2- n /2 + n /2 + 1] 

=P [*776 + 1-4*4 + 1*847 + 1] 

=Px 5*027. 

14 . 

Taking OX as the fixed line, we have 

Z= 11 cob 18° 18' + 7 cos 74° 50' - 8 cos 49° 40' 

= 10*4436805 + 1*8313939 - 5 *1778672 
= 7*0972072 ; 

Y= 11 sin 18° 18' + 7 sin 74° 50' + 8 sin 49° 40 


= 3 *4539175 + 6*7561823 + 6 *0983362 
= 16*3084350; 

whenoe 

F^Jx*+Yi= 17-79 lbs. wt.. 

and 

. ‘ Y 

tan 0 = ^ * 

so that 

* 

L tan e = 10 + log Y - log X, whence $ = 06° 29'. 
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15. X= 4 cos 20° + 3 oos 40° + 2 cos 60° + 1 . oos 80° 

=3*75877 + 2*29813 + 1*00000+ -17864 
= 7*23054; 

r=4sin 20° + 8 sin 40° + 2 sin 60° + 1. sin 80° 

= 1*36808 + 1*92836 + 1 *73205 + *98481 
= 6*01330; 

f= r 2 =9*404 lbs. wt., and tan 0=-?= -8316, 

whence 0=39° 45'. 


10. X=8 cos 30° + 12 oos 70° - 15 cos 59° 45' - 20 cos 25° 

= 6-92820 + 4*10424 - 7*55661 - 18*12615 
= -14 65032; 

Y = 8 sin 30° + 12 sin 70° + 15 sin 59° 45' + 20 sin 25° 

= 4 + 11*27631 + 12*95763 + 8-45236 

= 36-68620; 

.*. F= Jx*+T* = 39*506 lbs v wt ; also tan 0 = ^= -2*5041. 
tan (180° - 0) = 2*5041 = tan 68° 14', and 0=111°46'. 

17. X = 85 + 47 cos 78° - 63 cos 23° 

= 85 + 47 x *2079 - 63 x -9205 = 36*78 ; 

Y = 47 sin 78° - 63 sin 23° = 47 x *97815 - 63 x *3907 
= 21*359. 

oi-3<59 

J?=42*5 nearly, and tan ^= -^j = *5809, so that 0 = 80° 9'. 

EXAMPLES. VL Pages (38—41.) 

1. H T, and T, be the required tensions respectively, we have, by 
Lami's Theorem, 

T\ T % W W 

sin 160° * Bin 135° “ sin 75° ~ sin (45° +30°) 

W.2J2 

2-i=^(n/6- s/ 2), and T,= W(JS-1). 


whence 
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VP 

/ 

^2. Let A be the fixed point, 0 the end of the string (tension T) 
to which the body is attached, so that AC = 25 ins.; and let'the line 
of action of the horizontal force F meet the vertical through A in B t 
so that CB= 20 ins. Since ABC is a right angle, A 

AB = V(2C>* - (20)*= 15 ins. 

Then the triangle ABC is the triangle of forces, and 

_2_ 

BC “ CA = AB 9 

* L 'L-l. 

20 = 26 — 15 ’ 

Q 1A 

.-. F=£=2f lbs. wt., and 2'= ^=3* lbs. wt. 
o o 


3. As in Ex. 1, p. 36, with AC= 16 ins., BC = 63 ins., AB = 65 ins., 
and 130 lbs. attuched at C, we have 

Tj = 126 lbs. wt., and T a = 32 lbs. wt. 

4. Here, with 4(7=6 ft., £C= 8 ft., Ail = 10 ft., and 70 lbs. 
attached at C, we have 

Tj= 66 lbs. wt., and 2 , 1 =42 lbs. wt. 

5. Here, with AC= 9 ft., B(7=12 ft., AJ3=15ft., and 60 lbs. 
attached at (7, we have 

T 1 =4B lbs. wt., and T a = 36 lbs. wt. 


6. The tension = the weight supported. Hence the tension in the 
lowest part = 4 lbs. wt. ; in the middle part it =(4 + 4) lbs. wt.=8 lbs. 
wt. ; ajj,d in the highest part it = (4 + 4 + 4) lbs. wt. = 12 lbs. wt. 

. V?. The tension of the string is equal to W throughout. Hence 
C 7 the pressure on each tack = the resultant of two equal forces W acting 
at an angle of 120° = 2^008^ 60°= W. 

8. Let A and B be the positions of the men, and C be the point 
of the boat to which the ropes are attached. Since the ropqp are of 
the same length, A and B are opposite points on the two banks. 
The forces of 100 lbs. wt. act in the dilections CA and CB, and the 
resultant piessure aots in the direction CD, where D is the middle 
point of AB . Now 


AV = DB =* 48 feet, and CA = CB = 60 feet, 


CD= 60)»- (46) a =36 ft. 

Henoe the resultant pressure =2 x 100 x coe (^A CB 

-= 2x100x^ = 120 lbs. wt. 


L. 8. Kr 
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\ 9. Let tbe weights be eaob equal to W, and A be the point in the 
string to which the third weight is fastened. Also let B and C be the 
points of the two bars in contact with the string. * A is under the J 
'action of three equal foroes, the dkeotioiur ^kwhioh, for equilibrium, | 
/"must make angles of 120° with one another j thus AB and AG are 
each inclined at an angle of 60° to the vertical. Hence the pressure 
on each bar = the resultant of two equal forces W acting at an angle 
of 60 o = 2JTcos30° = tfy3. 

T 10. The tension T in the two portions of the string is the same. 
Resolving vertically and horizontally, we have 
T cos 75° + T oos 45° =27, 
and P+T sin 45° = T sin 75° , 

27 27 27 , . 

* cos 76° + cos 46° 2 cos 60° cos 15° cos 15° * 

and P=T (sin 75° - sin 45°) = 2 T oos 60° sin 15 0 = T sin 15° ; 

.-. P=27tanl5 0 = 27(2-V3) = 7*23 lbs. wt. 

11. If A be the highest point of the circle, O its centre, and if 
the rings be at B and C, then the angle A OB = 30° = the angle AOG; 
also the tension T of the string, being the same throughout, must 
be equal to each of the outer weights W . For the equilibrium of 
the ring B, the paits of the string must make equal angles with the 
normal BO ; but the vertical part makes an angle of 80° ; therefore, 
if the middle weight W be at D, the angle DBO = 30°= the angle DCO, 
similarly. Thus BD and CD being drawn at equal angles to BO and 
CO, D must lie in the bisector of the angle BOG , i.«. in AO ; also the 
angle ADB = 60° = the angle ADG , 
so that W= 2 T cos 60°= T= W ; 

and, therefore, the three weights are equal. 

* 12. Let DC be the required depth, D being the middle point of 

AB when the mass of 6 lbs. is attached at C. Then 5 lbs. wt. is the 
resultant of two forces each equal to 112 lbs. wt., and we have 

6=2 . 112 . ooa BCD =22i . ; 

hence, if Z)<7=x, 

5 x 

■^r A =— r - T and x = l-34 ins. 

224 J& + x> 

If the small mass were attached to any other point of the string, the 
knot G would move obliquely downwards until the position above is 
reached, since equilibrium is only possible when CA and CB are equally 
inclined to the horizontal, and therefore 0 vertically below D. 

^ • 13. Let AB be the rod, D be its middlq point, and AO and BG he 
the strings, so that AC = 7 ins., = 24 ins., and AB = 25 ins. G , the 
point of suspension of the body, is vertically below Z). Since 
(25) a =e7 9 + (24) # , 
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the angle JE6C is a right angle, and DO=AD=DB. Draw DE 
parallel to AC, bisecting BC in E, and let T x and T % be the tensions 
of the strings CA and CB respectively. Then the triangle CED is a 
triangle of forces for 2* , T 9 and 10 lbs. Hence 

. r. r, 10 

DE~ CE~ CD’ Q“ 12 “^25y. 

/. r,=7x| = ^=2|lbs.wt., 

and T,=12x 1 = ^=9* lbB. wt. 

6 0 

14. Let A and B be the ends to which the weights of 10 lbs. and 
16 lbs. are attached respectively, and C be the highest point of the 
chain on the pulley. Then the weight of AC + 10 lbs. = 20 lbB. wt., 

i.e. the weight of AC =10 lbs.; 
also the weight of BC + 16 lbs. = 20 lbs. wt. f 
i.e. the weight of PC =4 lbs. ; 

.*. the weight of the chain = (10 + 4) lbs. = 14 lbs. 

15. The whole weight hanging on the peg = (15 + 7) lbs. =22 lbs. 
Hence the longer length of the hanging chain must weigh ~ , i.e. 
11 lbB., and the shorter length 4 lbs. 

the longer length : the whole length = 11 : 15 ; 

i.e. the longer length = tt x 8J feet = 6 ft. 5 ins. ; 

1 o LZ 

and henoe the shorter length = 2 ft. 4 ins. 

10. If C bo the centre, and A be the highest point of the circle ; 
P be the body and W its weight ; T be the tension of the string PA ; 
and R be the reaction of the wire on P (this, being normal, acts along 
CP), then P is in equilibrium under the action of three foroes through 
P, parallel to the sides of the triangle AGP , which is equilateral; 
therefore the three forces are equal, i.e. T=R=W. 

17. The rhombus is a pair of equilateral triangles; also the 
resultant of P and Q is vertical, since it balances W the weight of the 
lamina. Resolving horizontally, we have 

P oos 60°= Q cos 30°, i.e. = 

henoe P**8Q a . 
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18. Since the whole poll of the driver is equal to P, the tension 

p 

in each side is equal to - , and this tension is the same throughout 

P P 

since the rings are smooth. The resultant of - and — acts along the 

& a 

line bisectiug the angle a between the portions of the rein, and is 

P CL CL 

equal to 2 . ^ . cos - , i.e. P cos 5 . Thus the whole pull is equal to 
4 4 A 

2 P COS ~ . 


19. Let T be the tension of the string BC % T x be the tension of 
the string AB or the string AC (by symmetry the same), and T ? be 
the tension of the supporting string at B or C. For the equilibrium 
of the whole, resolving vertically, we have 

22’,cos45°= fF, i.e. 2', = ^. 

At A t resolving vertically, we have 

2r i cos 30°= W, i.e. 2\=^-. 

yo 

At <7, resolving horizontally, we have 

T+ 2’ 1 cos 60°= Tj cos 45°, i.e. T + ~ = ~, 

whence T= ^(3-^/3). 


20. The foroeB at A and B are equal ( = P, say). Since the direc- 
tion of the force P biseots the anglo ABC , the tension of the string 
BC is equal to the tension of the string AB (=T, say). * Hence, for 
the equilibrium of C , resolving vertically, we have 

G W C 

2Toos- = IF, i.e. sea - . 


21. (1) The ring being smooth, T the tension of the string is 
the same throughout, and W the weight of the ring, acting vertically 
downwards, is the resultant of two equal forces T ; hence the portions 
of the string are equally inclined to the vertical. 

(2) If the ring be . fixed, let W be its weight, acting vertically 
downwards, and T x and T a be the tensions of the portions of the 
strings inclined at angles 6 and <f> to the vertical respectively. Since 
the ring is kept in equilibrium by the three forces T x , T % and W, we 
have, by Laini’s Theorem, 

T x = T t = W 
sin ^ sin 0 sin (0 + <p)* 

7\ _ sin0 
T t ~ sin 9 ’ 


whence 
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22. Let ABCDE be the loop, B and C be the positions of the 
two higher pegs, A and D be the positions of the two lower pegs, and 
E be the lowest point of the loop. Then 

IABC= lBCD=m°; 
and L BAE = i CDE=$Q°. 

Also, if EF be drawn vertically upwards to meet BG in F , the 
lBFE = 90°. Hence a circle would go round BAEF ; and the 
L -4EP=180° -J. ABF= 60°, and therefore the L AED- 120°. There- 
fore, if T be the tension of the string, which is the same throughout, 
resolving vertically for W, we have 

TT=2T cos 60°, i.e. T-W. 

Also, the pressure on B or C, due to two equal forces T acting at an 
angle of 120° 

= 2T cos 60°=r=PF; 

and the pressure on A or D = 2T cob 45°= Tl\/2. 

23. Let O be the fixed point in the middle of the stream, G the 
centre of the boat, P the resultant pressure of the current on the boat 
and $ the angle A CO, the direction of the current being AG. 

The component P cos 9 along the line OG is neutralised by the 
tension of the rope. The perpendicular component P sin 9 urges the 
boat at right angles to OC and causes it to desoribe an arc of a circle 
round O as centre. 

When the boat has gone past the middle of the stream the effect of 
the current is to Btop the motion of the boat, as may be seen by draw- 
ing a figure. 

This is not a practical contrivance for crossing a river unless the 
stream be a fast-running stream, such as the Rhine and other 
continental rivers. 


EXAMPLES, VII. (Pages 45, 46.) 

1. Scale — 20 feet = l inch, and 20 lbs. = l inch. Let A and G be 
the positions of the men, and B be the point of the boat to which the 
ropes are attached, so that AB represents 80 ft., AC represents 50 ft., 
and CB represents 45 ft. B is found by describing circles round 
A and C, of radii proportional to 80 ft. and 45 ft. respectively, on 
scale. Produce AB to P, so that BD represents 5 ft. and therefore 
AD represents the tension 35 lbs. wt. on the assumed scale; draw 
DE perpendicular to AC , making AE parallel to BC\ then DE re- 
presents the force P of the stream, and AE represents the tension 
T of the seoond rope; also AD represents 35 lbs., and the lengths 
of DE and AE in inches being measured (by a Diagonal Scale), their 
lengths multiplied by 20 give the forces in lbs. wt. 
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2. Scale — 4 feet=rl inch. Lot B be the foot of jib; draw BG 
vertically upwards to represent 6 feet, and with centre B and radius 
10 feet, on scale, describe a circle cutting the perpendicular through 
C to BC in A ; then AB represents the jib, and AG the tie-rod. If 
now T bo the tension of the tio-rod, and T' be the thrust on the jib, 
the mass of 1 ton is supported by T acting towards C, and T ' acting 
towards A ; and thus we have ABC a triangle of forces, GB repre- 
senting 1 ton. Thus 

T=1 x = ton wt., 
and T'=l x if = 1$ ton wt. 

3. Scale — 2 feet=l inoh. Take A the upper of the two fixed 
points; draw AD, horizontal, = 2 ins., % and BD, perpendicular to AD, 

= | in. Circles round A and B with radii 2 J ins. and 1 \ ins. respect- 
ively meet in G. Draw CE , downwards, parallel to DU, = 2 ins., and 
EF parallel to GB , meeting AG (produced) in F; the tensions T and 
T' of the strings are represented by CF and FE on tho same scale as 

GE represents 1 cwt., i.e. on the scale 112 lbs. = 2 ins., i.e. 7 lbs.= 5 in. 

o 

Thus the lengths of GF and FE in eighths of an inoh, multiplied by 
7, give T and T' in lbs. wt. 

4. Scale— 4 feet=l inoh. Draw AD = %\ inB. ; AE and DF , 
vertically downwards, equal to 1 in. and 1^ ins. respectively; and 
EB and FC parallel to AD, meeting the circles round A and D with 
radii l£ ins. and 2 ins. in B and C, respectively. Draw GG, vertically 
downwards, equal to 1 in.; then, on the scale 4 lbs. = l in., CG 
represents the weight at B; and if GH be drawn parallel to BA , 
meeting BC (produced) in H, then II G represents the tension T in 
BC on the same scale; also, if UK be drawn parallel to GG, meeting 
DC (produced! in K , then the weight at C is represented by HK on 
the scale of 4 lbs. to 1 inch. 

5. Draw the triangle ABC of the dimensions given. 

Draw KL vertically downwards and equal to 4 inches, to represent 
10 cwt. on the scale 2^ cwt. = 1 inch. Draw LM , KM parallel to AG, 
GB to meet in M ; then LM, MK represent the thrusts and 7 1 , in 
AC and DC. Draw MN horizontal to meet KL in N. Then KMN is 
the triangle of forces for. the joint B, so that MN represents the action 
T 3 in BA , and NK represents the action S at B ; hence B, the vertical 
action at A is given by LN. AB is a tie ; AG, CB are struts. 

0. Tho figure ABC being described, draw a vertical line KL 
4 inches long to represent 200 lbs. (scale 50 lbs. =; 1 inch); then 
draw LM, KM parallel respectively to BC, AC; the triangle LMK is 
now a triangle of forces for the point C. On measurement LM= 2*4 
and JOT --=3 2 inches, so that the respective thrusts in BG, AC are 
50 x 2-4 and 50 x 8*2, i.e. 120 and 160 lbs. Through M draw NMO 
a vertioal line, and horizontal lines KN, LO . Then KMN, and ML 0 



VII 


SOLUTIONS 


23 


are triangles of forces for the points A , B respectively, so that MN, 
OM represent the actions at A and B. We find M#=2*54 and 
Oilf=l a 44 ins. so that the actions are 128 and 72 lbs. wt. 

7. The triangle formed by the post, jib, and tie is a triangle of 
forces, so that 

Thrust in jib _ Pull in the tie + 10 cwts. _ 10 owts. 

20 ~ 16 “ 10 * 

Hence the result. 

8. The triangle A CD is a triangle of forces, so that 

Thrust along AC _ 600 - thrust along DC 600 600 

n e -ZD=7fs et0, 

9. The triangle ACD is a triangle of forces. If T be the pull 
along CD, the total force in that direction is T+ 1, since the tension 
of the chain is everywhere one ton. On drawing KL vertical and 
equal to one inch to represent one ton, and then LM and KM parallel 
to AC and DC we have on measurement £Jf=l a 93 ins. and 
LM = 2*73 inB. 

T+ 1 = 1*93 tons and B=2*73 % tons. 

10. The tension of the chain all through is one ton and A CD i^ 
a triangle of forces: 

« Here ^r ss S=i-e i7ir, K Band3 ’- 

(2) Here ^ ^ , giving iJ, and T, . 

11. On drawing the figure with the dimensions given, and then 
the right-hand figure of Ex. 3, Page 44 with KL, LM each two inohes 
to represent two tons we have, on measurement, MN= 6-01 inches and 
NK= 1*8 inches. Hence the result. 

12. 26 lbs. = l inch. Draw CL vertical (in the direction of AC 
produced) and equal to 4 inohes. Draw CM, LM parallel to AD and 
CD respectively. Then CML is a triangle of forces for the joint D 
and thus LM represents the tension in CD. Through L draw LN 
parallel to BC and make LN equal to LM. By symmetry, LN 
represents the tension in BC. Then NM will be vertical, and LNM 
a triangle of forces for the joint C, the length NM representing the 
tension in CA. On measurement, NM will be found to be 2*08 inohes 
and thus the corresponding tension 26 x 2*08, that is, 62 lbs. wt. 

13. 26 lbs. wt. = l inch. Dr$w CE vertically downwards and 
equal to 4 inohes. Draw EF parallel to CD and produce BC to meet 
it in F. Then EFC is a triangle of foroes for the joint C, so that EF 
represents the action in the rod CD. Draw FO parallel to AD and 
EQ horizontal and let them meet in Q. Then EOF is a triangle of 
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forces for the joint Z), so that EG represents the action in BD. On 
measurement EG- 3*08 inches nearly, bo that the thrust required 
=25 x 3*08=77 lbs. wt. nearly. 

14 . 25 lbs. wt. = l inch ; produce DB to E making BE one inch. 
Draw EF parallel to CD to meet CB produced in F. Then EBF is a 
triangle of forces for the joint B, so that EF represents the action in 
the rod BA. Draw FG parallel to the rod DA making FE and FG 
equal ; then by symmetry FG represents the action in the rod AD. 
Join GE. Then GE is parallel to AC and represents the action 
in AC. On measurement GE=1 - 26 inches nearly. Thus tension of 
.40=25 xl‘26 lbs. wt.= about 31*6 lbs. wt. 

15 . Draw CE vertical, 2 inches in length, to represent 100 lbs. 
Draw EM, MC parallel to CD, CB respectively. Then EM represents 
the action along CD and therefore ME represents the action of CD 
on DA. The other forces on AD are T in direction GF, where G and 
F are the middle points of A B, AD ; X the horizontal reaction of AB 
on AD at A ; and 50 lbs. wt., equal to one-half the supporting tension, 
at A. 

Draw ML perpendicular to EC; then EL represents the 50 lbs. wt. 
just mentioned. Thus LM represents the resultant of X at A , and T 
at F; also, since the vertical line through A meets the reaction at D 
in C , the resultant of these two horizontal forces acts through C. 

Hence, since C is four times as far from A as the line GF is, 
we have 

X . AC= T . HC [where AO meets GF in H], 
i.e. 4Z=8T. .% T-X=\.T\ 

LM represents ^T. 

But, on measurement, LJf=*577 inches. 

•677 

T= 4 x x 100 lbs. wt. = 115*4 lbs. wt. 


EXAMPLES. VIH (Pages 55-57.) 

1. (i) * P = P+«=11, 

and 4. 40=»7 . BC=7(11 - AC), whence AC = 7ina. 

(ii) R = P+Q = 3Q, 

and 11 . AC =19 . BC =19 (2i - AC), 

whence A C= 1& ft. = 1 ft. 7 ins. 

(iii) B=P+Q = 10, 
AC^~AB=l(t. Bins. 


and 
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2. (i) 

JR=Q-P = 8, 

and 

17 . 4C=25 .PC= 25 (AC -8), 

whence 

AC =26 ins. 

PO 

P=P-Q= 8, 

and 

23 . C = 15 . BG =15 (AC — 40) 

whence 

AC= -75 ins 

(hi) 

H = P- Q = 17, 

and 

• 26.i4C = 9.PC = 9MC-3G), 

whence 

4C= - lO^ms. 

3. (i) 

<2=P-P = 9, 

and 

8.44=9. PC, 

so that 

BC= 4 ins., 

and 

ilP = 44 + 4 = 84 ins> 

(«) 

P.7 = ll(8J-7), 

whence 

P=2f f 

and 


(m) 

6 .9=g.8, 

so that 

0 = 6|, 

and 

P = P + Q=12}. 

4. (i) 

Since is positive, Q is > P ; 

hence 

Q=P + P = 25, 

and 

8 s . 44 =25. PC, 

whence 

* BC=g in. 

A AB^AC ~BC= ins. 

(K) 

PC = 8J + 7 = 15J ins., 

so that 

P. 7 = 11. 15}, 

whenco 

P=24J, 

and 

P = P-Q = 13|. 

an) 

BC= 12 + 9 = 21 ins., 

A 6 . 9 = Q . 21, 

whenoe 

Q = 2f, 

and 

P=P-Q = 3*. 


5. Let P lbs. wt. and Q lbs. wt. be the required forces acting at 
distances of 6 ins. and 18 ins. respectively from the given foice. 

Then P + Q = 20; 

also 6P=18Q, i.e. P=3Q ; 

A P=15 lbs. wt., and Q=5 lbs. wt. 
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6. Let P lbs. wt. (the greater) and Q lbs. wt. be the required 
forces acting at distances of 8 ins. and 26 ins. respectively from the 
force of 30 lbs. wt. 

Then P-Q = 30, and 8P=26Q; 

4P= 13 (P - 30), whenoe P=43| lbs. wt., 
and, therefore, Qv 13^ lbs. wt. 

v ^ ” 7. tf A and B be the points of application of the forces P and Q t 
•'* and C be the point in which their resultant R meets siP, then 

P.AC=Q.BC\ p 

pi pi 

if be put for Q, we have P . AC = — . BC , 

Q . AC=*P .BC. q.e.iv^ 1 

Let AB be the pole and R and S be the pressures at the points 
of support. Let G be the point at which the cask is suspended, so 
that AG=z 3J feet and CB — 2J feet. 

Then R + S = 1J cwt. = 168 lbs. 

Also PxJi = Sx24, 

7R=5S = 5 (168 - if), 

whence JR =70 lbs. wt., 

and, therefore, S = 98 lbs. wt. 

9. Let AB be the plank, and let the stronger man be at A. 
Then, if Q lbs. be the weight supported by the other man at £, and 
the block of 270 lbs. be at distance of x feet from A, we have 
<2 = 270-180 = 90 lbs.; 

hence 180a =90 (6 - x), whence x=2 feet. 

* “ 10. Let AB be the rod, and C be its middle point. If the 
required point D be at distance of x feet from A, where the weight of 
h 7 lbs. is hung, then, since AC =6 feet, we have 7a? =17 (6 -a?), whence 
x = 4} feet. 

11, Let AB be the rod, and G be its middle point where the 
required weight W lbs. acts. Let D be the point about which the rod 
balances when the load of 5 lbs. is placed at A, so that AD =8 ins., 
and DC =15 ins. 

Then 5 x 3 = W x 16, whence W = 1 lb. 

12. Let AB be the bar, and C be its middle point where, its 
weight 3 lbs. acts. Let D be the prop at distanoe of x feet from C. 
Then, if the vertical force of 1 lb. wt. act at A, we have 

l.AD=3.CD , 

' (2+a?)=3x, whenoe a?=l foot. 
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13 . Let W lbs. be the weight of the rod acting at C its # middle 
point, and let x feet and y feet be the distances of the pegs from C in 
the two oases respectively ; then we have 

10 (2 - x) = IFx, and 4(2 -y)=Wy\ 
also x + y = 1. 

Hence, by division, 

6 (2-jr)_x . 10- 5 x x 

2(2 -y)~~y' X ' e ' 2 + 2x“l-x* 

• 2 1 

whence x = - ft. = 8 ins., and p=- ft. =4 ins. 

■' v „* 

* 14 . If CDE be the rod, D be its middle point, and P lbs. wt. « 
and Q lbs. wt. be the pressures on the rails at A and B respectively, 

(A being the point near C), then 

P+Q = Q , and P- Q = 

whence P—1 lbs. wt., and Q = l lb. wt. 

Also, by taking moments about D, we have 

7.AD = l.BD t 

i.e . 7 AD=5 - AD, so that .dDr^in.; 

o 

but CD = DE = 15 ins., 

so that CA — CD-AD = 14f ins., 

and EB = DE - BD = DE -7AD = lOf ins. 

15 . If ACDB be the beam, C be its middle point, and P and Q 
be the pressures on the prips at A and D respectively, moments 
about C give P .AC— Q, CD \ but AD- 3 ft., aud AC =2 ft., so that 
CD=1 ft., and hence 2 P=Q. 

> 16. Let ABC be the rod resting under the peg at A and over the 
peg at B . Then AB= 3 ins., and PC =21 ins. If P lbs. wt. (down- 
wards at A) and Q lbs. wt. (upwards at B) be the.requirod pressures, 
we have P + 5 = Q. Also, moments about A give 3Q = 5 x 24 ; 

Q = 40 lbs. wt., and P=Q - 5=35 lbs. wt. 

17 . Let AB be ihe rod, A being the point in contact with the 
horizontal plane, and let C be its middle point. The rod is in 
equilibrium under the action of the three forces, its weight W acting 
vertically downwards through C, R tbe reaotion at A acting vertically 
upwards, aud T the tension of the Btring. Since the directions of two 
of them (W and R) are parallel, the direction of T must be parallel to 
the directions of W and R. Also, since W balances the resultant of 
R and T, we see that T must act upwards; and AC being equal to CB , 

W 

T muBt be equal to P ; but T^R^W, and hence T- . 
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18. Let AB be the stick, A being the position of the hand. Then, 
if IT be the weight of the bundle at 5, R be the pressure on the 
shoulder, l be the whole length of the stick, and x be the distance 
between the hand and the shoulder, moments about A give 

Wl 

Rxx=sWxl, so that R = — . 

x 

Hence R varies inversely aB x. 

19. Referring to the last example, we have, if P lbs. wt. bo the 
force exerted by the hand, and R lbs. wt. be the* pressure on the 
shoulder, 



a) 

R-P =50, 

l whence 

5 = 150 lbs. wt., 

and 


5x12 = 50x36, 

[ and 

P=100 lbs. Wt. ' r 


(2) 

R-P =50, 

1 whence 

5 = 100 lbs. wt., 

and 


5x18=60x36, 

[ and 

P= 60 lbs wt. ; 


(3) 

R-P =50, 

1 whence 

5= 75 lbs. wt., 

and 


5x 24 = 50x36,] 

( and 

P= 26 lbs. wt. 


20. Let EGBA be the bar, the right-hand force acting at A and 
the other two at B and C , ho that (75 = 1 ft., and BA =2 ft. The 
resultant of 1 lb. wt. at B and 1 lb. wt. at C is 2 lbs. wt. at D the 
middle point of CB ; the resultant of 2 lbs. wt. at D and 1 lb. wt. at 
.4 = (2 - 1) = 1 lb. wt. at 5, 

where 2 x DE = 1 x AE, 

t.c. 2(AE-2i)=AE; 

AE=z 6 feet. 

21. Let BG be the lower edge of the portmanteau, B being lower 
than (7, and 0 its centre of gravity ; let the vertical through 0 and the 
perpendicular from 0 on BG meet BG in L and K respectively. Then 

1 1 

lKOL= 30°, and LK=OK tan 30° = ~ feet. 

v 3 

• 8 J_ 

BL BK-LK 2 ^3 3J3-2 

LC ~ BK+LK ~ 3 JL_ ~ 3,/8 + 2’ 

2 + s /3 

U R and S be the forces required at P and d, we have 

■8+5=112 and R.BL=S.OL ; 

■B_3V3+2 , R 3^3+2 

S ~ 3./3 - 2 ’ " 112“ • 

R=¥£ (9+ V®)*77-68 lbs. wt., 

8= 112 -R= 84-45 lbs. wt. 


and 
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1. The perpendicular from 
moments required 

=5x2^/2 + 4x0-3x4 + 2x4 = 1072-4 
= 14-14-4=10-1 ft -lbs. 

2. The sum o! the moments required 

. =1 xO-2 x ^/S-S x 2>/3 + 4 x 2^/3 + S x a/3 + G xO 
= 1373-873=573 ft.-lbs. 

3. Let AB be the pole, A being the upper end to which the 
string is attached ; and let P lbs. wt. be the required force applied at 
a point 4 feet above B. Moments about B give 

P x 4*80 x 20 cos 30° =300^/3 ; 

. ^=7673=129-9 lbs. wt. 


IX. (Pages 71-74.) 

C on DB = 2^2 feet. The sum of the 
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4. Let AB be the rod, C be its middle point where its weight 
9 lbs. acts ; and let the masses of 6 lbs. ana 12 lbs. be suspended 
at A and B respectively. Then, if D be the required point and 
AD =x feet, moments about D give 6s+9(x-8) = 12(6-x), 
whence x=3| ft. =8 ft. 8 ins. 


5. As in the last example, with the bodies of weights 20 lbs. 
and 30 lbs. at A and B Respectively, and the weight of the beam, 
50 lbs., at C, we have (D being the required point, and AD=x feet) 

66 * * 

20x + 60(x-6) = 30(12-a;), whence *=-rs6*6 feet. 


6. If x feet be the distance of the point from the end from 
which the given distances are measured, moments about the point 
give 

4(4-x)+3(3-*) = 2(x-2) + l(x-l)+4(s--24), 
whence x = 2f feet. 


7. If W lbs. be the required weight, moments about the point 
give 10xl = 2xl+JFx3, 
whence TP=2|lbs. 


8. If W lbs. be the required mass, moments about the point 
give 6 x 4 = 10 x 1 + Wx 6, 

whence ir= 241 bs. 

9. If P tons* wt. and Q tons’ wt. be the pressures on the 
supports, 

(1) P+ <2 = 8 tons ; 

and moments about the centre of the roadway give P=Q ; 
whence P= Q = 4 tons’ wt. 

(2) P + <2 = 8 tons ; 

and moments about the end at which the pressure is Q give 

Px80*=6x 15 + 2x10, 

whence P=3| tons’ wt. and, therefore, Q=4± tons’ wt. 

10. Let B be at a distance of x inches from one of the pegs, 
and P be the pressures. Then 

2P=2W+8W=5W, 
and moments about B give 

Px+P{10 + x)=2Wx20, 
so that 2 Px + 10 P = 40 W , 

i.e. 5Wx + 25W=40% 

whence x = 3ins. 
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* 11. Let AB be the rod with equal weights W attached to it 
at distances of 9 ins. from A and 15 ins. from J3, and let and 
T % be the tensions of the strings at A and B respectively. Taking 
moments about B, we have T x x 36 = W x 27 + W x 15, whence 


W = 



6 

hence, if Tj = l cwt., W = - owt.; and since T t <T lt the string at B * 
will not break. 


12. Let AB be the beam, C be its middle point where its weight, 
40 lbs., acts, and D be the point where the body must be placed. The 
weight of the beam causes a tension of 20 lbs. wt. in each Btring. If 
the mass of 20 lbs. cause a tension of 15 lbB. wt. in the string at A 
(so that the maximum tension of 35 lbs. wt. be attained in that 
string) and a tension of 5 lbs. wt. in the string at B , then we have 

AD: DB = 5 : 15 = 1 :3; 

AD : AB = 1 : 4; hence AD=\aB , and GD=\aB. 

4 4 

13. Let P lbs. wt. be the required foroe. The bar will just begin 
to turn about B; hence, avoiding the reaction at B by taking moments 
about it, we have 

P x 10=50 x 5 + 100 x 3, 
whence P=55 lbs. wt. 


14. Let AB be the rod, and W lbs. be its weight acting at G the 
required point; also let G be the middle point of AB, and D and E be 
the pegs near A and B respectively. Then, if BG=x ins., and the 
mass of 4 lbs. be at A, moments about D give 

4 x 3Jss W (12 J - x ) ; 

and if the masB of 5 lbB. be at JB, momenta about E give 

5 x 3J= IT (x- 3*); 

whence 2=84 ins., and TP = 34 lbs., i.e. the point G is at a distance 
of 84 ins. from the mass of 5 lbs. 

15. Moments about the hinge give, W being the required mass 
in oz., 

IT x 24 = 9 x 8, 

whence 1P=3 oz. 

16. If P be the pressure on the ground of each front wheel, 
and Q be that of the small wheel, in lbs. wt., moments about the 
axle of the small wheel give 

2P x 36 = 126 x 33. + 74 x 27, 
whence P=854 lbs. wt. 

Also, resolving vertically, 2P + Q = 200, 
whence Q = 29 lbs. wt. 
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17 . If P be the pressure on each hind wheel, and Q be that 
on the front wheel, in lbs. wt., moments about the aile of, the hind 
wheels give 

Qx42 = 84xl2 + 154x6, 
whence Q= 46 lbs. wt. 

Also, resolving vertically, 2P + Q = 238 lbs. , 
whence P=96 lbs. wt. 

18 . Let B be the point where the pressure of 10 lbs. wt. acts, 
and A be- the axle, so that AB=& feet. Then, if C be the required 
position, moments about A give 

4x112x^0=10x6, 

whence A C = ft. = 1J^ ius- 

1 19 . The foroes of 6 lbs. wt. and 4 lbs. wt. are equal to a parallel 
force of 2 lbB. wt. at E, in CD produced, such that EE = 201). 
The forces of 5 lbs. wt. and 3 lbs. wt. are equal to a parallel force of 

2 lbs. wt. at E, in AD produced, 

such that DF=^AD. 

Hence the required resultant is 2*J2 lbs. wt., parallel to CA, and 
it cuts AD at P, where 

AP=AD+DF+FP 

- AD + + ‘1AD = ^AD. 


26. P along AB and P along AD have resultant along AO which 
fcaja be transferred to 0 and resolved into P along BC and P along 
}B0; hence the required resultant is 2P along DC. 

^21. Since the foroes are like, the resultant of the forces propor- 
tional to 1 and 4 is proportional to 5 parallel to AB, and cuts AD in 

4 4 

F so that AF : EE =4 : 1, i.e. AF—-AD=- ft. Also the resultant of 
1 0 0 

the forces proportional to 2 and 3 is proportional to 5 parallel to AD, 
clouts AB in E so that AE : EB = 2 : 8, i.e. AEss^AB =£ft. If G 

<£§*tne point of intersection of the above resultants, wo have a force 
'proportional to 5 along EG, and a force proportional to 5 along FQ. 
Hence the required resultant is a force proportional to 5J2, and its 
direction bisects the angle EOF, i.e, is parallel to A 0, Also, it its 
direction out AD in P, then 


AP=xAF-PF=AF-FG=AF-AE 





p, 
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^22. H the resultant out AB at E, the sum of the moments about 
E is zero ; 

40xPP=50x4, 

ue. BE = 5 feet, and AP=8 feet. 

Similarly, if the resultant out A D at P, 

50 x DF= 80 (4 + DP) + 40 x 8, 

DP= a 12 feet, and AF= 16 feet. 

The component parallel to AF is 40, and the component parallel to 
AE is (50-30), A.e. 20; 

•\ the resultant = ^/(40) a + (20) a =20 s /5 lbs. wt 

If the resultant meet BC in Q, the sum of the moments 
about Q is zero. 

/. PxPQ sin 60°=3P x CQ sin 60°. 

/. BQ=S(BQ-BO), {.«. BQ=5b<7. 

The components of the forces perpendicular to BO 
= 8 P sin 00° - P sin 60° = P^B. 

Also the components parallel to PC 

= 2P - 8P oos 60° - P cos 60° = 0. 

Henoe the resultant is P^/8, perpendicular to PC, and cutting PC at 
Q, where PQ=?PC. 

% y 24. The resultant of 1 lb. wt. along AB and 1 lb. wt. along AC 
acting at an angle of 120° =2 oos 60° =1 lb. wt. along AQ, where Q is 
the middle point of PC. Also, since the resultant of the forces along 
AB, AC bisects PC (and, therefore, meets the force along PC in the 
middle point of PC), therefore the resultant of all three forces must 
bisect PC. The resultant of 1 lb. wt. along AQ and */3 lb. wt. along 

QC= / > /l*+( N /8) a =2 lbs. wt., and makes the angle tan” 1 ^ , i.e. 80°, 

with QO , and is, therefore, parallel to AC. 

25. The sum ot the moments about X must be zero ; 

.*. 2 CA . CX sin C=s AB . BX sinP, 
or " 2 CX=BC+GX, 

(sinoe CA sin C= AP sin P), 
so that CXsbBC. 

The components of the forces perpendicular to PC 
»2C A sin C - AP sin P = C A sin C. 

Also the components in the direction CP 

a2CA co s C+AP cosP-PC=CA cos C. 

Henoe the resultant =* tJ(CA sin C) a + (CA cos C) a =xCA, and is parallel 
to CA. 


h. S. K. 
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26. If AD t BE and CF meet in G, the given forces are repre- 
sented by AD t BO and GF, i.e. by AO , GD, BO and OF . Forces 
represented by AO and BO have resultant represented by 2 .FG. 

Hence the system reduces to OD and FG, i.e. to GD and g OC. 

Draw OK parallel to EC ; then 

DK : KC=DG : GA = 1 : 2=1 : 1, 
d 

so that BK.\=KC 

Hence, by Art. 42, the resultant of OD and J GO 

d 



Also, by similar triangles, 

BK:KC=rBO :GE = 2 :1. 

27. If ABC be the triangle, I be the centre of the inoirole, and P, 
Q t and R be the forces along the sides BC, CA , and AB respectively, 
then J2=P+Q. 

Hence the sum of the moments of the forces about L , whose 
perpendicular distance from each force is r, 

= P .r+Q .r-R . r= 0. 

Hence (Art. 65, Cor.) the resultant of the foroes passes through I. 

28. If T be the tension of the telegraph wire, the resultant pull 
on the post = 2T cos 30° = T*J3. Hence, if V be the tension of the 
supporting wire, and l be the length of the post, moments about the 
foot of the post give 

r x ^ sin 30°= TiJ'i x l, 
whence 2 v =4iy8. 

$^20. Let AB be the pillar, A being the base and B the point 
to which the rope OB must be fixed. From A draw AD perpendicular 
to BC the direction of the given force, (F), and let the angle BOA = 0. 
The moment of F about A 

F 

=F x ADssFx AB cos 0=Fx l sin 0 cos 0= g- x l sin 20, 

where l is the length of the rope ; 
this is greatest when 20=90°, i.e. 0=45°, and then 

JB=BO sin46°=^V2. 
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30. Dividing the known moments of the force by the magnitude 
of the force, we obtain the perpendicular distances of its direction 
from £ And B ; with centres A and B t and radii equal to these 
distances, describe circles. The line of action required is a oommon 
tangent to these circles. There are four solutions according to the 
signs of the given moments. If these be of the same sign, either 
external tangent is the line required. If of opposite signs, an internal, 
tangent must be taken. If the moments be given of opposite signs andi 
the oiroles intersect, there is no solution. 


31. If the lines representing the forces meet in A , as a force may 
be supposed to act at any point in its line of action, suppose the two 
forces represented by AB and AG , and let P be any point about which 
their moments in the same sense are equal ; then the triangle PA B = 
the triangle PAC; but these triangles are on the same base.4P; they 
must therefore be between the same parallels, i.e. AP is parallel to 
BC , so that the locus of P is the straight line through A parallel to 
BO. If CAD be the angle exterior to the angle BAG , then the 
lDAP= the i ABC and the lPAG= the lACB \ 

sflin DAP : sin PAC = sin ABC : Bin ACB = AC : AB, 
i.e . in the inverse ratio of the forces. 

If the forces be parallel in the same direction, the locus is a 
straight line outside the larger one ; if parallel in opposite directions, 
the locus is a parallel straight line between the lines of action at 
' distances from them inversely proportional to the forces. 

^2. Since an angle in a semicircle is a right angle, we have AB < 
and AQ perpendicular to PR and QB , respectively. Hence JPPQft* 
a rectangle, and therefore AP=BQ , and BP—AQ . The moment of 
BP about A =* BP x AP , the moment of BQ about A=BQ x AQ ; these 
are equal. 

33, Taking moments about the centre of the orank axle, we have 
Tx 4 = 150x6, so that T=225 lbs. wt. 


EXAMPLES. X. (Page 79.) 

1. 5^/2 lbs. wt. acting along AC is equivalent to 5 lbs. wt. along 
AB and 5 lbs. wt. along AD ; 2^/2 lbs. wt. along DB is equivalent to 
2 lbs. wt. along DA and 2 lbs. wt. along DO ; hence the system is 
equivalent to 6 lbs. wt. along AB and 6 lbs. wt. along CD together 
with 2 lbs. wt. along DA and 2 lbs. \frt. along BC. These give two 
like couples, of moments 12 ft.-lbs. and 4 ft. -lbs., whioh, by Art. 72, 
have as resultant a couple of moment 16 ft.-lbs. 

2. Two unlike couples of moments 5x8 and 2x8, i.e. 15 ft. -lbs. 
and 6 ft,-lbs.,give as resultant a oouple of moment 9 ft.-lbs. 


3—2 
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3. Let a be the distance between parallel sides of the hexagon. 
Three couples of moments + lla, -6a, -xa are in equilibrium; 
hence 11a- 6a - a;a=0, whence x=6. 

4. The couple 1 . AB requires another couple to balance it ; 
therefore the required force is equal, parallel, and opposite to the 
force of 6 lbs. wt. at 0, acting at a point C' w AC. The moments of 
these couples must be equal, so that 

&. CC f sin 30°= 1 . AB j 

cc'=\ab. 

O 


Page 88. Numerical Example. We have 

, „ „ , x a 4 

a-f 6 = 6, x + y=7, and - = - = 
y b 6 

: a? = 4 ft., and ?/ = 8 ft. ; 

and, since 6 2 =4 2 +3 a , the angle AOB is a right angle; 

7 


cos 


A)—*- 

tan 0=^ , i.e. 0 = tan -1 i . 


Also 


i.e. 


W 


W 


- — iTx 

”2 cos a 200845°“ 2* 

T : W=>f2 : 2. 


Page 90 . Numerical Example. We have 



W=401bs., 2a =90°, and a : b= 1 


. . 6-a , 2-1 , : 

/. tan0=r— - tana= -_xl= ; 

6+a 2 + 1 i 

Also 

S W 

sin (a + 0) sin (a - 0) “ sin 2a 

gives 

R^ SJ 2 _ 40 

cos 0 + sin 0 ^ cos 0 - sin 0 “ 1 1 

i.e. 


whence Rm 

10 ^6 lbs. wt., and df=8^6 lbs. wt. 
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EXAMPLES. XI. (Pages 92—96.) 


1. W acts vertically through G f the middle point of AB; and if 
the vertical line through G meet BO in D, D is the middle point of 
BC . Since the directions of P and W pass through Z>, for equilibrium 
the direction of the reaotion at A must also pasB through D. The 
angle ADO is a right angle, an£ the triangle CAD is the triangle of 
forces. Hence we haver 


• JL- _5L 

DC “ CA # 


P BO 

W = oI = oobAOB ' 


P=WqobACB. 


2. [Cf. the figure p. 35 .] Let AB be the rod, W be its weight 

acting at O its middle point and F ^ = y ^ be the horizontal force 

acting at B. From A and 0 draw vertical lines AE and CD meeting 
the^ horizontal line through B in E and D respectively. Join DA. 
Sinoe the directions of F and W meet at D , for equilibrium the 
direction of the reaction at A must be in the line DA. The triangle 
AED is the triangle of forces, and we have 


hence also we have 


F W 1 

WD = AE' U - ED =2 AE > 


ED=^EB; i.e. AE = EB , 


and 


tan 0= tan EAB= 



i.e. 


0 = 45°. 


Otherwise thus: Taking moments about A, we have, if the angle 
EAB be 0, 

F. AB cob 0=sJF. AC Bin 0, 
whence tan 0=1, i.e. 0 = 45°. 


3, Sinoe the mass of 10 lbs. and the tension T of the string 
along BC act through B, for equilibrium the reaction R at the hinge 
A must also act through B; hence it acts along AB. Resolving 
vertically and horizontally, we have 

Poob 45° =10, and P=2 T cos45°, 
whence T=10,J2 lbs. wt. f and i?=10 lbs. wt. 

Otherwise thus: With the triangle ABC as the triangle of forces, 
we have 

JL A -12. 

BC-£B~ CA' 

whence land R 

v* * 1 
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4. Let D be the point in the wall to which the string is fastened. 
For equilibrium, the lines of aotion of W the weight of the rod (aoting 
at G its middle point), R the horizontal reaction at A, and T the 
tension of the string must pass through a point 0. Then AOO is a 
right-angled triangle, and C is the middle point of the hypotenuse 
AG; therefore OC=AC=CG. Also the angle CO A = the angle CAO. 
Henoe, by Euo. i. 26, the triangles AOG and OAD are identically 

equal, therefore ODssAG=^AB ; but OC=AC=\aB, and therefore 
a 4 

cd=\ab. 

4 

5. For equilibrium, the lines of action of W, R the horizontal 
reaction at A , and T the tension of CD must pass through a point, 
0. The triangle DAO is the triangle of forces, and we have 

T R _W 
OD“ A0~ DA' 
o 

whence T=W sec 30°= - W ^3, 

o 

and B=JFtan80° = !wV3. 

6. For equilibrium, the lines of action of W the weight of the 
rod, f2 the horizontal reaction at A , and T the tension of the string 
BG must pass through a point, 0. The triangle AGO is the triangle 
of forces, and we have 

OC~ CA~ AO 5 
T>FP, since OG>GA m 

[Of. the figure p. 86, putting C for D, and with the string attached 
at B.] 

7. First let the angle BAD be aoute. Draw AD vertical and AB 
equal to the given length of beam. Let the vertical through G , the 
middle point of AB , and the horizontal through A meet at the point 
E . Join E to the given point G on the beam, and produce EC to D. 
Then we have given, graphically, CD the length of the string, and 
AD y fixing the position of D. As the angle BAD increases towards a 
right angle, G more and more nearly coincides with E , and ultimately 
in the horizontal position of AB , the triangle GCE vanishes into a 
point, i.e. G has to be at G, wherever D may be. When the angle 
BAD is obtuse, 0 is necessarily below E, yet CE must still meet the 
wall at D above A. Hence, obviously 0 lies further from the wall 
than G in this ease. If D and A remain constant throughout, olearly 
0 moves awav from A as the angle BAD increases. 
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8. Take a figure as on p. 86, with the string BOD attached at B, 
HEF horizontal to meet the wall at F , and tho angle BAF=0. The 
three forces acting on the rod pass through a point O. Since 



AG = GB t therefore BF=2AO t 

so that 

FA = AD ; 

also 

FAzsa cos0, and BP=asin0; 

but 

# DP 9 + BP 9 = DP 2 , 

so that 

4a 9 oo 8 9 6 + a 9 sin 9 0 = i 2 , 

i.e. 

12 _ 

3a 9 cos 2 0 + a 9 = l 9 , and cos 9 0 = 

oa* 


Algebraically, for real values of cos 0, l>a\ and, since cos 0 is 
not >1, l 9 -a 9 <ba‘ J , i.e. l 9 <4ci 9 , i.e. l<2a; hence j must be <1 

and>|. 

9. [Draw a figure as on p. 87, with C for 0, P for T, and O for 
C.] Since W balances the resultant of two equal forces P, CA and 
GB are equally inclined to the vertical ; hence 

the lACG- the lBCG = a t say. 

Let 0 be the inclination of AB to the horizon. Resolving vertically, 
we have 

W 

2 P cos a*= W t i. e. a = cos" 1 — . 

The first theorem of Art. 79 then gives 

(a + 6) cot PGC=aoota- boot a; 
also zBGC = 9O°-0; 


whence 


i.e . 


. a-b 

tan 6 - — . 
a + 6 


, a- 6, ( ir \ a-b , 

cot a= — tan - - a = r tan 
a+6 \2 J a + 6 

• =tan " i [^l ten ( e,n " 1 S)]* 
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10 . Let AB be the beam, G be the fixed point, and OA and OB 
^ be the strings. Take AC : BO : AB = 2 : 3 : 4. The weight of the 
beam, W, acts at O its middle point, and O must be vertically under 
C , since the resultant of the tensions Qf GA and CB (2\ and 2», say) 
balances W . Complete the parallelogram of whioh GA and OB are 
adjacent sides : since O is the middle point of AB , the straight line 
CG produced (to D, say) must be the diagonal of the parallelogram. 
Then the triangle OBD is the triangle of forces. Now 

2(CG 2 +AG*) = AC*+CB* 9 

ue. 2 ((?(?* + 4) =4 + 9 = 13, 

whence 2CG 2 =5 ; 

/. <7D 2 =4C7G»=10 f and CD= > / 10; 
hence T x : T, : W=AC : AD : CD= 2 : 3 : J10. 


11. Let 41? # be the rod, G be its middle point, G be the fixed 
point, and AC and BG be the strings, so that 

.42? = 15 ins., 4(7=12 ins., and BC=9 ins. 

Then G is vertically below G, and since (16) , = (12) a +9 f , the angle 
AGB is a right angle. Hence we have 

QC=GA = OB=~, 

it 


and 


sin (7(?B=sin 0 = 2 sin - cos - 


=2 sin CAB cos GAB =2 . 


CB AC_ _9 12 
AB * AB 16 * 16 


25 sin 0 = 24. 


24 b 

25 ’ 


12. Let AB be the rod, G be its middlo point, G be the peg, and 
T x and T a be the tensions of the strings AO (the longer) and BC 
respectively. Then Q is vertically below C ; and since AG^GB and 
ACB is a right angle, GC= GA = GB , and therefore 

the lCAG = the z (704 = 0, 


and 

Also, sinoe 
and 


the i GOB = the i GBC=^-0. 
AO~WO,ten8^ = \, J 
.ginflss-Tj, ooa 0 s , 
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By Lami's Theorem, we have 

T t ^ T a 8 . = T, 

iia QCB sin GC-4 sin ACB * ue ‘ cos 0 ^ sin 0 * 

T, = 3 cos 0=3 . lbs. wt., 

kjo O 

and r f =3sin 0 = 8.-^g = 5^ lbs. wi. 

Otherwise thus: Draw OD perpendicular to AC, then COD is a 
triangle of forces, since OD is parallel to BC . Let 2?G T =1, so that 

AC = 2; 

CD=1, OD=^, and CO = 

Hence we have 

T, : T, : 3 lbg. = l : ! y = 2 : 1 ! «</ 6 5 

•'• ri= 76 = 6 5 ~ lb8 - Wt -' “ nd r » = ^6 = ¥ lb8 - W *- 

13. Let and B be the centres of the spheres, and 0 be the 
centre of the cup; then AO = BO =2 inB.= AB \ hence ABO is an 
equilateral triangle. Let 8 be the horizontal reaction between the 
spheres, and R be the reaction between either sphere and the cup, 
which passes through A or B and 0. Consider one sphere ; resolving 
horizontally, we have 

S=Boos60°=|, i.e. R=2S. 

14. If R and S’ bs the required reactions respectively, then 
resolving vertically and horizontally, we have 

TP =£ sin a, and E-=£cosa; 
whence B = TP cot a, and 5= TP cosec a. 

Otherwise time: By Lami’s Theorem, we have 
R S TP 

. / tt \ . r sin (r - a ) ' 

,un VS +a J wn a 

* .= 3 m W 

" cos a sin a’ 

B « TP oo t a, and 5=TPcoseo a. 


whence 
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15. Let C be the centre of the sphere, and R and 8 be the re- 
actions respectively at A and B, the points where the vertical plane 
through C perpendicular to the bars outs them. Then ABO is an 
equilateral triangle ; and since AB is horizontal, AC and BC are each 
inclined at an angle of 30° to the vertical. Hence, resolving hori- 
zontally and vertically, W being the weight of the sphere, we have 

R cos 60 ° = S cos 60°, and 2 R cos 30° = W ; 

16. Let B and D be the points of attachment of the string to Hie 
wall and the sphere respectively. The reaction R of the wall at the 
point of oontact A y being horizontal, passes through C the centre of 
the sphere, the weight W of which also acts through C\ therefore 
the remaining force T, the tension of the string BD , must act in 
a line through C\ therefore BBC is a straight line. Also, since 
BD + DC=2AG , the lAGB = 60°, and the lABO= 30°. The triangle 
ABC is the trianglg of forces. Hence we have 

T__ R _ JK . T_R_W 
BC ~ AC~ BA ' *’*• 2 ~ 1 

3, and B = gIPV 3 - 


and 


Otherwise thus: By Lami’s Theorem, we have 
T 
W 
R 
W 


gin90 ° - 8 ie y_? WJ3 • 
Bin 120 3 ^ ’ 


8inl60 ° = -L li ,. B=\w^ 3. 


sin 120° ’ 

Otherwise thus : Resolving vertically and horizontally, we have 


and 


2* cos 30°= JK, U. T=~WJ 3; 

o 

iJssTBinSO 0 , i.e. B=±T=ItTJ3. 

& O 


17. The tensions of the strings in the two cases are the same 
throughout ; denote them by T and V respectively. Let W be the 
weight of the picture, l be the original length of the string, and 2$ be 
the angle at the peg in the second case. Resolving vertically, we have 
in the first case 22' cos 30° = W ; and in the Becond case 2T' cos 0 = W. 


Now 



22 _ 3 
3 


and therefore 



hence we have 

T __ cos $ __s/l , s/ft s/1 . 

r “ oob 80° ~ 4 • 2 ~2J3’ 


T : : 2^/8. 
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18. The tension of the cord is the same throughout ; denote it by 

T. Resolving vertically, wo have 4 

2Tcos 30° = 40, 

40 

whence T= — ^3 lbs. wt,. 

19. Here, if 20 be the angle at the nail, and T be the tension of . 
the string, resolving vertically, we have 

2T cos 0=10; but cos 0 = 14 + 2 = 

2 

hence T=10 x ^=6f lbs. wt. 


20. Let ABCD be the vertical section of the picture perpen- 
dicular to the wall, through G, its centre of gravity; also let D 
and E be the points of attachment of the string to the picture 
and the wall respectively, and A be the point in contact with the 
wall. Since DE=DA = a , therefore DN, perpendicular to the wall, 
bisects EA in N\ and if ED produced meet the horizontal line 
from A at F, then AF=2DN. The directions of the three forces 
acting on the picture, viz. its weight vertically downwards through 
G, the tension of the string, and the horizontal reaction at A, must 
therefore meet in the points. Let the £ DAN = 0 = the lDEN\ 
then DN=a Bin 0. Draw GH perpendicular to DA , and HK and 
GL perpendicular to the wall. Then the inclination of GH to the 

horizon is 0, and HK=\dN \ also, since GF is vertical, GL=AF. 

A 


Hence we have 1 

QHgobO + HK=AF, i.e. |cos0+^sin0=2asin0 ; . 

whence 8a sin 0 = 6 cos 0, and tan0=^-, 


ue. 


9= tan -1 - - . 
3a 


21. Let AB be the vertical section of the picture perpendicular 
to the wall, through Q its centre of gravity, A being the point in 
contact with the wall; and let the cord be attached to the point 
O on the wall. Make the angle CAB equal to a. The weight of 
the picture acts vertically through G , and the reaction of the wall 
horizontal ly through A ; if these meet at the point I), the direotion 
of the cord, for equilibrium, must be CD, meeting AB in P, the 
required point; and CP is the' length of the cord. We have 
AC=h \ also, if AB=2a, then AD=a sin,a, and 

CD = kjh* + a % sin a a. 
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Also, from similar triangles CAP and DQP, we have 

CP : h = PD : OD=PD : a cob a= CD : A+acosa; 

h Jh 2 + a 2 Bin*cu 


hence 


CP= 


A + acosa 


6-a A 


22. As in Ex. 6, p. 89, tan 0 = 5 — - tan a ; but 

o + a 

a+b=2r sin a, so that tan0= ^j~? x B * na 


b-a 


hence 


f 


2 r sin a 00s p 2c cos a ' 

b-a 

cos 2 a + (6 -a)* >/4r a + (b - a) 9 - 4 r 9 sin 3 a 


b-a 


b-a 


b-a 




*Jir> + (b -a) 2 -(a + 6) 2 2 ^r 9 -aft 

Again, by Lami’s Theorem, we have 

R _ S W 

sin (a + 0) sin (a - 0) sin 2a 9 

sin 2a 2 sm a cos a 


2rcosa 


= »r.-. 

r 2 *Jr 2 -ab .2 sin a cos a 


= W. 


Similarly, 


b Wbr 

2 Ji*-ab . sin a (a + 6) sfr 2 -ab ^ 
War 


S=- 


[a + b) Jr^-db 


23. Cf. the figure p. 90, with the zOGB = 0. Here AOB is 

equilateral, also AO=\aB. Hence AG=^ OB, so that ^ = 5. 

o & (At) 4 uO 

sin (8 - 60°) _ 1 sin (0 + 60°) 

*'*' ain 60° — 2 ’ sin 60° ’ 

so that 2 sin (0 - 60°) = sin (0 + 60°). 

2 sin 0 cos 60° - 2 cos 0 sin G0° = sin 0 cos 60° + cos 0 sin 60° 

sin 0 cos 60° = 3 cos 0 sm 60°, 

whence tan0«*3«/3, 0= tan” 1 (3^3). 

24. Take the figure p. 89. Here 41)= 2^3; 

AEss2fJS cos 20 ; also 4jB=AGoos0=2oos0. 

^3 cos 20= cos 0, whence 0=30°, 

tak AC**AD oo*80°=2 x ^ =8 ins. j 

OB=l inoh. 
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Let 2 a be the length of the shortest rod. In this case B must 
ooinoide with C, and 4 

2a—AG= 20C cos 6 = 2^3 cos 6. 

The result of Ex. 4, Page 88, then gives 

2^/3 008 20=^3008*0, so that co8 a 0=-|, 

and then 2a = 2^/3 x 2J2 inches. 

V 3 


25. Draw BA at 20° to the horizontal, and through A and B 
draw straight lines AK t BK at 55° and 50° to the horizontal to meet 
in K . These lines are the directions of the tensions T and T ' ; the 
third foroe, viz. the weight of the beam, must pass through K. Henoe 
if we draw KG vertical to meet BA in G then G is the centre of 
gravity; and, on the same scale that AB repiesents 10 feet, AG 
represents the distance required. 

Draw KL vertically and equal to 4 inches, thus representing the 
weight on the scale of 50 lbs. to the inch ; draw LM parallel to KB to 
meet AK produced in M ; then LAI, MK represent the tensions T' 
and T y on the same scale. On measurement, LM = 2*37 and 
MK=2M ins. 


26. Let the vertical through D meet GB in O; then the action at 
A must pass through 0 Then CO A is the triangle of forces, and therefore 

thrust in GO _ CO 
10 lbs. AC' 


/. Thrust = tp . CO lbs. wt. 

Also S=S= A* 80 thftt 


=TnA7. 

,\ Thrust = t 1 */17 lbs. wt. = etc. 

27. Soale— 1 inch=l foot. Draw DC vertically and equal to 
2 inches, and describe a triangle A CD making AC=1 inch and 
AD= 2*7. Produce AG to B making AB=8 inches and bisect AB at 
G . Draw GO vertioal to meet AD produoed in O . Then COD is 
a triangle of forces since the reaotion of the pivot must pass 
through 0. Thus 

Beactlon of pivot _ Tension of string 10 lbs. 

W DO “ OD ' 

Also, by measurement, 00 = 8-82 ins. and OD = 1*85 ins. 
Henoe etc. 
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28. Soale — 1 inch = l foot. Let DC meet the vertioal through 
B in 0\ then the third force, the reaction at the hinge, must go 
through 0 and AOD is a triangle of forces; so that 

Thiust of rod _ Action at hinge __ 1 cwt. 

do ~ To ~“ZzT* 

On measurement, DO = 10*82, >10 = 8*49, and AD=B. Hence etc. 

29. Draw QOL a straight line inolined at 50° to the horizon. 
Make OL one-quarter of 00, so that O is the cent?6 of gravity, 0 the 
point of action of the air-thrust, and L the point where the string is 
tied. 

Draw OK vertical and equal to one inch to represent the weight 
10 lbs. of the kite. Let GK produced meet the perpendicular to GO 
through 0 in N: then LN must be the direction of the string. 
Draw GM, KM parallel respectively to ON and LN. Then GMK 
is a triangle of forces so that 

Tension of string _ Air-thrust __ 10 lbs. 

MK = ~GM = KG~ ' 

On measurement, MK= 2*68 and MG = 3- 21 inches. 
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EXAMPLES. XII. (Pages 107-111.) 


1. [Cf. the figure p. 101, with C for O.] Let G be the middle 
point of AB y and T be the tension of the string CA ; and let R and S 
be the reactions at A and £, respectively vertical and perpendicular 
to GB, Since CA = CB, the L GAB = the L ABG=‘dO°. Resolving 
horizontally, we have 

T=S sm60 o =^. 

Also, taking momdhts about A, we have 

W 

W .AG cos 30° = S . AB cos 30°, i.e. 


hence 


W 3 

2 ' 2 4 # 


2. [Cf. the figure p. 104, with TI r for 192, and a = 60°.] If S be the 
required force, resolving horizontally, we havo S=R l . Also, taking 
moments about A , we havo 

R 1 . AB sin 60°= W . AG cos 60°; 

hence = ^ cot 60°= AL = W f- = S. 


3. The reaction R 1 at B is horizontal, and that at A is vertical. 
Resolving horizontally, we have R 1 = T cos 0. Also, taking moments 
about A , we have 

R 1 .AB sin 0 = W . AG cos 0 + T . AD sin 0; 

T cos 0 (a + b) sin 0 = W . a cos 0 + T {a + b) cos 0 sin 0, 


whence 


T=W,^r 


a cos 0 


(a + b) sin (0-0) ' 


4. [Cf. the figure p. 104.] Let S be the required tension. Re- 
solving horizontally, we have S=R 1 . Also, taking moments about 
A , we have 

W 

R X .AB sin a =sJV. AG cosa, so that £ = 1^= ~ cota. 

With the man on the ladder, we have 

W 2 

R l . AB ein a. = W . AG ao% a + . §AB cos a; 

whence R x = cot a = S. 


5. Let AB be the beam, 40 be the horizontal, and OB be the 
inolined plane. Let R and S be the reactions at A and £, respectively 
vertioal and perpendicular to OB ; and let 0 be the inclination of the 
beam to the horizon. Taking moments about B , we have 
W . a cos $=R . 2 a cos 0, 
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where 2 a is the length of the beam ; i.e. W=2R, for aU values of 0. 
Also, resolving parallel to the inclined plane, we have 
P + B sin a= W sin a ; 

hence Possina , i.e. 2P=iV sin a. 

6 . Proceed as in Ex. 2, p. 102, with a = b, since here the beam is 
uniform. 

7. Let AB be the beam, A being the point where the ground and 
wall meet; W be its weight acting at its middle point; D be the 
Btaple ; and T be the tension of the string BD. Since BD^AD, the 
L DAB = the l DBA ( = $ , say). Taking moments about A, to avoid 
the unknown reaction there, we have 

T.ABBine=W.^Bin0, i.e. T=y . 


8. The weight of the rod, 2 lbs., acts at Gf, the middle point of 
BG. We have .4B=10 ins., AC=8 ins., and BC=G ins.; and since 
(10) a =8 a + 6 1 * * * * * * * 9 , the angle ACB is a right angle. Let T be the tension 
of the string AC, and let the angle ABC be 0; then, taking moments 
about B , to avoid the unknown reaction there, we have 
T. 0=2x3 cos 0, 

6 8 

whence T= 1 x ^ | lb. wt. 

1U o 


1 9. Let AB be the rod, A being the upper end, let C be its middle 
point where its weight W acts ; and let BD be the string. Then DA 
*4 is horizontal, and BD=DA. If BD produced meet the line of aotion 
■j of W in the point F , then R the reaction from A acts along AF. Let 
CF meet DA in E, and let the lDAB=0 = the iDBA ; then the 
l FDE =20 . Also T the tension of the string =W, by hypothesis. 
Taking moments about A , we have 

W . A C sin A CE =- T . AB sin ABF, 

i.e . JPx ^ oos 0= TFsin 0, whence tan0=^. 


Also, if the l EAF=sj>, we have 

R cos0=T cos20, and R sin 4> + T sin 20= W. 

1 2 

Now sin 0= , and cos0=-^g, 

so that sin 20 = 2 x ~ x ^ = g , and cos 20=oos a 0-sm a 0=g; 

hence Bcos0=|lP *(i). 

and Bsin fT (ii), 
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Hence, by squaring and adding (i) and (ii), we have 
W\ so that 

also, dividing (ii) by (i), tan <f >= ^ . 


10. Let AB be the rod, G be its middle point where its weight W 
acts, A the hinge, and let T be the tension of the string. Taking 
moments about 4, we have 

T. AB sin B=W. AG sin A + ^-^B sin A, 


W W 

Tsinil = — bin A+ — ainA = JF Bind; 

a i 

• T-W BiaA - — 

" sini? - c ‘ 


11. W, the weight of the lod, acts at G its middle point. Let R 
be the action at C perpendicular to AB and let T be the tension of the 
string. Since AD and CD are equal, the angle A CD = angle DAC = 0 i 
say. Kesolving parallel to AB for the equilibrium of the ring, we 
have 

2fFsin0=:Tcos0; 

and for the equilibrium of the whole, taking moments about A, we 
have 

W . 4a cos 0 + 2 W .AC cos 0 = T . AC sin 0. 

. . /2 sin 2 0 \ / cos 20\ 

4a cos 0 = AC l — - 2co8 0 ) = 4a cos 0 ( ). 

\ cos 0 / \ cos 0 / 

COB 20= -COS0, 

i.e. 20 = 7T — 0, whence 0 = ^, bo that AC = AD — a ; 

o 

also T-2JV tan 0=2W r s /3. 

Again, if X and Y be the horizontal and vertical components of 
the aotion at A on the rod, for the equilibrium of the rod and ringr 
we have 

X^T cos0 = 2Wy3.|=WV3, 

and Y=6W-Taine=3W-2W ^8.^=0; 

hence the action on the rod at A is a horizontal force equal to 99^/3. 

12. Let ACB be the wire, resting at the point C on the horizon- 
tal plane; and let 0 be the centre of the whole circle, so that OC is 
vertical. Also let the weight P be suspended at A , and the weight Q 

L. 8. K. 4 
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at 6 ; then the z -40(7=0, and the zBOC=a-0. Let r be the 
radius of the oirole; then, taking moments about 0, we have 
P . r sin B = Q . r sin (a - 0), 

i.e. Psin0 = Q (sin a cos B - cos a sin 0), 

i.e, P tan 0 = Q sin a - Q oos a tan 0, 


whence 


, A Q sin a 

tan0=— . 

P + Q coBa 


13. Let 0 be the centre of the bowl, and AB be the rod resting 
against the wall at A and on the bowl at B ; and lef D be the point of 
the bowl in contact with the wall. For equilibrium, the direction of 
B the reaction of the bowl at B (i.e. the radius from B), the direction 
of the reaction of the wall at A ( i e. the horizontal line from A) % and 
the vertical through (7, the middle point of the rod where its weight 
W acts, must meet in a point, E . From B draw a straight line verti- 
cally upwards to meet the horizontal diameter of the bowl through 
BO in F t and the horizontal line from A in Q . The /.BAD— 3 0° 
=the /QBA\ also let the /FBO—9= the /OEC. Then, resolving 


vertically, we have 

B oos 0 = W (i), 

and moments about A give 

W .AC sin 30 ° = B.4B sin (30° -0), 

i.e. W— 4B sin (30° - 0) (ii) . 

From (i) and (ii), cos 0=4 sin (30° - 0) = 2 cos 0 - 2^/3 sin 0, 


whence 2J3 sin 0 = cos 0, and tan 0 = ^ . 

Again, the horizontal projection of AB = the sum of the projections 
of OB and BO; hence AB cos60° = O.D + £O sin 0 

14. Let ABGD be the cylindrical vessel; BDE be the rod, B 
Jjeing the lowest point where the horizontal and vertical reactions are 
X and Y respectively; D be the point where the rod rests on the upper 
edge of the vessel, and R be the reaction there perpendicular to BD ; 
and let G be the middle point of BB, where its weight, 6 oz., acts. 
Then we have 

BD = JBC' + CD* = n / 3*+4 2 = 6 ins, , and BQ~OE=i\ in.. 

To find B, moments about B give 

9 3 

Bx5= 6x4Jx cos DBQ» 0 x | x g, 
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Again, resolving horizontally and vertically, we have X= R sin DB C, 
and r=6-J2cos DBC ; henoe the pressure at the base=*/X a + Y a 


- 1272 ooaDBC+B i =\/ 86 - 12 x 


= ^28*1696=4*8134 oz. wt., nearly. 


81 3 /81\* 

25*5 + \25/ 


15. The ring assumes a sloping position and h held by the nail 
at its highest pojpt. Thus, if P and Q be the horizontal reactions 
between the cylinder and the ring at its highest and lowest pointB 
respectively, and S be the vertical reaction at the nail, we have P=Q, 
and S=W. Hence the ring is in equilibrium under the action of 
forces forming two couples, whose moments must be equal ; therefore, 
if 0 be the angle the ring makes with the hoi izontal line through the 
position of the nail, we have 

P . 272 sin 0 = W . r ; 

/ r 5 " 

but 2r = 2Bcos0, so that sinfl*^ l--^§; 

2 PjW-?=W.r, i.e. P=Q = W 

16. If 0 be the obstacle, and C be the centre of the wheel, the 
moment of F about 0 must be slightly greater than the moment of W 
the other way, the pressure on the ground just vanishing. Henoe 

F.CN^W.ON, 

where CN is vertical and ON horizontal j 
but CN=r-h , 

and CW= JCO'-CN* = = JirK~h * ; 

., F>W J*EEE'. 

r-h 

Let AB be the beam, B being the point in contact with the 
*aU, and let D be the peg. Draw DF, equal to b, perpendicular to 
the wall. For equilibrium, the directions of the reaction at D perpen- 
dicular to AB, the horizontal reaction at B , and the weight of the 
beam, acting through C the middle point of AB, must meet in a point 
E . Let 0 = the inclination of the beam to the verticals z DBF* the 
ZDFB* the l BCE. Then we have 

DF _DB _EB 
sin0— — bc' 

. DF D$ EB DF b 
*’• iln 6 - DB • EB ‘ BC = SO ~ a ’ 

A sin 9= IJ 3 . i.e. «=sin-> g)* . 
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18. If 0 be the centre of the disc, T be the tension of the band, 
R be the horizontal reaotion at D, and the i BAD =2o, then 


AB = AD=b, 


and 


tan a = ^ • 
o 


The disc being supported by R and the equal tensions T along DA and 
BA, we have, by resolving vertically, 

P+Toos 2a= JK, so that P=r ^ W 


T= \V+ 


26* 


1 + cos 2a " 
W a*-f 6* 

2 * 6 * * 


2 cos 2 a * 


Wa ' 


' a* + 6 2 

Also, resolving horizontally, we have 
W 

R='T sin 2a= =r- _ 2 sin a cos a = fPtan a = - 

2 cos 2 a b 

19. If P and Q be the pegs, R the action (normal to the rod) at 
P, T the tension of the string, which is horizontal by symmetry, 2a 
the length of either rod, and if A be the upper end of that which rests 
on P, then resolving vertically for this rod, we have JF=Iicos0, W 
being the weight of either rod. Also moments about A give 

JV. a cos 6=R . AP, so that a cos 2 d=AP; 
but PQ = a + 2 . AP com 0, 

and therefore 2 . A P cos 0 = a , 

since PQ=2a ; 

hence 2 .a cos* 0cos 0=a, i.e. 2 cos 8 0 = 1. 

20. Let AB be the rod, G be its middle point where W acts, and 
let the strings carrying weights w l and w 3 be attached at A and B re- 
spectively. 'For equilibrium, the vertical through G and the directions 
of the strings must meet in a point 0. Let 0, a and p be the angles 
AB, AO and BO make with the vertical respectively. Then, by 
Lami’s Theorem, we have 

v>i __ w 2 W 

sin /3 “ sin a ’ 

AG BG . 

; 6 lvea .T.T 


Also the relation = — - 


sin (a + p) * 
sin a sin p 

sin (6-p) 9 


GO~ GO sin (0 + a) 
sin a sin (0 - p) = sin p sin (0 + a). 
cot/3-cot0«cot a + cot0. 

. fl _cot/3-cota _ sin (a - p) 

2 “2 sin a sin 

sin (a - p) 


• • WO V — — j — — — • 

Vein* (a-0) + 4 sin* a sin* p 

Now sin* (a - p) + 4 sin* a sin* p = sin* (a - p) + [cos (a - p) - cos (a + /9)]* 
= 1 -2 cos (a-/3) oos (a + /9) + cos* (a + 0) 

= 2-2 (cos* a - din*/3) - sin* (a + 0)=2 (sin 8 a + sin* p) - sin* (a + /9) ; 



SOLUTIONS 


53 


XU 


lienee 0=cos _ 


ein (a + P) sin (a -ft) 


ain (a + ft) J'l (sin 2 a + sin 3 ft) - Bin 2 (a + ft) 
sin 9 a - sin 9 ft 


= uus , , 

sin (a + ft) \/2 (sin 2 a + sin 2 ft) - sin 2 (a + ft) 
and the inclination of the rod to the horizon therefore 

. t of - tc 2 9 

— sin -1 r - ~ -- — . 

W r N /2(U), a + U> a 2)-r a 


21. Let be the rod, B being the end to which TP' is attached. 
Let C be the middle point of AB where IF acts, P be the peg, and x 
be the length of the string that will slip over. Then AP = l+a r, and 
BP—l-x. Also, G the centre of the parallel forceB TP and TP' is 
vertically below P, and AP and BP are equally inclined to the 
vertical. By Geometry, we have 


also 


AG _ AP _l + x 
GB~ BP~ l- x 
CG _ TP' 
GB ~ W * 


a). 


CG W> * AO-GB iCQ CG 

CB~ lF + jr ; b,,t ’ fr0m * *’ l~ AG +GB~ AB~ CB' 

, x W’ , IW 

hence - = „ r , , and x = 


l~W+W'’ 


TF + TP<* 


22. Let 7) bo the middle point of the string, and G be the middle 
point of tfle rod AB. The line through G parallel to the vertical wall 
AC bisects BC , and therefore, by symmetry, passes through D. Let 
T be the tension of the strihg, tho /GDB = 20, and the lCAB=<J>. 
For the equilibrium of the ring, we have 2T cos 6— TP. For the equi- 
librium of the rod, take moments about A to avoid the unknown 
reaction there, and we have 

r.2asin£(£ - = asin0; 

22’ sin (0 - 0) = \ . 2T cos 0 sin 0, 

i.e . sin 0 cos 0 = (\ + l) oos 0 sin0 (1), 

but 21 sin 0=BC=2a sin 0, and 26 = 2a cos 0; 

hence (1) becomes a cos <p— (X-f 1) l cos 0, 

i.e, 6 = (\+l) Jcos0=(A + l) x /£ a -a a 8in 2 0, 

6 a = (X + l) a [p - o a (l - £,)] = (X + l) a ( P - a a + 6 ! ) ; 
hence (X + l) a (P - <i a ) = - 6 a (X a + 2\), 


i.e. 


P=a*-b» 


X (X + 2) 
(X + l)» * 



64 


ELEMENTS OE STATICS 


Exb. 


23. Let W be the weight of the board, acting through O its centre 
which is vertically under 0, T be the tension of the strings, and the 
l AOG be denoted by $. Resolving vertically, we have 4T oos 0 = W\ 

but cosfl=^, and OD* = OG* + GD , ( 


«... 0D= J 6 2 +(^)*= so that oos 6 = 

hence r=JT-4 ' 

24. Let P be the reaction at the upper hinge. There is equili- 
brium under the action of two couples. Equating moments, we have 
Px 8= 100x4, whence P = 133| lbs. wt. Also, the reaction at the 
lower hinge 

= ,/** + (loop =100 ^/y+l = 100xjj=166|lbs. wt. 

25. Let ABC be the triangle ; 0 the centre of the sphere is 
vertically above I the in-centre of ABC . Let the sphere meet the 
rods BC, CA , AB (i.e. a, b, and c) in the points D, E, and F respec- 
tively. The required pressures (Pj , P a , and P g , say, on BG, CA, and 
AB respectively) are normal to the surface of the sphere and, therefore, 
pass through 0, i.e. act along DO, EO , and FO ; and if DO, EO, and 
FO make angles a, ft and y with the vertical, the horizontal com- 
ponents Rl sin a, P a sin ft and IL sin y (acting along DI, El, and FI 
respectively) are in equilibrium. N ow EIF= 180° - A, FID=* 180° - B 
and EID = 180°- C; hence, by Lami’s Theorem, we have 

B 1 sin a P a sin£ P 8 sin y 
sin if sinP sm C * 

but a=/3=7, since the triangles OID, OIE, and OIF are equal; 

P^ P a Pj 

" sin A sin P “ sin 0 1 
Pi P a P« 

».«. — i = -J=s— 2. 

a b c 


26, Let P and Q be the pressures on the supports A and B 
respectively, and let the vertical through C (i.e „ the line of action of 
the mass of 18 lbs. ) meet AB in D. We have 

and moments about B give P . AB= 18 . BD , 

t.e. P. 18==;18x 6 cosAPC, i.s. P=5 lb. wt. ; 

’ Q*18-P=17Hlbs. wt. 


and 
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27. Let ABO be the triangular framework, BO being the longest 
side, and, therefore, the weight of' 63 lbs. being suspended from A, 
If R and S be the tensions in BA ( = 13 ins.) and CA ( = 20 ins.) 
respectively, we have JR sin B + S sin (7= 63, and R cos B=S cos C. If 
T be the required tension in BC , we have 

£=£ cos B = S cos 0 ; 

/. TtanJR + T tan C=63, 

, T _ m 63 __ 63 cos B cos C 63 oos B cos G 

w ence “"tan J5 + tan (7* sin^ + C) “ ein.4 

„ _ (13) a + (21) a - (20) i 2 6 ,« i. • ■d 12 

NoW 008B ° - 2713721 - = 13 ’ 80 that 8,n B “la 5 

B mC=yBmB = H x g = |, B0 that oos C= ^ ; 

, . , 21 . _ 21 12 63 

and “ n ^ = 2o““ B = 20 x l3 = 66 5 

m\ T=63x^x j= + ^ = 201bs. wt. 

28. Cf. Ex. 4, p. 89, and take that figure, but OC not horizontal, 
i.e. G lower down. Let the vertical from 0 meet AE in F ; then we 
have the lAOF=p, and the lCOF= a, i.e. the z AOC=a+p . 

Hence the zO^C7=the z 0(74 = 90° - ? (a+p), 
and the I OCZ>=i (a +/S)= the Z ADC. 

I Z 

Then we have AE = AO cos GAE=AQ cos ODG 

=AG 003 [j («+/S) - pj =AG oos 1 (« -/») ; 
also AE = ADBmADE=2asinp; 

hence AO oos \ (a-/9) = 2a sin/9, 

a 


i.e. AB = 2AG = ia Bin p B6Q- (a- fi). 

J* 


Otherwise thus: 

AG _ sin ADO _ 
ZB “ sin AOD " 


i[?0»+i(o+/5)-^] 


i — ■— fi ■■■ — ; 4I? = 24G = 4aBin/9sec 5 (a -/?). 

«>■§(•- 
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EXAMPLES. XIII. (Page 113.) 


1, [Take the figure p. 112, with 2, 4, 6, 8 for 1, 9, 5, 8 respectively, 
and 6 acting along CD.] Let the side of the square be a. 

The force 2 is equivalent to a force 2 along OX 

together with a couple of moment 2 . ^ ; 

the force 4 is equivalent to a force 4 along OY * 

together with a couple of moment 4 . | ; 

the force 6 is equivalent to a foice - 6 along OX 

together with a couple of moment 6 . ~ ; 

2 

the force 8 is equivalent to a force -8 along OY 

together with a couple of moment 8 . ^ . 

z 

Hence the moment of the resultant couple = 2 ^ + 4 ^ +6 ? + 8 ?=10a; 

Z 2 2 2 

the component force along OX= 2 - C = - 4, 
and the component force along 07=4-8=-4; 
hence the resultant force = */( - 4) 8 + ( - 4) 2 = 4> v /2 lbs. wt. along OA. 


2. Take AB and AD coinciding with the fixed lines OX and OY. 
The component force along AB 

= 3 P + 9^2 P cos 45° - 7P= 5P ; 
the component force along AD 

= 6P-P-9 V /2P sin 45°= -5P; 

hence the resultant force= */(5P) a + ( - 6P) a =6P, v /2 J parallel to DB 
Also, if a be the side of the square, the moment of the couple 


= 5P.a + 7P.a-9 N /2P. 


a 

\/2 


= 3Pa. 


3. Take AB and AE coinciding with the fixed lines OX and OY. 
The component force along AB 

= 1 + 2 cos 60° - 3 cos GO 0 - 4 - 5 cos 60° + 6 cos 60°= - 8 ; 
the component force along AE 

= 2 sin 60°+ 8 sin 60° -5 sin 60° -6 sin 60°= -3^/3 ; 

hence the resultant force=\/(-3) 3 +(-3 v /3) 2 =f) lbs. wt. Also, if 
the resultant be at an angle $ with A B, we ha'te 

tan = 

— 8 
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and the resultant is parallel to CB. The moment of the couple = the 
sum of the moments of the forces about A 


= 2 a sin 60° + 3 . 2a sin 60° + 4 . 2a sin 60° + 6a sin 60° 

— ? W?® f w here a is the side of the hexagon. 

& 


4. If AB to scale represent the force of 10 lbs. wt., applying the 
couple so that one force of 4 lbs. wt. is at B in the dlioction BA, and 
the other force ok 4 lbs. wt. is at C, 2 inches distant and parallel to 
AB, the system becomes 6 lbs. wt. along AB and 4 lbs. wt. through C 
parallel to AB. Hence, if BC be divided at D in the ratio 4 : 6, i.e. 
so that BD : CD = 2 : 3, and ,DE be drawn equal and parallel to AB, 
then DE represents the equivalent single force of 10 lbs. wt. 


EXAMPLES. XIV. (Pages 117, 118.) 

1, Let ABCD be the plate, and A be the point of suspension. 
Let the directions of W, the weight of the plate, acting through O 

W 

its centre, and — acting at the corner B, meet the horizontal line 

through A in E and F respectively; and let the angle BAF be 0. 
Then, taking moments about A, we have 
W ' 

W. AE = -g- . AF, so that 2AO cos OAE=AB cos 0, 
i.e. 2 . ^ oos ( 135 ° -6) = AB cos 8. 

V t 

.*. 2 (cos 135 ° cos 0 + sin 135 ° sin 0) = cos 0. 

-cos 0 + mu0=cos 6, whence tan 0=2, i.e. 0=tan" l 2. 

2. If a be the angle of inclination of the rod, x be its length, W 
be its weight, and A be the point of the base of the cylinder about 
whioh it is on the point of turning, then moments about A for the 
cylinder and the rod together (to avoid their mutual reactions) give 

}V .'la— W oos a - 4n) . 

so that x cos a = 12a; 

3 4 5 

but tan a = ~, so that cos a= ; hence x=12a . -=15a. 


3. Let ABCD be the cylinder, BC being the base; and let BDE 
be the rod, B and D being the points in contact with the lower and 
upper edges of the cylinder respectively. Let ir be the weight of the 
rod, nIP be the weight of the cylinder, and 0 be the inclination of the 



58 


ELEMENTS OF STATICS 


Exs. 


rod to the horizon. Then, when the cylinder is on the point of 
falling over at C , the moments about C must be equal, and we have 

W l<iQOB0-c)=nW so that acos0=c+^; 

but cosd=— 7 r^=; hence as=^i^ N /6 a +c , f 

V&’ + c* 2 V 

<.«. 2a=(n+2) N /&? + c*. 

4. Let ABGD be the top of the table, and suppose the required 
weight to be placed at the comer A. Let E and F be the middle 
points of the sides AB and AD respectively, where two adjacent legs 
meet the top of the table. Then obviously the line EF bisects the 
distance between A and BD. In the extreme case of equilibrium, the 
moments about the line joining the feet of the legs at E and F must 
be equal ; hence, since the weight of the table acts through the centre 
of BD, the greatest weight that can be placed at A is equal to the 
weight of the table. 

5. Let W be the weight of the table acting through its centre 0 ; 
and let AE and BF be the two legs midway between which the man, 
of weight W\ sits at M. Let OM meet AB in L, and MN be the 
diameter through M and 0. In the extreme case of equilibrium, 
the moments about the line joining E and F, the feet of the legs, 
must be equal and we have 

W'.LM=W.OL ; also the iAOB = 120°. 

OL=sOA cob 60°=^ , and 


LM— OM- OL — OA (1 - oos 60°) = ^ ; . 

/. W'=W. 

In the second case, M is the point of the table resting on the 
ground, and N is the highest point. Let the directions of W and W\ 
through 0 and N , meet the ground in C and D respectively, and H be 
the middle point of EF ; also let $ be the inclination or MN to the 
horizon. Then, since W=W\ moments about EF give 

CH=HD, i.e. MH-MC=MD-MH. 

Henoe 

2MH=:MC+MD, i.e. 2MLBeoO=MOcoB0+MNcoBO; 

henoe, if r be the radius of the table, and l be the length of the leg, we 
have r sec 9 0=8r, so that sec 9 0=S; henoe tan* 0=2, and tan 0=*/2. 


tan 0= 


LH 

ML 



2 1 
7 ; 


*/ 2sff “, and r=V2. 


Also 
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0 , Let A, B and 0 be the points at equal distances where the 
legs meet the top of the table. The least weight to overturn the' table 
mast evidently be hung at the middle point of one of the arcs AB t BC 
or CA ; suppose it hung at if, the middle point of the aro AB. Let 
W lbs. be the required weight, 0 be the centre of the table through 
which its weight, 10 lbs. , acts, and let OM meet the chord AB in L. 
In the extreme case of equilibrium, the moments about the line joining 
the feet of the legs at A and B must be equal, and we have 
W.LM=10.OL, 

and, as in the firsf part of the last example, OL=LM ; hence 
W= 10 lbs. 

7. Let A, B and 0 be the tops of the remaining legs, and W be 
the weight of the table acting through 0 its centre. By symmetry, 
the equal weight should be placed on BO, at the point P, say; and 

2 W 

taking moments about A 00, the pressure on each leg being — , we 

o 

have 

2 w 

II.BO=W.OP. 

o 

2 1 

/. OP=-BO=- diagonal of the square, 
o o 

8. Let TP lbs. be the required weight. In the extreme case of 
equilibrium, the moments about the line joining the feet of the two 
legs nearest to W must be equal ; hence, if d be the diagonal of the 
square, we have 

whence * IP=1201bs. 

9. If 0 be the angle which the diameter through A, the point of 
suspension, makes with the vertical, and r be the radius of the plate, 
then taking moments about A , we have 

w . r sin 0 =p (r - r sin 0) ; 

whence Bin 0= * , i.e. d=Bm” 1 

p+tr p + tG 

10 . Let 0 be the centre of the diso, and C be the point on the 
rim to which W is attached. Then, since there is a weight nW at 0, 
and W at <7, we have (n + 1) IT at G on OC, where 

OO : 00=1 : n; i.e. OQ=~. 

n+1 

When the disc is suspended from* A, AG is vertical, and B is the 
lowest point of the vertical diameter; hence OB is vertical, and 
therefore parallel to AG. Similarly OA is parallel to BG. Thus 
OAGB is a parallelogram, and sinoe OA = OB (being radii), it is a 
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rhombus; therefore its diagonals bisect its angles and meet, at E 
say, in 0(7, at right angles to one another ; therefore the 


/.A0B=2lA0E; 

and 

seo A OE = OA ^ = 2 (n + 1), 

I 

since 

OA = 0(7, 

i.e. the 

L A0E~ sec -1 2 (n + 1) ; 

hence the 

L AOB =2 sec -1 2 (n + 1). 

11. 0, the centre of gravity of the ring, the point where its 

weight W acts, is the circumcentre of the triangle ABC. Let P 
denote the pressure at A ; draw AE and OD perpendicular to the 
side BC of the triangle ABC. Then moments about BC give 


P.AE = W.OD, 

i.e . 

P . c sin B = W . B oos A , 

where 

D £ 

2 sin A * 

i.e. 

n . T * nr a COS A 

P.csmB = W. x ; ; 

2 sin A 

. IFa cos A __ JFcos A 

2c sin B sin A ~ 2 sin B sin G * 

since 

c sin 4 = a sin C. 


Similarly, the pressure at B = n A » 

2 r*.u G sin A 

, ,, . „ W cos (7 

and the pressure at C=^—. — r-i- 

2 sin A sm B* 


EXAMPLES. XV. (Pages 128, 129.) 

Since the centre of gravity of a triangle is on the line joining the 
middle point of any side to the opposite vertex at one-third of the 
distance of the vertex from that side, we have, by similar triangles, 
the perpendicular distance of the centre of gravity from any side is 
one-third of the perpendicular distance of the opposite vertex from 
that side. 

1. Let AB and AC be the two equal sides of the triangle ABC t 
and G be its centre of gravity. Draw AD perpendicular to the base 
BO, bisecting it in D, and GE and GF perpendicular to AC and AB 
respectively. Then we have 

QdA 4D = g Ja& = BZ>»= g s/r7T3» = | = 11 ft. 



XV 


SOLUTIONS 


61 


Also GE = \p, 

O 

where p is the perpendicular distance of B from AG. 


Now p. «4C=2 area of the triangle =.AD . BC, 


so that 

4x6 24 . 

P = — = T n - i 


hence 

GE = p = 1 j ft. = GF t similarly. 

• 0 


2. Let AB 
lamina. Since 

(10 ft.), BC (8 ft.), and GA (6 ft.) be the sides 
(10) a = 6 3 -H 8 2 , the angle AGB is a right angle. 

of the 
Let Q 


be the centre of gravity; draw GD y GE and GF perpendicular to DC , 
GA and AB respectively. Then we have 

QD=\AC=2it., GE = r.BG = ‘i\ ft., and GF = ^p, 

O O o 

where p is the perpendicular distance of C from AB. 

Nowp.4£ = 2 area of the triangle = 4 G\ BC, 

bo that • P= ‘ICT = S' tt ’ ! 

hence GF=^ = H ft. 

3. Let ABC be the triangle, and G be its centre of gravity. 
Lhaw AD perpendicular to the base BC t bisecting it in D, and 
join Gli and GC. Then we have 

AD = jAB*-BDt= jji5 = 'Jjo ins., 

and GD=^AD = *J 5 ins. ; 

2 

GA=s ^ AD=2*J5 ins., 

and GB = jBD i + QD 1 =J‘P + (j5f= , i\Tia. = GC. 

4. If -E and F be the middle points of BD and DC respectively ; 
and Qj and G % be the centres of gravity of the triangles ABD and 
ACD respectively, then 

AG^AE, and AG t =^AE; 

AQ y : AG t =AE : AF; 

.*. G l G a is parallel to EF t and in the same proportion to EF\ 

G,Q t —^EF\ but EF=IbC, bo that QfitA.BG. 
o 2 o 
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5. The distance of the centre of gravity of a triangle from any 

side is one-third of the distance between that side and the opposite 
vertex ; hence the force is just one-third of the weight of the plate, 
and will therefore produoe the same effect when applied at any 
vertex. # 

6. Let W be placed at a distance a from the side BC of the 
triangular board ABC . The weight of the board gives a pressure 


^ at each comer. ’ If P, Q and Jl be the pressures at A, B and 0, 

respectively, due to the weight W, and AD be perpendicular to BC, 
then moments about BC give M 

P.AD=W.a. 

. P = Wa . 
c sin B * 

the total pressure at A • 

r 3 c sin If 

Similarly, the pressures at B and C are* 


Wfi A v> Wy 
8 + a sin C an 8 + b sin A * 


7. If D be the middle point of the base BC, A and A* be two 
positions of the vertex, and O and O' be the corresponding positions 
of the centre of gravity of the triangle, then 

DQ^DA, and DO’-^DA'. 


Therefore, since 


DO DO' 
DA ~ DA' ’ 


the straight line 00' is parallel to the straight line AA', by Geometry. 
Hence, since AA' is a fixed line, the centre of gravity moves on a 
straight line through O any one of its positions. 


8. If in any position A of the vertex, the base being BC, O be 
the centre of gravity of the triangle, D be the middle point of BC, 
and OJE and OF be drawn parallel to AB and AC respectively, to 

meet BC in E and F, then DE = \dB\ therefore E is a fixed point, 

o 

and so F . Also the angle EOF is equal to the angle BAG, and is, 
therefore, constant. Hence the locus of O is a certain circle passing 
through E and F, If Abe restricted to lie on one side only of BC, so 
also will O, and 0 therefore moves on an aro of a certain circle. 


9. If ABC be the triangle, O be its centre of gravity, and P be 
any point in BC, then wherever the given weight be placed in the 
line OP, the centre of gravity, X, of the system will lie within PO, 
and its greatest distance from O is when the weight is at P, and then 
X divides PO in a Tatio which is fixed, vis. that of the weight of the 
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triangle to the given weight, Thus it follows that when the given 
weight is placed within the triangle BOG, X lies within a triangle of 
which the vertex is G and the base a straight line parallel to BG and 
terminated by BG and CG . Similarly, if the given weight be placed 
within ABG or ACG ; and in each case the line joining G to the 
particle is divided in the same ratio ; thus the bases of the ^limiting 
triangles within BGC and BGA meet on BG ; and similarly for AG 
and CG. Hence X lies within a certain triangle, similar and similarly 
placed to the given triangle. 

10. If A be tlfe angle nearest to JD, the point of division of AC, 
G be the centre of gravity of the plate, and F be the middle point of 
AB , then 

AD : DG=1 : 2=FG : GG; 

therefore DG is parallel to AB, and, therefore, the angle GDC=60° ; 
but when suspended from JD, DG is a vertical straight line ; hence 
AC is at an angle of 60° to the vertical. 


11. Let ABC be the lamina, A being the right angle; and let D 
be the middle point of BC\ then, for equilibrium, D must be vertically 
below A, since the centre of gravity of the lamina is on AD. Hence, 
if ACsaSAB, then BC = AB*J10, and 

ad=^bc=^A1^. 


Also 




where p is the perpendicular distance of A from BC ; now 
p.BC = 2 area of the lamina = . AC, 

MB 2 _3AB 
P ~ABJ 10“V10 ! 


so that 
hence 


sin 


adb-*A* • - 8 

ADB ^ 2 ~ 6 ’ 


i.e. the hypotenuse is inclined at an angle sin -1 ■= to the vertical. 

5 


12. Let ABC be the lamina, and D be the middle point of AB 
the longest side. Since 6 fl =s3 fl + 4 9 , the angle ACB is a right angle; 

hence CD=AD=DB=^ ins. Also DC is a vertical straight line, 

since the centre of gravity of the lamina is on DC. Thus we have 


oosAJDC 



' 7 

i.e. the inclination of AB to the vertical is the angle cos -1 , 
78° 44 '. “ 


i.e. 
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EXAMPLES. XVI. (Pages 131, 132.) 


1. Let AB ( = 12 ine.) be the rod. Its weight aots at its middle 
point. If the ounce of lead be fastened at the end A, and X be the 
required centre of gravity, we have 

Ix0+lx6+lx8 14 . 

^ iTi+i = T=^ m8 - 

2. Let AB be the bar, and let the given distances be measured 
from the end A. Then, if X be the point required, we have 

... 8x3 + 3x15 + 6x18 + 3x21 225 

AX — jr — — — — — s — 15 ins. 

3+3+G+3 15 

3. If X be the required centre of gravity, we have 

AV _ Ix0 + 2xl + 3x2 + 3x2 flx3 + 5x4_46 0ll n 
1 + 2 + 3 + 3 + 4 + 5 ' 18 * ffc * 

4. The centres of gravity of the tubes are at distances of 5 ins., 
15 ins., and 25 ins. from A, the end of the 8 oz. tube. Hence, if G be 
the required centre of gravity, we have 

8x5 + 7 x15 + 6x25 295 , . , . 

AG = 8+T+6 = 2T= 14 ^ 

20 

i e. G is in. from the middle of the telescope. 

21 

5. The distance from the end where the first particle is placed 

_lx0+2xl+3x2+4x3+ + 12x11 

1 + 2 + 3 + 4+ + 12 

_ (1 + 2 + 3 + + l l) + ( l a + 2 2 + 3 a + + ll a ) 

1 + 2 + 3 + 4 + + 12 

_ /II x 12 j 11 x 12 x 23 \ /12xl3\ 

V 2 + 6 J • V 2 ; 


66 + 506 


= y = 7i ms. 


6. If a be the distance between any two oonseoutive weights, the 
distance of the centre of gravity from the first 

Ix0 + 4xa + 9x2a + 16x3a 7 a 


1 + 4 + 9 + 16 

and the distance between the extreme weights is 3a ; hence the centre 
of gravity divides this distanoe in the ratio of 


o 7a . 
r 3a-y , i.e. 


:- 3 ,U.U2. 
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7. Let AO be the rod, l be its length, B be its middle point, and 
D be the point at distance | from A. Then, if W and W' be the 

O 

weights of AB and BG respectively, acting at their middlo points, 
moments about D give 

W=5W' t i.e. 1V:W'=5: 1. 

8. Let A be the foot of the inclined plane AB. The distance of 
G , the centre of gravity, from A along AB 

7x0+5x1+4x2+8x337 f 
“ 7 + 5 + 4 + 8 ~ 24 

Draw GM perpendicular to the base of the plane ; then 

GM= AG sin 60° =|^ x 1-335 ft. 


9. If G be the required centre of gravity, we have 

lxJP+2x2JF+3x31F'+... + 7ix ?iJT+(n + 1) TPx^ 
4G= (1 + 2 + 3+ .. +n) Ji'+ (n + 1) W 

= [(l»+2> + 3>+.. + « a ) + ^±I)] 

-+[(1+2 + 3+ ,n) + (n + 1)] 
|~n (n + l)^(2n + 1 ) ( n(« + l)J . j~ft(n + l) ( ^ ( ^ 

2n . 

=-— ins. 

o 


10. Let AB be the rod, and let its weight fFlbs. aot at a distance 
of x feet from A , the end where the mass of 1 lb. is suspended. Then 
moments about the point at which the 1 od balances in the two cases 
give 


1 x 9 + (9 - a) = 15 x 3, 

and 1 x 8 + 1^(8 - a;) ~ 8 x 4, 

i.e. ir(9-*) = 3G (i), 

and TF(8-^ = 21 (ii). 


Henoe, by division, 

= ? whence j = 6 ft. ; 

hence the centre of gravity is at the middle point of the rod. Also,, 
from (i) or (ijj, fP=12 lbs) 

L. S. K. 


6 
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EXAMPLES. XVII. (Pages 137, 138.) 


1, As on p. 135, let tlie particles of 1, 2, 8 tod 4 lbs. wt. be 
placed at the angnlar points 0, A, B and C respectively. Let a be 
the side of tho square, D be its centre, and G be the required centre of 
gravity. Since 1+4=8 + 2, the centre of gravity is on MN , the line 
bisecting OA and BO. Also 

_ Ix0+2x0+8xa+4xa 7 a 

MQ=y 1+2+3+ 4 =T0 : 

but arx»=|; hence OD=^-| = |. 

2. Let the two fixed lines from which the distances are measured 
be AB and AT). Let G be the required centre of gravity, and draw GM 
perpendicular to AB. Then, if a be the side of the square, we have 

_ 2xO + lxO + 2xa + 7xa 3 a 

MG =y= 271 + 2 + 7 =T S 

_ 2x0+lxa+2xa+7x0 a 
AM=X = 2+172 + 7 = i" 


3. Let the two fixed lines from which the distances are measured 
be AB and AD. Let G be the centre of gravity, and draw GM 
perpendicular to AB. Then 

__ 5x0 + 6x0 + 9x27+7x27 

XOm ' B 6767977 = l6m9 - i 

5x0 + 6x27 + 9x27 + 7x0 

AM=X 6 + 6 + 9 + t = 16m8> 

The force must be applied at G. 

4. The distance of the centre of gravity from the first edge 

1x2 + 2x4 + 3x6 + 4x8 + 5x10 110 . 

1+278 + 475 = IT = 7 * ina - 

The distance from the other edge 

1x8 + 2x6 + 8x7 + 4x9 + 5x11 125 . 

1+2 + 8+4+6 - 16 -Btms. 

5. Let ABC be the triangle, and let the weights proportional to 
1, 2 and 3 ( W , 2TF and 3 W, say) be placed at A, B and C respectively. 
Let the two fixed lines, from which the distances are measured be AX, 
coinciding with AO, and AY, a perpendicular to AX through the point 
A. Then, if G be the centre of gravity, and GM be drawn perpen- 
dicular to AX, we have 


AM: 


TPx0+2TPx£+3JFxa ^ 

WTW+tW — 
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und 


MG= 


WxO+iWx^ + SWxO „ 

2 aj 3 . 

W+2W + ZW * 


6 


*AG 


hence the required distances 

= a/t + S-S ^ 

Again, if the weights proportional to 11, 13 and 6 (11 JP, 13JF and 
6 W, say) be plaeed at A, B and C respectively, we have 


and 


AMi 


MG = 


llWxO + lZWxz+SWxa _ 

2 5a 

‘ TnvrniWTMp ~ is * 

lUrx0+13TFx o ^ 8 +6TTx0 

o 13a kj 3 

HTF+T3F+EF - ” ““So" s 


A0 \f U4 + 1200 — 30 ^ 2 ® 3, 


6. Let the two fixed lines from which the distances are measured 
be BX, coinciding with BC , and BY, a perpendicular to BX through 
the point B. Let D, E and F be the middle points of BG , GA and 
AB respectively, G be the centre of gravity of the system, and 5W, 
W y 3 W, 2 W, 4 )V and 6JF be the given weights respectively. Draw 
FHy GM , AD and EK perpendicular to BG. Then we have 
AB=BG= CA = 24 ins., 


BH=HD = DK=KC=Q ins., 


^D = 12^3ins., and FH=EK= 8J8 ins. 
Hence 1 

2lPxl2 + 31Px24 + 4TFxl8 + 5JP xl2 + 6TFx6 
W+ 2JY +8W+ 4W+ 5W+ 6W 
M _4W r x6< s /8+5W r xl2 N /8 + 6FTx6 % /8_40 N /3 
U W+2W+8W+‘kW+6W+8W 7 


88 . 

= f ms., 
ins. ; 


hence the required distance = B G = J BM 3 -f M G 8 

= V266=16 ins. 


7. t If 42? G be the lamina, its centre of gravity G may be found by 
biseoting BG at D and dividing AD in G so that AG=2GD. Now 
1 oz. at B and 1 oz. at C may be replaced by 2 oz. at D ; hence the 
centre of gravity of these and 1 oz. at A is also at G. Also the 
masses of 1 oz. at the middle points of the sides may each be replaced 

by masses of g oz. at the onds of that side ; they are, therefore, 

equivalent to 1 oz. at each angular point; hence their centre of 
gravity is also at G. Thus the centre of gravity of the six masses is 
at G t the centre of gravity of the lamina. 


6—2 
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8. Let ir be the centre of gravity, and diaw OM perpendicular to 
AC. Then, if 2W, 3W and 4 W be the weights, we have 

fir 2U r x 0 + 3IF x 15 + 4TF x 0 45 r 

AM -Wii w+w — = -9 = 5 ms - 5 

-, r 2W r xO + 3PKxO + 4W r xl2 48 16 r , . 

0M= -WWW+iW - = 9 = 3-=6Jms.; 

G# 2 =^12- ^ +5 a =^- 5 , so that GB = ~ = 8Jins.; 

also GC*=(15-5) a + , so that GC=^ = 111 ins. 

9. Let the masses 4, 1 and 1 lbs. be placed at A, B and C respec- 
tively, the angular points of the triangle ABC. If D be the middle 
point of BC , and G be the centre of gravity of the triangle ABC, then 

2 

G is in AD and AG - - AD . Also 1 lb. at B and 1 lb. at C are equiva- 
lent to 2t lbs. at D ; hence G', the centre of gravity of the three 
particles, is on AD, and such that 

AG' : G'D = 2 : 4=1 : 2; 

and therefoie AG' : AG — 1 : 3, i.e. AG' = ^AD. 

o 

Thus A(J' = -AG, i.e. G' bisects AG. 

10. One mass being at A, and the centre of inertia of the three 
ut G, the centie of ineitia of the other two must be in AG produced; 
it must also bo on BC, and therefore is at D the middle point of BC. 
Hence the masses at B and C are equal (m and m say) ; and, since 
GA = GD , if m be the mass at A, clearly wi' = 2»i, and the ratios are 
2:1:1 

11. Divide BC in D, so that BD :D6'=4 : 3; the centre of 
gravity of masses 3 lbs. and 4 lbs. is at D. Divide AD in G, so that 
AG : GD=7 : 2; the centre of gravity of the three masses is at G. 
By Art. 42, the resultant of forces represented by 3GB and 4GC is 
7GD; but 1GD — 2AG, hence forces represented by 2 GA, 3GB and 
4GG are in equilibrium. 


12. If the distances of A and B from BC and AC be a and b 
respectively, and h and k be the corresponding distances of the 
required centre of giayity, we have 

2xa+3x0+6 xO+Sx^ 0 
, 3 __ 6a 

2 f 8 + 5 + 8 "13* 



_45 

13* 


and 
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13, 2 lbs. at A and 2 lbs. at B are equivalent to 4 lbs. at jQ, tho 
middle point of AB ; therefore wo have 11 lbs. at C, 3 lbs. at Q and 
4 lbs. at D. Hence, if H be the centre of gravity of the system, 


„„ 11 x 0 + 3 x CG + 4 x CD 

CH = TT+T+4 : 


3CG + 4 x ~ CO 
: 18 = 




14. Let ABODE F be the hexagon, 0 be its centre, and a be its 
side; and let the-masses be placed at the angular corners A % B, C, D, 
E and F respectively. G, the required centre of gravity, is obviously 
on BOE , and we have 


BG= 


3x0 + 4x^ + 12x~+9x2a 

a a 

3 + 4 + 12 + 9 


19 6 

-=n a==tt+ n a; 


hence 


OG = ^ja, and GE~^-a, i.e. 
14 14 


OG : GB = 6 : 9. 


15. Since 5 + 4 = 7 + 2, the centre of gravity is in the line joining 
the points where the weights proportional to 3 and 6 are placed. 
Similarly, since 7 + 3 = 6 + 4, the centre of gravity is in the line 
joining the points where the weights proportional to 2 and 5 ai'e 
placed. ITence the centre of gravity is at the centre of the hexagon. 

16. Proceed as in the last example. 

17. If the hexagon be represented by ABCDEF , and a be its 
side, 0 the point of intersection of the diagonals is the centre of the 
circumscribing circle, the radius of which OA=BC=a. Let the 
weights be placed at A , B, C, D, E and F respectively; then, since 
6 + 1 = 4 + 3, G the centre of gravity of the system is obviously on BE ; 
and we have 

„ . 3a *. rt n on , a 

3 x S + 4 x Y +fix 2 a+ 6 x T +lx § 27 

B °~ 2+3+4+5+6+1 — 21 a 

2 2 
=a+-a, i,e, OG = -a. 


18. Let ABCD be che square, a be its side and 0 be its centre. 
Since 7 + 1 = 5 + 3, G, the required point, is on -the line bisecting .4B 
and CD, and 


OG = 


a a 
12 x 2" 4x 2 
12 + 4 


__ 4a _ a 
“16“4* 


19. The forces at the points of bisection of the several sides are 
equivalent to their halves at the ends of those sides ; thus they are 
equivalent to parallel forces proportional to 4 at A, 4 at B, 6 at B, 
6 at C, 8 at G, 8 at D, 2 at D and 2 at A ; i.s. to 6 at A , 10 at B, 14 
at C and 10 at X>. q.b,d. 



70 


ELEMENTS OF STATICS 


Ezs. 


20. If O be the required oentre, we have 

„ .Pxl+2I > x2 + S7 , x8+4I > x4+6Px6+ftPx6 
Alt ~ P+2P+&P+IP+6P+6P 

l , +2 a +8*+4 a +6*+6* r6x7xl8-l r6xn 
= 1+2+8+4+6+6 = L 6 _TL 2 J 


13 ... 

! 8 =4* 1M - 


21. The magnitude of the resultant =P+Q+JR. Divide BC in 
D so that BD : DC=R : Q=c : b=BA : AC; then the resultant of Q 
and R acts at D ; and the resultant of P, Q and R acts at some point 
in AD. Also, by Euc. vi. S, AD bisects the angle BAC . Similarly, 
the resultant of P, Q and R acts at some point in CE which bisects 
the angle ACB ; hence it must act at the intersection of these bisectors, 

i.e. at the centre of the oirole inscribed in ABC . 


EXAMPLES. XVIIL (Pages 141-143.) 


1. Let A be the joint, and B be the middle point of the longer 
portion. The weights of the two parts (acting at A and B) are 
proportional to their lengths ; let them be denoted by 6 W and 1W . 
Hence, if O , on AB, be the required centre of gravity, 

6Wx0 + lWxl 4g 

A0= —ffl+nr~ =2i= 2 A ing - 


2. Let A be the middle point of the lower end of the figure. The 
weights of the pieces are proportional to their areas, i.e. to 6 x 2 and 
8 x 2J ; let them be denoted by 12 W and 2017 ; they aot at C and B , 
the middle points of the pieces respectively, where 

JC=(8 + 1) ins. = 9 ins., and AP=4 ins. 


Hence, if O be the required oentre of gravity, 


AO= 


1217x9 + 2017x4 
1217+2017 


47 „ . 


3. Let AC (the shorter) and CB be the two portions of the beam 
AB ; their weights, 817 and 17, aot at X) and J5, their middle points, 

* 3a 

respectively. If AOs= 3a, and CP =5 a, then , and 


AE*aBa+ 


6a 

2 


11a 
2 # 
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AQi 


5a 

! 2 1 


Hence, if G be the required oentre of gravity, 

8 Wx^+Wx^ 

, . 5a 11a 

also GB = 8a - y = — j 

therefore G divides AB in the ratio of 5:11. 

• 

4. Let BCDE be the rectangle and ABC be the equilateral 
triangle, so that BC is the common side. Bisect ED in 0, and 
join 40; the required centre of gravity is dearly in AO. Let O 
and If be the centres of gravity of the triangle and the reotangle 
respectively ; also let BC = ED = 2a, so that BE = CD = a. The weights 
of the triangle and the rectangle are proportional to their areas, i.e. 
to aPtJS and 2a a respectively, and act at O and H t where 


and 


. „ 2 2a^/3 2a 

4 3 ,_ 

ahJ^+ 1=2 (1+2^3). 


2 2 ' 


Hence, F being the required centre of gravity, we have 

+20**5 (1+2^8) 

" •>* 

i.e. F is at the middle point of BC. 

k 

5. Let E be the vertex of the triangle. Bisect AD in F , and join 
EF. The weights of the triangle and the square are proportional to 
their areas, i.e. to 36 and 144, and act at K and if, their centres of 
gravity respectively, where 

FK= ^12+ gx6^ ins.=14 ins., and FFI = 6 ins. 

Hence, G being the required centre of gravity, we have 
144x6+86x14 38 . 

144 + 86 T= 7 * 1M - 

6. Let ABC be the isosceles triangle, A be the right angle, and D 
be the centre of the hypotenuse. The required centre of gravity is on 
AD % by symmetry, if 

4B=4G=a, then AD=~. 

Q9 

The area of the triangle ABO , that of each of the squares on AB 
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and AC is a*, and that of the square on BC is 2a*. Henoe, G being 
the required centre of gravity, we have 


AG: 


l a * +a ^ x0 + l*l X U2 + 2a '(^k + *r) 26 * 

“ " nk " " ^ B,, "" , " r “27 V 2 ’ 


a*+a a +- + 2 a s 


DG=i. -1, i.f. DG : GA= 1 : 26. 
n sji # 

7. If G, and G a be the centres, and, therefore, the centres of 
gravity, of tne larger and smaller spheres respectively, and G be the 
required centre of gravity, we have (since the diameters are as 2 : 1, 
and therefore the volumes as 8 : 1) 

CrGj : GG a =l : 8, 

i.e. = i GjGjsJ x 9 = 1 inch. 


8. Let ABGD be the parallelogram, 0 the point of intersection 
of the diagonals, and let the triangle AOB be removed. The centre 
of gravity of the whole parallelogram is at 0. Draw HOK bisecting 
AB and CD in H and K respectively; G, the required centre of 
gravity, evidently lies on OK , and if F be the centre of gravity of the 
triangle AOB, we have 

GO : OF= wt. at F : wt at G=W : 31F=1 : 3, 
where IF is the weight of each portion ; hence 

OG= g OF- * x ? x 0H= i UK. 


0. Let ABGD be the parallelogram, O the point of intersection 
of the diagonals, II and K the middle points of AB and AD respec- 
tively, and let the part AHOK be removed. Then, if W be the weight 
of each part, we have 2 IF at 0 and W at F , the middle point of OC. 
Hence the required centre of gravity is at G (on OC) where 
OG : GF= 1 : 2; 

0G = \0F = l0C^AC. 

10. Let ABCD be the square, and 0 be the point of intersection 
of its diagonals so that 0 is the centre of gravity of the square. Join 
the middle points of AB and AD , and let the triangle thus formed be 
out off. Let II be the centre of gravity of this triangle, and G be the 
required centre of gravity ; G will be on OC. The portion cut off is 
one-eighth of the square ABCD. Hence we have 

GO : Oif= wt. at H : wt. at G = 1 : 7; 

/. G0=±0H^iA0-AX) = ±(A0AA0')='£ 1 A0=± i AC. 
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11 . Proceed as in.Ex. 2, Page 141. Here 

AB X =^AB> and W % =SW X . 

12 . A OBC= \ lABO. If AO meet BC in D, H be the centre of 

o 

gravity of the triangle OBG, and G be the required centre of gravity, 
we have ^ 

GOk: OH=wt. at H : wt. at Cf = l : 2; 
hence GO = loiI=^x*OD=loD=±AD 


13 . Let u> be the weight of each triangle A71Q, BPR and CQP. 
Resolve their weights into weights ^ acting at their veiticcs. Then 
the system of these three triangles is equivalent to a system of weights 
~ at each corner of the triangle PQR with a system ^ at each point 

O O 

A, B and G. Considering the weight of the triangle PQR , w' say, and 
xi_ ^ 2 w + w' , • . 


resolving in the same way, we have altogether 


- at each point 


P t Q and R, and - at each point A, B and G. But as we have now 
o 

taken the whole triangle ABC, the centie of inertia of the whole 
system must be at G, the edntre of inertia of the triangle ABC. 

Mao the centre of inertia of the system ^ ib known to be G ; hence 

o 

the centre of inertia of the system 2u> + _? ? must a i ao be at G. 

o 

Since the centre of gravity of equal particles at P, Q , and R is at 
G it follows that the centre of giaYity of the lamina PQR is at G. 


' 14 . Let AG meeo BO in Z ), H be the centre of gravity of the 
triangle GBC t and K be the required centre of gravity. Since 

BC=a, therefore DA= 

1 2 

and since a GBC = 5 a ABG t the remainder = 3 6.ABG. 

o o 


Also 


AABC=BDxDA = j . 
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Ilenoe we have 


, A BGOxDH+ remainder xDK 
= AXBC 

-iDH+iDJC; 


i.e. 


a 

6 


§ x S + S DK ' whenoe DK= ^' 


AK=DA-DK=^ 


2 a 
¥ 


6a 


15. Produce AA! to out BC in D; bisect A A' at E ; join EB and 
EC , and take 

EQ=\eB, and EO' = \eO. 

o 6 

The centre of gravity of ABA ' is at G, and oiACA’ at O'; hence OG' 
passes through A' by hypothesis, and is parallel to BC ; 

EA’~±ED, 

•. EA’=jA'D, bo that AA'=A'D. 

£ 

Again, GA' : A'G'= aA'CA : A ABA' 

= CD : DB ; 

but GA f lA'G^BD: DC. 

•\ BD=DC. 

Hence A ' biseots AD , where D is the middle point of BC. 

16. Let ED and HF be lines parallel to the sides AC and AB y 
respectively, of the triangle ABC , the areas BED and FHC being 

each —tli of that of ABC. Bisect BC in K, and join AK . Bisect 
m * 

BD in M and FC in N t and join EM and EN. Let G, P and Q be 
the centres of gravity respectively of ABC , BED and F1IC , and Q\ 
which will be on AK, be the centre of gravity of the remainder 
AEDFH. Join PQ , meeting AK in B ; R is the centre of gravity of 
the pair of triangles BED and FHC. Then we have 

O'G i GB= wt. at B : wt. at 0'=— : l--=2 (i). 

mm 

Now since aBEJDss— a ABC= &FHO, 

m 

we have, by Euo. vi. 19, 

BE=-^~ BA =FH. 

BD*fFO~j^BO, and EM^-j^AKmHE. 


So 
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••• 


OR: 


hence, from (i), 




G'G 


X 2 - OR= ig g — — 

8 Jm (m - 2) 


-AO; 


m Jm-ljm 

•.AG':GQ'=(/G-GG') : GG'=m ^/ro-2 Jn-(Jm-l) • ^/S-l 
= m sjm - 3 ^m + 1 : - 1. 


17. Let ABCD be the square, the side AB being the base of the 
triangle to be out out. Let G be the point of intersection of the 
diagonals of the square, i.e. its centre of gravity ; and* H be the 
centre of gravity of the triangle. 0 the vertex of the triangle will 
be on the line through Q bisecting AB and CD ; let this line meet AB 
in E. Then, if AB=a , and EO=x t the area of the square = a 1 , and 

the area of the triangle = | ax. Hence we have 


i.e . 

whence 


a A OB x EH + remainder xEO 
E0 = s^ABCD : 

a 5«**!* + (a*-ia*)x* 

2 a* * 

2s s -6ax + 8a a =0, and 

a 


Now x must be less than a, stf that 


8-^3 
^ a. 


18. The area of the plate = 100 sq. ins., and of the holes 8 sq. ins. 
If 0 be the centre of the square and H be that of the hole, then G, 
the required centre of gravity, is on HO produced, so that 


OG : 0£T= wt. at H : wt. at G* 8 : 97 

.■.OG=lx21=^ 4 in. 


19. The area of the hole : the area of the plates 1 : 3*sl : 9. If 
JET be the required position of the centre of the hole, C be the centre 
of the disc, and G be the oentre of gravity of the remainder, we have 

OGs2 ins., 

ca ; CGswt. at G : wt. at J5f =8 1 1 ; 

GH=8CGsl6 ins. 


and v 

henoe 
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20. The volumes of the spheres are as a 8 : 6 s . Let A be the 
centre of the larger sphere, radius a, and B be the centre of the 
sphere, radius b. Then, if G be the required centre of gravity, we 
have 

QA : AB= wt. at B : wt at 0 = b 8 : a*-5 8 ; 


hence 


(a-b)b 8 y 
a 3 -6 8 “ a a +ab + 6*‘ 


21. Let if be the vertex of the cone, h be its*height, K be the 
centre of gravity of the smaller cone, and H be that of the frustum. 
The volume of the smaller cone is equal to one-eighth of the volume 
of the whole cone ; hence we have 


AH= 


W 7 W 

— x AK+~~ xAH 


W 


8 i 7 , 45. 

\ h= § • s + § AU > whence AH= io h - 


22. Let A be the vertex of the whole cone, and B be the centre 
of the base. The volume of tho whole cone : the volume of the 
smaller cone = 4096 : 343 = (16) 8 : 7 8 ; therefore their heights are as 
16 : 7 ; i.e. the heights are 64 ins. and 28 ins. Let G, G, , and G 2 be 
the centres of gravity of the whole cone, the smaller cone, and the 
truncated poition respectively ; then we have 


i.e. 


_ _ (8192 - 686) BG i + m(jBG 1 
BG= 8192 * 


16 x 4096 = 3753BG, + 343 (c4-|x 28^ ; 
. £ Oj = 65630 - 14749 =13 . 532in9 


23. Let A and B be tho vertices of the original cone and the 
hollow, and G and G 2 be their centres of gravity, respectively. If 0 
be the centre of the base, the volumes are as AO : BO , as h : x say. 


mv , x x OG, + (h - x) OB h , • x , 

Then we have OG= ^ — -, i.e. - x h=x x ^ + (h-x)x, 

i.e. —£ X - ssx{h-x), i.e. h + x = 4x, and therefore ®=g- 


24. Let O, O' be the centres of the earth and moon, and O their 
common centre of gravity, so that 

00 : GO' :: mass of the moon : mass of the earth :: *018 : 1. 

/. OG=; 018 (OO' - OG), so that 

OG = t oy it * “ 1 b 1 8 * 60 x 4000 miles = etc. 
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EXAMPLES. XIX. (Pages 145-148.) 

1, Let ABC be the top of the table, the legs meeting it at the 
points A , and C ; and let D, E f and F be the middle points of the 
sides DC, CA t and AB t where the weights of 6 lbs., 8 lbs., and 10 lbs. 
are placed respectively. The 6 lbs. at D is equivalent to 8 lbs. at B 
and 8 lbs. at C ; the 8 lbs. at E is equivalent to 4 lbs. at C and 4 lbs. 
at A ; and the 10 lbs. at F is equivalent to 5 lbs. at A and 5 lbs. at B. 
Hence the pressutes at A , B , and C are inoreased by 9 lbs. wt., 8 lbs. 
wt., and 7 lbs wt. respectively. 


2. The distance from AB of C or D 


= y^ 8 - (j (18 - IS)]*- ins. ; 


hence the required distance 


12x 4 + 2 x 5 x - + 18 x 0 
12 + 2x6 + 18 


lns.sslj^ in. 


3. The lABC= 120 n , hence the L B C A =30°, and therefore A C 
is perpendicular to CD. Hence the distance of the centre of gravity 

of CD from AC=^CD, and the distance from AC of the centre of 

A 

gravity of AB or BC= | . BA sin BAC= j BA. Hence the distance 
from AC of the centre of gravity of the three rods 



thus the rods when suspended from A will hang so that AC is vertical, 
and, therefore, CD must be horizontal. 


4. The weights of the parts AB and BC are proportional to their 
lengths, and act at their middle points. Their moments about B 
must be equal and opposite; hence we have 

fT. BC . ^ oob 46°= W. AB . ^ ; 

A a 


t.t. 


BC a AB * ... , BC a 

so that — a 


BC i AB= : 1. 


V2 

r • 
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5. If A and B be the two ends of the wire, 0 be the centre of 
AB , Q be the centre of gravity of the wire, and 0 be the cefitre of 
gravity of the complete hexagon, then OOO must be a straight line, 
by symmetry perpendicular to AB, and 5.00=1. 00. 


QC=\0G-- 

5 


.§asin60°=-f*<». 

5 o 


26 


a* 27a* 26 + 108 


100 


-a. 


and QA=±Jm=QB. 

6. Taking a figure and notation, as in Aft. 118, we have 
CD = 2AB, 

and therefore E0 3 : G 2 F=2DG + AB : 2AB + DC 
= 5 : 4. 


7. As in Examples XVIII. , 15, if CA meet BD in the point E we 
have CA=AE, so that CE=2AE\ hence, by similar triangles, we 
obtain the required result. 

8. We have to shew that the centre of gravity of the whole 
system iB in AC. By Art. 104 the weight of a tiiangle may be 
replaced by three particles each equal to one-third of its weight 
placed at its angular points. 

Hence we have to shew that the moment about AO of the weight 
of a particle placed at B equal to the weight of ABC is the same as 
that of a particle at D equal to one-third of the weight of the triangle 
ADC, i.e. that 

A ADO x perpendicular trom B on AC 
A ACD x perpendicular from D on AC, 

w 

i.e. that ^ AB . AC sin 30° x AB sin 30° 

a 

= ~. ?AD. AC sin 60° x AD sin 60°, 

which is true, since AB and AD are equal. Hence the quadrilateral 
will rest with AC vertical. 


9. [Cf. Art. 76.] The forces having no resultant will not move 
the centre of gravity of the board, but will cause it to turn in its own 
plane round the peg, the couple causing rotation being measured by 
the area ADO. 

10. The resultant of OB and OO must be in the direction OD, 
where D is the middle point of BC\ henoe, for equilibrium, AOD 
must be a straight line, or 0 lies on AD. Similarly, if E be the 
middle point of CA, O lies on BE ; therefore 0 is at the intersection 
of AD and BE, which is the oentre of gravity of the triangle ABC. 
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11. By Art. 42, the resultant of /a.PB and /a.PG is 2/a. PD, 
where D is the middle point of BC. Again, the resultant of ft. PA 
and 2/a. PD is 8/a. PG, where AG : GD = 2 : 1, i.e . where G is the 
centre of gravity of the triangle ABC. 

12. By Art. 42, X . PA and /a . PB have resultant (X + /a) PQ, where 
AQ : QB = fi : X. Join QC; the resultant of (\ + /a)PQ and v .PC is 
(X + ft. + p) PR, where QR : RC = v : X + /a ; and so on. The construction 
for Q , B, <fco. is the same as for the centre of gravity of weights at A, 
B, Ac. proportion aj to X, /a, &c. ; hence the resultant is 

(X + /a + *+...)PG, 

where G is the centre of gravity of suoh weights. 


13. Let AB be the rod, G be its middle point, and 0 the point to 
which the strings are attached. Let the tensions of the strings be 
X . OA and /i . OB. By Art. 42, they are equivalent to a foice through 
a point in AB which divides it in the ratio X ; /a. But, since their 
resultant balances the weight, it must go through the middle point of 
AB. Hence X equals /a and so the tensions are proportional to the 
lengths. 

In the second case let ABC be the triangle and let the tensions be 
l.OA, /a. OB, and v . OC respectively. These, by the previous 
example, are equivalent to a force passing through a point in the 
triangle ABC which is the centre of gravity of weights proportional to 
X, /a, and v placed at A, B, and C. 

Bnt, since this resultant balances the weight, it must go through 
G, which is also the centre of gravity of equal weights placed at the 
angular points. 

Hence X, /a, and v are equal, and therefore the tensions are 
proportional to the lengths. * 


14. Let A be the vertex of the oone, h be its height, l be its slant 
height, r be the radius of its base, and 20 be the vertical angle. Then 
the area of the base = wr* ; the curved surface = ml ; and the whole 
surface =wr (f+r). Hence, if G be the centre of gravity of the whole 
surface, we have 


ml . ^ + Tr a . h 

AG= i— 

m{l + r) 

_ h 2 sec 0 4-3 tan 6 
~ 8 ’ sec 0 + tan 0 


h 2l + 3r 
3* l+r 


h 2 + 3 sin 0 Sh , , . , . 

: , r ~r = -p , by hypothesis ; 

3 1 + sin 0 4 ’ J 


.*. 8 + 12 sin 0=9 + 9 sind, 


sin0= 


1 

3 


-. 20=2 sin" 


8 * 


whence 
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15, Let h be the height of the cone, V be the height of the 
cylinder, A be the area of the common base, and and G a be the 
oentree of gravity of the cylinder and the cone respectively. The 

volumes are ^ hA and h’A , i.e. are as h : 3 h\ Since the compound 

body balances about G, the centre of the common base, we have 


i.e. 


G X G : G 2 G = wt. at G a : wt. at G lt 

h '. h h.w 
3h - 


and 


ft* 

4 


3ft' a * 

, so that 

a 



h : ft'= : 1. 


16. Let 0 be the centre of the baso, G be the vertex of the cone, 
h be the height of the cylinder, r be the radius of the base, and 

OG=x. The volumes of the cone and the oylinder are and 


7T r 2 h. . Hence, if G be the centre of gravity in the question, moments 
about 0 give 




i.e. 


x 2 

2 “12 



.\ rc s - 4 hx + 2fc a = 0, whence x = (2 =t J2) h ; 
the negative sign of the radical must be taken, as the positive sign 
would make x>2h\ hence 

x=(2-J2)h, 

i.e. x : h = 2- */2 : 1. 


17, Let ABC be the central section of the cone ; then, if DEF be 
the inscribed circle, centre I, of ABC (touching the base BC in D, 
and AB and AC in E and F respectively), DEF will, by revolution, 
generate the greatest possible sphere, obviously. Sow, since the 
centre of gravity of the remainder is to coincide with that of the 
cone, it is dear that the centre of gravity of the sphere must be 
at the same point. Let BD = DC=a y so that the base of the cone 
BC=2a ; then the height AD — 2j2a y and AB=aJl + $=Sa. Now, 
by Trigonometry, 


ID. 


s jj. 1 


AD } 


2 (3ct + 3u + 2u) 


i.e. the centre of the sphere does coincide with the centre of gravity of 
the cone ; hence the centre of gravity of the remainder eoinoides with 
that of the oone. • 



IX SOLUTIONS 

Othinriw tbna : If r be the radius of the sphere, we have 

am BAD =^ =~ j 

2/ S /2a-r 

, nATk BD a 1 

30 a mBAD =IB=s ^ = E ; 


2 2a - 


- = 5 , whence r = = \ AD. 


18. If h be tlifl height of the cone, the radius of the base = , 

h N/8 

and the radius of the sphere = ^ . Thus the volume of the cone 

1 ti* _ vh* 

"3'*’ 3 ' h ~ 9 ’ 
and the volume of the sphere 

4 h* _ 4 irh' 

3 ,T *27“ 81 ‘ 

Let Q be the centre of gravity of the cone, G x be that of the sphere, 
and Q % be that of the remainder. Then, if A be the vertex of the 
cone, and Z> be the centre of the base, we have 

_ wt. of sphere x DG 1 + wt. of remainder x DQ 2 
“ wt. of cone * 


- + 5D(? a , 


i.e. 0 % divides the axis in the ratio 11 s 49. 

10, Let A be the vertex of the original cone, D be the centre of 
the base, 0 be the vertex of the hollow, 0 be the centre of gravity of 
the original cone, H be that of the hollow, and K be that of the 
* remainder. The volume of the portion scoojped out is one-half of the 
volume of the original cone, and therefore is equal to the volume of 
the remainder. We have 

OK=sGH=s^DC) 

/. DK^DO^AD, and KA = g AD ; 

DK : RA~§ : 6. 


L. S. K. 


6 
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20. Let the lBAD=:6= the iBDA; 0 be the point in whioh 
the lines of action of R the horizontal reaction at A, W the weight of 
the triangle, and T the tension of the string meet; let G be the 
centre of gravity of the triangle. 

Then we have OA =AD tan 6 , 

and OA = AG cob OAG= AG sin GAD; 

AD tan 6= AG sin GAD (1), 

Now the L G AD = the JL GAB + 6 = 30° + 0, and, if a be the side of 
the triangle, 

AD = 2a cos 0, and AG sec GAB, 

2 


hence, from (1), 
i.e. 


' 2aBin5 = 2^30°- 3iD {3 °° + e) ' 

1 /3 

2^/3 sin 0=- cob sintf; 

2 2 


whence 


. „ 1 i „ 3J3 

Bln " = V 28 ' aDd CO "=V 28 - 


Again, if h and k be the distances of B and C from AD y we have 
h=a sin 0, and k = a sin (60° + 0) ; 
hence h : k = Rin 0 : sin (60° + 0) 


1 V3 1 1 

J2S : 2 ' V 28 2 ' \/ 28 

= 2 : 10 = 1 : 5. 


Otherwise thus : Resolving vertically, we have W- T cos 0 ; and 

W 

replacing the weight )V by three equal weights ^ at the angular 
points A , B and C, moments about A give 

Y- h + ^-.k = T .ABsm2e=a.2Wnin6; 

hence h + k = Basing; but h=a sin0, 

so that &=5asin d, and h : fc= 1 ; 5. 

21. If P be the point in the circumference of the base, A be the 
vertex, AII be the axis, and G be the centre of gravity of the cone, 
then JPG is vertical; also, since AH—APH , and AH=iHG, therefore ' 
HG — RP. Hence the angles HGP and HPG whioh the axis and the 
base make with the vertioal are equal. 

22. Let A be the common vertex, AB be the common slant side 
of length l 9 and Gj and G t be the centres of gravity of the two cones 
respectively. Then 

the /GjifBsQ 0% the lG 2 AB = 60°, and the 90°. 
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The radii of the bases are 

l sin 30° and Isin60°, 

1 , W 8 

2 and 2 ’ 

7/3 J 

the heights are Z aos 30° and I cos 60°, i.e. and ^ • 

Therefore, if V 1 and V, be the volumes, we have 

•1 l 1 IJ3 , „ 1 3 PI 


.. . i a i^/3 , _ 1 

V ^3- r -4-~2- and ^ =:: 


4 ‘a 5 


••• r t : 7 2 =^:J=1:n/3. 

Hence, if G be the centre of gravity of both cones, 

G^: G 2 G=J 3:1; 

also AG X : j4G 2 = cos30° : cob60°= N /3 : l; 

.*. GyG : G 2 G = AG i : AG 2 . 

the /G^G=| /Gj/10^45 0 . 

JB makes with the vertical AG the angle (45° - 30°), i.e. 15°. 


23 . Det ABC be the piece of paper, A being the vertex, and let 
F and E be the middle points of AB and AG respectively. Draw AD 
perpendicular to BG\ then when folded across the line DE t A will 
rest on BG at D. Also, if AD be h , the distance from BC of the centre 

of inertia of ABC when unfolded is ~ ; and if the distance be x when 

O 

folded over, we have 

A BDF. g+ aDEC.!+2aDEF. ^ 

* Z7E3 

_h &BDF+ &DEC+4 aDEF 
“6* A ABC 

. h a BDF+ A DEC + 2 a DEF+ 2 A DF.F 
“e 1 ' A ABC 

h lABC+^aABC 

“ 5 * a 7Ec . 

h 6_h_3 h 
“«* 2 “ 4~4 ‘ 3 * 


6—2 
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24. Let A BCD be the sheet of paper originally, with the sides 
AB and CD eaoh =2a^/2 t and the sides AD and BO eaeh a* 2a. Let 
E and F be the middle points of AD and BC respectively, and let the 
comers A and D be doubled over to L, and HK be the edge of the 
table. Then O , the new oentre of gravity, is to be at the oentre of 
HK. Let MN be the line through L parallel to AD. Then we have 

a 8 

aELM=^, 

and hence 4 a ELM = 2 a a . 

Also LF=2a s /2-a=o(2V2-l), ' 

and area MBGN = area ABOD - 4 a ELM = 4 aV2 - 2a 2 = 2a 2 (2^/2 - 1) 
Hence 

EG = 


4 A-ELJtf x | EL + area MBCN (el + i LF^j 
area ABCD 



25. If 0 be the centre of the circumscribing circle, A be the 
angle at which no particle is placed, and 0 be the oentre of gravity 
of the (n-1) particles, then if an equal particle were placed at A , the 
centre of gravity of the whole would be at 0. Hence AOG is a 
straight line, and we have 

00: 0A = \ :n-l, i.e. 00=-^=-. 

n-1 

ire 2 

26. The area of the circle = — , and the area of the square 

1 a a _o* 

"2 ’ 4 ~ 8 * 

Let G be the centre of the circle, G x be the centre of the square, and 
G, be the centre of gravity of the remainder. 

Then GG t : GG t =wt. at G 2 : wt. at G, 

a 2 a 2 

= wt. of square : wt. of remainder =-g- : ^ 

»1 :2t-1; 



a 
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27. Let ABO be the board, 0 be its centre of gravity, I be the 
centre of the inscribed circle, and H be the centre of giavitjr of the 
remainder after the portion is removed. Draw IN (which is r, the 
radius of the inscribed cirole), GL, and UM perpendicular to PC. 
Then 

OL=l 

where p is the perpendicular distance of A from BC, 

1 2 S 
m 3 * a * 


Also, we have 


hence, since 


GL . S = IN . vr*+HM ( S - rr a ). 
/. ^ = T7* + HM (S - 7rr a ) ; 

S 


r= ~.’ 

fS 


3as ’ - *■£ 


+[*- 


28. Let JR and r be the radii of the plate and the hole respectively. 
The centre of gravity of the remainder is farthest from the centre of 
the original circle when the piece punched out is close to the 
circumference of the plate. Let G , G,, and G, be the centres of 
gravity of the whole plate, the hole, and the remainder respectively. 
Then 

GG a : 00!= wt. at 0 2 : wt. at G a =irr 2 : irR 2 -irr *; 

••• 

so that O a can lie anywhere on or within the circle whose centre 
r® 

is O and radius = - . 

■R+r 


30. Join A and B. Then 

AG : GB=n : m 9 
and therefore m .AG=n . BG. 

We have 

wi.AP^ + w.PF^m (AG^ + PG^AG . PG cos AGP) 
+ n (BG*+PQ*~ 2 BO . PO cos POP) ; 
ttOW oos AGP = -COB PGP ; 

hence m.AP<‘+n.BP t ^m.AQ i +n.Ba t +{m+n)PQ* 
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For the general case draw through G, as in Art. Ill, two lines at 
right angles, GX and GY , and let the distances of the points A, B, 
C,.., measured along these lines be x lt z 3 , a? B ... and y lt y a , y B ..., 
Also let the distances of P be x and y respectively. 

By Art. Ill we have 

+ = distance of G measured along GX = 0 (1). 

m+n + ... e v 1 


So 


m + ... 


... ( 8 ). 


Hence 

m.AP 2 + n . BP 2 + ... = m {(a? — «»i) 3 + (y — ?/i) 3 } 

+ n{(s-*J 3 + (?y-i/ a ) 2 } + ... 

= m { (x 2 + ?/ 2 ) + (V + yi 3 ) } + n { (a 9 + ?/ 2 ) + ( V + */ a a ) } + . . . 
-2x (mx l + nx 2 + ...) -2y {my 1 -\-ny 2 ’b ...) 

= m {Gi J3 + G4 2 } +7i {GP 3 + G£ 3 } + ... 

by using equations (1) and (2), 
= m .AG 2 + n.BG 2 + ... + (m + n+p + ...) PG 2 . 


EXAMPLES. XX. (Pages 159-162.) 


1. Let ABC be the rule, B be the angular point, and AB be the 
longer part. The weights of the parts are proportional to their 
lengths, i.e. to 2 and 1, and act at E and D the middle points of AB 
and BC respectively. Join ED ; then the centre of gravity is at G, 

where EG=\eD . Also, if GF be the vertical line from G , meeting 
o 

BG in F we have 

4=11 ins., 

4 

and FO - 8 - = 6 $ ins, ; 

the portion FO at least must rest on the table. 


2. If h be the height of the oylinder, and r be the radius of its 
base, then 

0 . 3 *-* 

rrVi - 18 cub. ins., 

K* 

t x Tg x /* - 18 cub. ins. 

. . 210 , , 6 ‘ . 

- .% — , and h= — ms. 

r */* 


but 

so that 
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3. Let ABC be the lamina and D the middle point of BA the edge 
on which it stands. Let the vertical line from C meet BA pioduoed 
in E ; join CD. Then, if O be the centre of gravity of the lamina, 

DG=~GC; 

hence, Rince (r must be just vertically over A, we have 

DA^AE, 

bo that AE=BA. 

Now BG*=BE* + EC\ 

i.e . a*=4c*+CA*-AE* 

• = lc a + 6 a -c 2 = 6 2 + 3c* 


4. Let the square A BCD be divided into two equal parts by the 
line EF\ then the part AFED is divided by AE into the two equal 

W 

triangles AEF and AED. The weight of the port EFBG ia — acting 

W 

at O, its middle point, and of the triangle AEF ia — acting at U, 
where 

EH=p:K, 

K being the middle point of AF. Hence, if X be the required weight, 
moments about E give 

AB W 2 AB __ W AB 
~ ’ 3 * 4 ’ 3 ‘ 4 “ 2 ' 4* 


i.e. 


X 

2 + ‘24~ 8 ’ 


whence 



5, Since D is the middle point of AC, if DE be drawn parallel to 
AB (which is vertical) to meot BC in E, then E will be the middle 
point of BC ; henoe the centre of gravity of tho triangle BDC is in 
DE, and, DE being vertical, the triangle BDC is just on the point of 
falling over. 


6, Let 0 be the middle point of the side on the wall of the lowest 
brick of four courses ; let OX be a fixed line perpendicular to the edge 
of the wall. If l be tho length and W the weight of a brick we have 


arras 


W.0 + 


5W l SW l 
4 •g + 2 '4 


7W 3 1 

+ “Ti“ * 5T 



19f 

88 * 


i.e. 
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so that the vertical line through the centre of gravity of the four 
courses meets the wall; hence there is equilibrium. 

If a fifth course be added, we must odd a term 2JV. ~ to the 


numerator, and 2 IF to the denominator in the above value of x ; we 
then have 


5= 



x> 


l 

V 


and the structure will now topple. 


7. Let h be the height of the pile, d be the diameter of eaoh coin, 
and a be the inclination of the plane. Since the pile is just on the 
point of toppling the centre of gravity of the pile must be just vertically 
over the lowest point of the base. Hence 


/. Ji = 0d=120x 


£ 

20 * 


and the number of coins is 120. If the pile be of unlimited height, 
the centres of gravity of the coins must form a vertical line. Let A 

and B be two centres of gravity, and BC the thickness ( =~ ) . Then 


i4C= amount of overlap -B G tan a = 



1 

6 



th of diameter. 


8, Let AB ( = 9 ins.) be the length of the side on the table and 
let ABX be the fixed line. Let the number of bricks above the lowest 
brick be n. The distance from A of the centre of gravity of these n 
bricks is given by 

j_ 6 + 6j + 6+ ... to ntermb __2^ 10+ 2 _ »+19 

— 1 + 1 + 1+ ... to n terms — n ' ~ 4 ' 

The structure will stand provided that x be not greater than 9, i.c. if 
»+ 19 be not greater than 36. The greatest value of n is therefore 17 
and the total possible number of brioks is 17 + 1, t.e. 18. 

If the bricks be placed the other way, so that AB= 4, we have 

2& + 3j + ... to n terms 
1 + 1 + ... to n terms 

not greater than 4, so that is not greater than 4. The greatest 
value of n is therefore 7 and the required number is 8. 
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0, By Art. 104 the triangle oan be replaced by 8 weights, e&oh 
W 

equal to y, placed at the angular points. When the additional 

2W 

weight is put on, we have to shew that a weight - 5 - at C and a 


weight y at B just balance about A. 

If ON be drawn perpendioular to BA, then 

AN=AC 008 60 °=AB oob 60°=^ . AB. 

„ 2W W 

Hence — x AN= x AB, 

Q O 

or the weights just balance about A. 

10. If E be the middle point of AC, we have 
&ABG • A ADC = BE ! ED. 

Also BED is a straight line perpendicular to AC. Let AB and BC 
be taken as the two fixed lines from which the distances are measured. 
Then we have 

A ABC x g BE cos 45° + A ADC (^BE + ^ED^ cos 46° 


&ABC+ AAD 


-BE*+ED [BE + ^ ED 


which is to be 


w+ s J ®) 1 

ED J2' 

zB(f, i.e. <BEJ2} 


| BE*+BE . ED + ^ED*^2BE* + 2BE . ED, 

0 0 

i.e. \eD*-BE.ED<\bE\ 

v 0 0 

i.e. ED* - 8BE . ED - 4JBE * < 0, 

i.e. ( ED - 4 BE) (ED -i BE) c 0, 

i.€t ED<4BE, 

i-e. aADC<4a.4£<7. 

n. Let G, and G 9 be the centres of gravity of the hemisphere 
and the cone respectively ; h be the height of the cone, and r be the 
radius of the base. For neutral equilibrium, the oentre of gravity of 
the compound body must be at 0 the centre of the base of the hemi- 
sphere. Also the weights of the hemisphere and cone balance about 
O, and are proportional to their volumes, i.e . to 

|*t* and j rr*A; 
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also 0<? 1= |r, and 0G,= *. 

Hence we have i v r 2 h . \ = ? irr 3 . | r, 

o 4 o o 

whence ^=3?^, and fcsr^/S. 

For the equilibrium to be stable, 

h<r>JS. 

12. Let CJj and G a be the centres of gravity* of the hemisphere 
and the cylinder respectively ; h be the height of the cylinder, and r 
be the radius of the base. For neutral equilibrium, the centre of 
gravity of the compound body must be at 0 the centre of the base of 
the hemisphere. Also the weights of the hemisphere and cylinder 
balance about 0, and are proportional to their volumes, ue. to 
2 

-nr 3 and TT^h] 
o 

8 h 

also OGj= Q r, and OG a = 

Hence we have m*h . ^ = f wr 3 . ~ r, 

Z o o 

whence * : r =l : \/ 2 - 


13. With the notation of Art. 126, we have 

(1) ft=|r, and il=r; 

18 1 . 1 1 2 
A S“8-f and r + n = r ; 

hence t < - + 4 » an( ^ the equilibrium is unstable. 
h r Ji 

(2) A=-i2, and r=oo; 

o 

181 , 1 . 1 1 . A 
" and r + S = B +0; 

hence t > - + 4 1 and the equilibrium is stable. 
h r H 


14. It AB (=/») be the height of the cone, and G be its centre of 
h • 

gravity, then AG = ^ . 

By Cor. 2, p. 159, 

j<I£, i.e. h<4ii. 
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15. By Oor. 2, p. 169, the equilibrium is stable or unstable, 
according as 6 is < or > a. 

16. Let A be the highest point of the sphere, 0 be its centre, and 
0 be the centre of gravity of the cube. Then, when the cube balances 

X 7TT TrT 

on A, OA is vertical and = , whioh is <r; hence the 

A 4 4 

equilibrium is stable. 

Let the cube rollover an arc AC, where 

ZAOC=~ t i.e. arc AC = r0=^~ ; 

4 4 

in this position the vertical through 0 passes through C ; and since 

half of the side of the cube = i ^ ~ , we see that the cube can 

2 2 4 

rock through 45° on either side of A , i.e. can rock through a right 
angle, without falling. 


17. Let ABC be the lamina, and D be the point in its side BA 
in oontact with the sphere. If O be the centre of gravity of the 
lamina, OD is vortical. Wo have 

. ,2 a 

A<i=-.aoos-; 


also 


GD = AD sin ^ , 

2 a a a 

GP=g. a Bin -cos^gsm a = h; 


the equilibrium is stable if ft<?*[Cor. 2, p. 150 J, 
i.e. if 


a . 

- sin a<r, 

u 


i.e . if 


3 r 

sina< — . 
a 


18. If a be the inclination of the plane to the horizon, and 0 be 
the angle between the string and the plane, then resolving along the 
plane (the tension of the string being equal to P), we have 

W sin a =P cos 0, 

. /W Bin a\ 

i.e. 0= cos - 1 f — -p — J . 

Knowing 0 , and the position of the pulley, that of W can be found. 

Again, if W were moved slightly down the plane, 0 would be 
diminished, and, therefore, Poos0 increased ; thus W would move up 
again. If W be moved slightly up the plane, 0 is increased, and, 
therefore, P cos 0 diminished ; thus W would move down again. 
Henoe the equilibrium is stable. 
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19. If 0 be the oentre of the diso, G be the fixed point, and GO 
make an angle $ with the vertical, moments about C give 

W (r - c sin 0 ) =w (r + c sin 0) +pc sin $ 9 
W-w r 


whenoe 


Binds 


dssin -1 


p + W+w ' o * 

b W-w r“ I 
+ W+w * cj 


The moment about C to increase 0 being 

W(r - c sin 0) - w (r + e sin 0) -pc sin 0, 

which decreases or increases according as 0 increases or decreases, the 
equilibrium is stable. 

20. Let w be the weight of the solid sphere whose radius Is r. 
Let W be the weight placed at the highest point so that the height h 
of the combined o.o. above the lowest point 

w.r + W.2r 
~ w+W 

By Art. 126, Cor. 1, the equilibrium is stable if 

11 1 ■ WO L 

t >-- sr , t.e. it 2 r>h, 
hr2r 

it n te + 2 W 

‘• <u 2r> w+Tr 1 '’ 

i.e. if 2w + 2W>w + 2W t 

which is always the case. 

21. When the bowl is displaced and held still, the small sphere 
moves also in such a way that its weight still passes through the 
centre of the bowl. As far as the problem of stability is concerned 
the weight of the small sphere may thus be taken to act at the 
centre of the bowl. 

The height h of the combined o.o. therefore 

_ b 
w.b+W.^ 


There is stability (Art. 126) if 


w+W 


i.e . if 

i.e . if 
i.e . if 


1 1 A 

S > a + V 

w+W 1 11 

w + \W 


[w+W)a>(a + b) (to+ JjP), 
^W.a>b(to + \W) 9 



SOLUTIONS 


93 


EXAMPLES. XXI. (Pages 168—170.) 

1. (1) Ant. = wt. x hi. olimbed 

= 140 x 2700 ft.-lbs. = 140 2 2 4 2 0 7QO ‘‘--tone 

= 168-76 ft.-tona. 

(2) Ant. = Distance x Resistance 

as 52800 x 5 £t.-lbs.==||^ u ft.-tona 
*sll7y ft.-tona. 

2. If * feet be the length of the ohain hanging down the shaft, 
the centre of gravity is raised a height ~ feet ; hence 

8a x |=4000000 ft. -lbs., 

i.e. 4a s = 4000000 ft.-lba., 

and x =s 1000 ft. 

3. Weight of the soil = 10 x 8 x 100 x 150 lbs. 

Distance through whioh the o.o. is raUed=50 ft. 

Work done = product = 10 x 8 x 100 x 150 x 50 ft.-lba. 

= 0x 10 5 * 7 8 ft.-lbs. 


4. A oubio foot of water weighing lbs., the required number 

lo 


of cubic feet 


100 x 88000 x 60 
■ /1000 1KA \ 
(TT xl60 j 


= 21120 . 


5. The number of hours being x, and the depth of the oentre of 
420 

gravity of the water being feet, i.e. 210 feet, we have 


whence 


18 x 88000 x 60 x a=» x x 420x^x210, 
*=0|-j- hours. 


8. Here, the required b.p. 

w x 4* x 600 x 800 1000 i* 
“ 88000 x 82x^0 X 18 _ 
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7. If the time be t minutes, then 

( x | x 20 x 83000=5000 x 62$ x 100, 
since a oubio foot ol water weighs 62^ lbs. 


25 x 125 i 
= - 4 — = 71 TT . 


8, If x be the required h.p., then 

x x 650 = work done per Beo. ' 
= 140 x lj. 

210 21 . . . , 2 
,J= 556 = 55’‘- e -* lBJUBt< 5- 


9. The volume of the tower 

= (22 x 9 x 66 - 18 x 5 x 60) cub. ft. 

= 108x66 cub. ft.; 

the weight of the brickwork = (108 x 66 x 112) lbs. ; 
the height of the centre of gravity =33 feet; 

• the work done = (108 x 66 x 112 x 33) ft. -lbs. ; 
but the engine does (3x33000) ft. -lbs. per min.; hence the required 
number of hours 


108 x 66 x 112 x 33 
3 x 33000 x 60 


4*4352. 


10. The wire rope weighs 2 lbs. per foot, and its centre of gravity 
275 

is raised through - - feet, its length being 275 feet. Henoe the work 
done 

= £(18 x 112 + 109) 275 + 2 x 276 x ft.-lbs. 

= 660000 ft.-lbs. 

Also, the required h.p. 

= _660000_ = g0 
83000 x | 

O 


11. 15 miles per hour =22 ft. per see. 
Hence, if P be the resistance in lbs. wt., 
Px 22= 10000x550. 


.\ P= 250000= 


250000 

2240 


= 111^ tons 1 wt. 


tons* wt. 
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12. 6 miles per hour=^— ft. per seo. 

Resolved part of wt. down the hill =57; x 200 lbs. 

aU 

= 10 lbs. 

88 

work done per seo. = ^ x 10 = 88 ft. -lbs. 

H.p. tcfdo this=^:=^: = *10. 

550 50 

13. If W be the required work, then 

40JF=8x 880 (since 10 miles per hour =880 ft. per min.). 

- rJ?.» 

. . work done per minute 

tha u - P - = 33000 - 

880 x 8 ol6 
= ='213 h.p. 


14. Total weight of the bars = = 7 J lbs. 

Depth of centre of gravity originally 

( 142 + 3+ . 4- BO) x 2£ _ £.30 31. 2£ 


155 . , * 

= — r - inches. 

4 

/. work done = 7£ x ^ ft. -lbs. 

4:0 

= -si- ft.-lbs. =24-2 ft. -lbs. 


In the second case total wt. = -j lbs. 

4 


Depth of o.a.= < 1+2+3+ n - t - n > ><2 ^ 

= +.(n+ l )xJ^ 5 (>t+1) inche8= ^ (n+1) 


work done 


X jg (n + 1) = jgg n ( n + 1) ft.-lbs. 
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15. The original distance between each bar=- . 

n 

Hence depth of the o.o. originally 

(l + 2 + 8 + ...+n) x^ $n(n+l)x? 


-i»+i>e 


2ft’ 


Final depth = ( n + *) • 


Work done 2 W x difference of these distances. 


16. By Art. 117 the heights of its centre of gravity above the 
table in its initial and final positions are f and £ ft. respectively. 

A Work done = 12 lbs. x f ft. 

=8 ft. -lbs. 

17. Let ABC be the section of the prism bo that 2*0=1$, CA=2, 
and AB= 2$ feet. 

Let D be the middle point of BC, G the centre of gravity and GN 
the perpendicular on BC. Then, since ACB is a right angle, we have 

GAr=^C=|, and ZW=^X)C=i. 

™=l + \ = 1 and BO=^u]^. 

The centre of gravity has to be raised through a height BG - GN, 
i.e. through feet. 

. 1 v/13-Q^ A 

•\ work = - x y —^ — ft. -tons 

_ 1-8056 = 2g78 tt tong 


18. Let ABCDEFG be a straight line such that 

AB=BC=CD = DF=EF=FG=onQ foot. 

Erect perpendiculars AA X , BB X> ...GG 1 equal respectively to 20, 
25, 29, ...24. Then the area of the figure AA^CJO^F^GA 
represents the number of foot-lbs. required. 

The area of the trapezium AA^B 

= iAB (AAS BBJ = i (20 + 26). 

So for the other trapezia. Henoe the total area 

a | (20 + 26) + j[ (26 + 29) + $ (29 + 82) + i (82 + 81) 

+i(81+27) + i (27+ 24) a 166 ft. -lbs. 
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EXAMPLES. XXII. (Pages 178-180.) 

1. Take the first figure of Page 174, with CB = 3 feet, and the force 
of 10 lbs. wt. acting at B. Then 

P+ 10 = 22= 16 lbs. wt., 
so that P=6 lbs. wt. ; 

also moments about C give 6 x AC =10 x 3, whence AC — 6 feet. 


2. With the same figure, let the weight of 6 lbs. be at A, and the 
weight of 8 lbs. at B. If AC be x feet, then BC Is {7 -x) feet, and 
moments about C give 6x:r = 8 (7 — a?), whence a; = 4 feet. 

Again, the moment of the weight of 7 lbs. is (7x4) ft.-lbs., i.e. 
28 ft.-lbs. ; and the moment ot the weight of 9 lbs. is (9 x 3) ft.-lbs., 
i.e. 27 ft.-lbs.; hence the lever will turn towards the weight of 7 lbs. 


- 3, With the same figure, let the two forces at A and B be P and 
Q respectively ; let R be the pressure, and a and b be the lengths of 
the arms AC and CB respectively. Then we have 

P+g = 22, and Pa-Qb\ 
also 22 = 10 (P-Q), 

i.e. P + Q = 10(P-g). 


P+Q_10 

- p-g“ 1 ’ 


, P 11 
henoe y = T 


6 

a* 


4. The lever being supposed uniform and of weight TTlbs., 
moments about the point, at distanoe of 9 ins. from the end where 
the weight of 20 lbs. is fastened, give 

6x27 + TPx9 = 20x9, 
whence 2 lbs. 


L. S. K. 


7 
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5, If W be the weight of the lever, acting at G the required 
centre of gravity, we have 

JP(GM-l) = 18xl, 

and W (GB -l) = llx 1; . 

11 (OA - 1) = 18 (OB - 1), 
i.f. 11GA - 13 (12 - GA) = — 2, 

77 

whence GA = — feet = 6 feet 5 ins. ; «- 

12 

AB 

hence, since -^- = 6 feet, G is 6 ins. from the middle point of the lever, 
towards B . 

0. Let l he the length of the lever, and W lbs be its weight acting 
at its middle point. Then moinents about the fulcrum, which is at 

distance ^ from the end at whioh the weight of 12 lbs. is attached, 
o 

give 

„ l m l M 21 
12 x - = Wx^ +5x -, 

whence 17=4 lbs. 

7, [Cf. the second figure, p 174.] The weight of the lever acts 
at its middle point. If P lbB. wt. be the (vertical) foice at the other 
end, moments about the fulcrum give 

3xl + 6x3 + 10x5=Px6, 

whence P= 9J lbs. wt. ; 

and the pressure on the fulcrum 

= (3 + 10 + 6)-P=9f lbs wt. 

8. The weight of the lever aots at its middle point. Moments 
about the fulcrum, which is at distance of $ ins. from the weight of 
27 oz., give 

27$ = 18 (9 -s) + 9(18-$), 
whence 2 = 6 ins. 

In the second oase, if the fulcrum be at distance of y ins. from the 
weight of 27 oz., we have 

27y = 18 (9 - y) + 18 (18 - y) f 
whence j/ = 7fins. ; 

hence* the position of the fulcrum mubt be shitted If in. towards the 
middle point of thfe lever. 
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9 . The fulcrum divides the rod in the ratio of 4 : 8, i.t. 1 : On 
adding 2 oz. to the greater weight, moments about the fulcrum give, 
if I ins. be the length of the lever, 

(?♦$)• 

whence 2=12 ins. 

10. Let AB and BC be the two levers; F , and P, be their fulcra 
respectively ; P and Q be the pressures at the hinge, B t and R be the 
reaction of the press at C. Then if a force of 10 stone wt. be applied 
at A, the long end of the first lever, we have 

10 x 3=Px|, p=g, 

and Qx8=fixi, 

whence R = 6 Q = 6P = 860 stone wt. 

11 . [Cf. the figure, p. 175.] Let W lbs. be the weight of the lever 
aoting at its middle point. The power of 12 lbs. wt. acts vertically 
upwards, and the weight of 3 lbs. downwards Taking moments 
about the fulorum, we have 

fTxy + 3x21 = 12x7, 
whence JP=2 1bs. 

Also, let P lbs. wt. be the required power, acting vertically upwards, 
when the weight of 8 lbs. is increased to 4 lbs. Then, since W= 2 lbs., 
we have * 

Px 5=2x^ + 4x21, 
whence P=21 lbs. wt. 

12. [Take the figure, p. 177, with the forces of 13 lbs. wt. and 
14 lbs. wt. aoting at A and B respectively, and with the directions of 
the arrowheads reversed.] If R lbs. wt. be the required pressure, by 
Art. 27, we have 

R= + (14)* + 2 . 18 . 14 ^ - i j = 16 lbs. wt. 

13. [Take the figure, p. 177* with AOB straight, the forces pro- 
portional to ^3 + 1 and J&-1 acting at A and B respectively, and 
with the directions of the arrowheads reversed.] Let AOB be the 
lever, O being the fulcrum, And let the lines of action of the forces 
meet in (7. Then, if R be the required pressure, we have 

8+i)*+u/»-i) , = 2 *y2- 
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Also, by L ami’s Theorem, 



sin ACO sin BCO __ sin ACB / 

’ 1 1 


^8-1 " V8 + 1 ~ -K \ 

„ ” 2 n /2 i 

whence 

tiaAC0 =i S j¥' 


and 

Bin BCO = ^ + 2 \ 


i.e . 

LACO= 15°, and IBCO 

= 75°; 


hence (he L COB = 45°, i.e. the pressure is 2^/2 acting At an angle of 
45° to the lever. 


14. Let ACB be the lever, C be the angular point, and the 
lengths of the arms AC and CB bo 5 1 and l respectively. Also, let 
the lines of action of the weight of 10 lbs. and R lbs. wt. the required 
pressure meet the horizontal line through C in M and N respectively. 
The angle A CAT =45°. Then moments about G give 

R . CN =10 . CM, 

i.e. R . I cos 45° = 10 . 51 cos 45°, 

whence JR = 50 lbs. wt. 


15. Let ACB be the rod, G be the angular point, and AC be the 
longer arm. The angle ACB is 120°. The weights of the arms are 
proportional to their lengths, i.e. 2:1, 2 W and W say, and act 
at their middle points. Let the directions of 2 W and W meet the 
horizontal line through C in M and N respectively, and let the angle 
MCA be 0. Then, taking moments about C, we have 

2W. CM=W. CN t 

A C CB 

i.e. 2W . cos 0= W . ~ cos (60° - 0), 


or 


so that 
i.e. 


4 cos 0 = cos (60° - 0) =cos 60° cos 0 + sin 60° sin 0. 


8 cos 0 = cos 0 + >/3 sin 0 , 


7 cos 0 = ^3 sin 0, whence tan 0 = 



0 = tan _1 


_7_ 

x/3* 


16 . Let AB be the bar, its weight 17 lbs. acting at C its middle 
point. Let Z> be the edge of the table, and W lbs. be the required 
weight At B. Since BC = 3} ft., therefore CD=H ft.; and moments 
about D give Wx 24=17 x li, whence JF=8J lbs. 
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17. If P be the power acting at a point X, we have 

a n 

P.AX=W.AB, so that 

AX 

The strain at the hinge 

[or it may be obtained at once by moments about X] ; if this must not 
W 

exceed ^ , then, in the extreme case, 


BX 1 . BX 1 

AX~ 2’ 80that AX~\ 
according as X is within or without AB. 

4 

distance - AB . 


1 

, or 3* 

Hence X ranges over a 


18. Let A be the end of the oar in the man’s hand, B the 
rowlock and C the end in the water. Then 

AC=3. AB, so that BC=2AB. 

The forces exerted on the oar at A and C balance about JB, so that 
force at CxBC=5ftxAB. 

AB 

.'. force at C=5 6x ^=6 6x£=28 lbs. wt. 

total force exerted by the water on the ends of the oars ( i.t . total 
propelling force) =8 times the force at <7=2*24 lbs. wt. 

19. If W lbs. be the required weight, moments about the hinge 
give 

irx| = 3ix6, 

whence TF=201bs. 

20. Suppose the crowbar applied at the middle point of the edge 
in a plane through the centre of gravity of the cube. Let AB and 
CBD represent the base of the cube and the orowbar respectively, B 
being the poinf of contaot ; then C is the fulcrum, and if P be the 
required force vertically upwards ( i.e . the least force) at D, Q be the 
reaotion at B on the oube, and W be the weight of the cube, then 
moments about A for the cube give 

\ W =Q' 

and moments about 0 for the fulcrum give 

P.4=4.i. 

n 1 W X , n , . 

P=g x = g ton=2J owt. 
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21. Let CBA be the orowbar, B being the point in contact with 
the block, and G the point in oontact with the ground ; and let D be 
the point of the block on the ground. Let R be the action at B, and 
P be the force applied at A, both perpendioular to the orowbar ; and 
let the line of action of the weight of the blook (=nP), acting at 0 its 
centre, meet the ground in the point E. Then, since the crowbar is at 
an angle of 60° to the ground, the L DBO= the L BDC= 80°, and 

DO=CB=^ seo30°=-^; 

also DB=DOoo876«>^.^ = ^^i ) . 

For the crowbar, moments about C give 

P-CA=R.CB 

for the block, moments about D give 

nP . DE=R. DB sin 60°, 

M p.ii£d) m B.2p. 

From (1) and (2), by division, we have 

<u + f 

BT AMPLES . XXIIL (Pages 186, 187.) 

1. (1) »F=2«i'=2‘x 20=820 lbs. 

(2) P=g = ^=71bs.wt. 

(8) 2»= J = y=8=2», so that n=3. 

2. By the formula 2*P= W+ w (2" - 1), we have 

(1) 2 4 P=97 + 2 4 - 1, whence P = 7 lbs. wt. 

(2) r=2*x7-|(2»-l)=4611bs. 

(8) 2 B x81=775+v(2 fl -l), whence u>=71b8. 

(4) 2*x2=107+g(2*-l). 

5x2* =820, so that 2*=64»2*, 
n=6, 


.(i); 

..( 2 ) 


Hence 

i.e. 
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3. Here 2T,= W r +2, 22’,= r,+2=— + 3, 

a 

W 1 W 1 ^ 

2T,= r,+2=-j + 1, and 2P=2T 4 =T,+2=:£ + ^; 

/. 2x20=^+^, whence JF=2901bu. 
o 4 

4* Hero 2^ = 69 + 9 = 78, 2r a =2 , 1 + 2=41, 
and 2P=*22 T l =r a + l = 21J, whenoe P=10|lbs. wt. 

5. Here 2^=54 + 4=68, 2P 9 =r 1 + 3=32 l 

2Tj= T a + 2= 18, and 2P=2T 4 =T I +1 = 10, 
so that P=5 lbs. wt. 

6. Here we have P 4 =P, 

2’, = 2T 4 -w — 2P -id, T i =2T s -w = 4P-3w t 
and T 1 = ( 2T i -w = 8P -7w ; 

the stress on the beam 

=r 1 +T 9 +r 8 +r 4 =i5P-iiw. 

7 . Here 2^ = 28 + 4 = 32, 22 , a = T 1 + 2 = 18, 

and 2P=2 a + l = 10, so that P=5 lbs. wt. 

8. If the pulleys are weightless, 



if their weight be taken into account, then 
W= 2 n P -w l - 2 w % - 
W 

i.e. W is less than before, and is less; hence the supposition that 

the pulleys are weightless brings out the mechanieal advantage 
greater than it actually is. 


0. If W be the weight supported, and w be the weight of each 
pulley, we have 

m W w w w , . W w www 
7 *T + 8 + 4 + 2’ 4= I6 + I6 + 8 + 4 + 2’ 

i.e. JF+7i0 = 56, and fF+16t0=64, 

whence 10=1 lb., and jr=49 lbs. 


Or tkiu: (1) 2T l =lV+w, 2T 9 =T X + 10, and 
2P=2x7 = r # +t0 ; 

28=2iT a +2i0 = r l + 8i0; 

A 56=22\ + 6t0=fF+7t0 (i|* 
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(2) 2Tj = W+tB, 2T,=r 1 + u>, 2T,= r, + ir, and 

2P=2x4 = T, + u>; 

W + w~2T l = 42’, -2w= - 2mh-8T i -4ic=8(8 -w)~ 6ic, 

JT+15iu = 64....4 (ii). 

From (i) and (ii) we have tc = l lb., and W = 49 lbs. 

10. Her e I’ 4 =P, 4ic = 2P- 4 ic, 

T a = 22g - 3ic = 4P - llir, and 2 T 1 = 2T 1 - 2?c=8P- 24ic ; 
also 15ic + ic = 2T 1 =16P-48ic, 

whence P = 4 w. 

The stress on the beam 

= t x + r a + r,+ r 4 = up - sow 

= GO//? - 39ir = 21?c. 

Or * Jm* ; The stress on the beam 

= 15 ic + tc + 2tc + 3ic + 4ic - P = 25 w - 4w = 21w. 


11. Starting with P, we have 

r 4 =P, r,>2P, T a >4P, and Tj>8P; 

hence, by addition, the stress on the beam>15P. 

Again, starting with W, we have , 




W 

2 ' 



W 

T a < ¥ , and T 4 


W 
16 5 


hence, by addition, the stress on the beam < 


15 IF 
16 


12. The weight of the man is supported by the sum of the 
tensions of the strings passing round the pulleys, together with the 
pulling force, P, at the end of the string in his hand, 

i.c. by 2 4 P + P, i.e. by 17P ; 

/. 17P = 12 stone, and P= 9J4 lbs. wt. 

13. Here the weight of the man is supported by 

2 4 P - 10 (2 4 - 1) + P, U. by 17P - 150 ; 

A 17P - 150=156 lbs., 

P=18 lbs.'wt. * 


whence 
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EXAMPLES. XXIV. (Pages 189, 190.) 

1. By the formula W + w=nP t we have 

24+ 10 = 6 x 5, whence m> = 6 lba. 

2. Here 18 + vj = 5 n, and 22 + w = 6 n, whence n = 4, and ic = 2 lbs. 

3. Here 5 + io=4n, andl8+i/? = 5n, whence n= 13, ftndw=471bs.; 
since there are 13 strings, there must be 6 pulleys. 

4. Here 28 + w= 6 n, and 42 + w = 8n, whence n= 7, and tr = 14 lbs. 

5. If P be the tension of the string, nP is the tension of the string 
supporting the basket, where n is the number of strings ; and 

W 

nP+Ps=W; honce P— =■• 

n+1 

6. The number of strings at the lower block=2 x 4 = 8; hence 
8P = 3 cwt. = (3x112) lbs. wt., so that P = 42 lbs. wt. = 3 stone wt.; 
hence, Bince the man weighs 12 stone, the required pressure 

= 12-3 = 9 stone wt. 

7. There were 4 pulleys in each block, i.e. 8 strings at the lower 

block; 8P = 18, i.e . P— 2^ tons. 

8. If W goes up a distance x y eaoh of the n strings joining the 
lower to the upper block shortens by x and thus the point of 

application of P goes down nx. Thus the velocity-ratio = ^=n. 

Also since IF=7iP, ,\ W .x=P .nx, i.e. the Principle of Work 
is true. 4 

9. Heren=4; /. P=?=75 lbs. 

In the second case, if P l be the force, then only •45P 1 is usefully 
employed and -45Pi=^=75. P,=^x76=166f. 

10. Herej^^gxOowt. P= w = ^=lAcwt. 

EXAMPLES. XXV. (Pages 196, 196.) 

1. By the formula W=P (2" - 1), we hare 

(1) 1P=2(2 4 -1)=80 lba. 

(2) X24=P(2»-1)=81P, whence P= 4 lbs. wt. 

(8) 105 = 7 (2" - 1), so that 7 x 2» = 112. 

2*=16=2 4 , ».«. n=4. 



106 


ELEMENTS OF STATICS 


Exs. 


2. By the formula WW(2*- l)P+w[2*-»- 1J, we hare 

(1) B r =(2 4 -1) 10 + l[2 4 -4-l]=161 lbs. 

(2) 114=(2»-l)P+i[23-8-l]=7P + 2, 

whence P=161bs. wt. 

(3) 106 = (2® - 1) 3 + w [2® - 6 - 1] = 93 + 26te, 

whence u>=- lb. 

2 

( 4 ) 137=(2*-l)4+i[2*-n-l]. 

274=8 . 2* — 8 + 2* — n - 1, 

so that 9. 2»-n=283=288 -6=9x32-5=9.2* -6, 

ue. n=5. 

3. We have 

836 = (2*- 1) P+1 [2 B - 5 - 1] = 31P + 26, 
whence P= 10 lbs. wt. 

Again, take the figure as in Art. 150, with 5 pulleys, and 1\ 
meeting the bar in A ; let 

cl = AD — DR = RF — FG, 
and A be the required point ; we have 

r iF 10, r i = 2T 1 + l = 21 f r, = 2T a 4-l=43, 
r 4 =2r t + l = 87 f And r g =2T 4 +l = 176; 

175 x 0 + 87 x a + 43 x 2a + 21 x 3a + 10 x 4a 
A " 175 + 87 + 43 + 21+10 

276a _ 23a 
= 336 " 28 ; 

AX:XD= 23:5. 

4. Here T^P, r,=2T 1 = 2P, P I =2T J =4P, and T 4 =2T g =8P; 

8PxO + 4Pxl + 2Px2 + Px3 11. , 

• ' DX 8 P + 4P + 2P + P " 16 moh - 


6. Her© P|— P ( ,7j— 2T|+w— 2P+^ t 

p n7 

T t = 2 r,+te= 4 P + ^, 


r 4 =2r,+w=8P+^-, 
r, + t, + r,+ r 4 = i6P+ 
.•..63JF=960P, <.«. 
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6 . Take the figure as in Art. 150 with 8 pulleys only, 

BE — 1 inoh=i£P; 

and we have 

T , v _T t x0+r a xl + T 1 x2_ 2P+2P 4 ^ 

D T.+ Ta+Tj = 22P+2P+P“7 m ° h * 

7 . Here T 1 =P=w i T 1 =2r 1 + t 0 = 3i0, 

T t -2T 2 + w=7w, T l =2T $ +w = lBw t 
and r 5 =f 2 T 4 +i 0 = 31t0; 

/. W=T J + T i + T t + T i + T t =57w=57P. 


8. When n =8, the formula JF=(2 W - l)P+w [2*-7i - 1] 

gives W— 7P + 4w; 

if P*=0, and w=2 oz. f then TF=8 oz.=| lb.; 

if P=3 lbs. wt, and W— 25 lbs., then «? = 1 lb. 

9. By the formula W=P (2»- 1), we have 

JP=70(2"-1), and W=150 (2*-* - 1), 
so that, by division, 

2W li_ _ 15 _ 16 ~ 1 - 2 *zl 

7 “ 8-1 — 2* - 1 ' 

A n=4, and 1^=70 (2<-l)= 1050 lbs. 

10. In the usual case, 

W=T 1 + r a + ... + r m = T y (2- - 1) ; 
if the string be attached to the weight, then 

W= 2 2\ + T, + . . . + = P, + T, (2- - 1 ) = T, . 2» ; 

hence Tj is diminished in the ratio of 2 n - 1 : 2 n , and this result 
depends on the value of n . If 

2*-l • 2* = 15 : 16, 

s»-i 15 

a* “16’ 

then 1-i =1-^=1-^, and hence n=4. 


11 , Here, in the formula 

1 T= (2» - 1) P + w [2« - n - 1] 
we have nu> = W ' ; 

henoe ^=(2«-l)P+w(2*-l)-» r ', 

<.«. TT+JP'=(2»-l)(P+u>); 

henoe P+ie will support the weight W+ W if the pulleys had no 

weight. 

[Cf. the formula IT»P(2*-1).] 
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12. W' is supported by two portions of string. The tension of 

w 

the attached string being uniform is equal to — , so that W and P 

W' 

are practically incroased each by — ; hence the formula W=P( 2* - 1) 

A 

becomes 

i.e, 

or 


W‘ w 

W= P (2 n - 1) + W’ . 2 n ~ 1 - HL - 'I- 9 

A it 

JP=P(2»-l) + JF'(2"-i-l). 


13. In the figure of Art. 150, let the line of action of P meet 
DEFG in the point 0. 

T 1 = P, T 3 = 2P, T 8 =4P, &o. 

Px2a + 2P x3a + 4Px4a + 8Px5a + ... 
~P^2P+4P+8P+~ ~ 

_2,l + 3.2 + 4 .2 a + 5.2 > +... to n terms 
~ 1 + 2 + 4 + 8 + .. to n terms a ' 


[f 

then 


henoe 


5=2. 1 + 3. 2 + 4. 2 a + 6. 2 s +... + (71 + 1) 2"- 1 , 

25= 2 . 2 + 3 . 2 a + 4 . 2 8 + ... + 7i . 2 w ^ 1 + (ti+1) 2” 

-5=2. l + 1.2 + 1.2 a + 1.2 3 +...+l. 2 n ~ 1 - (n+1) 2* 
5= (ti + 1) 2 n - 2 - [2 + 2 a + 2 3 + . . . to (ti-I) terms] 

= (n + 1) 2 n - 2 - 2 (2 n_1 - 1) = ti . 2"; 


OX= 


n . 2 n 
2»-l 


2 * 

a ~2»^I na> 


EXAMPLES. XXVI. (Pages 201-203.) 

1. Take the figure p. 198, with 

PC= 8 ft., u4P=4 ft., and 161b* 
Then AC = N /8 5 +4*= 5 ft. ; 

henoe the ratios of a are known ; 
also P=IFtano=16x j=12 lbs. wt., 

fi=WBOQa=16xj=20 lbs. wt. 


and 
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2. Take the figure p. 197. We have 

W 

PsafFsina, ue. ^-= W sin a. 

.% sina=^, t.e. a=30°; 
and B=Weoti=}V^. 

A 

I 

3. Take the figure p. 199. Let P lbs. wt. be the required tension , 
then R and P are equally inclined to the vertical direotion of the weight 
of 180 lbs., and are, therefoie, obviously equal Hence resolving ver- 
tically, we have 2 P cos 30°= 180, 

180 

whence P=— =103*92 lbs. wt. 

n/J 

This is the greatest tension the rope could exert, Bince it is stated 
in the question to be at the point of breaking. 

4. The force P, the reaction of the plane 72, and the weight of 
the body W act in directions making angles of 120° with one another ; 
hence P=R=W. 


5. Let a = the inclination of the plane to the horizon = the angle 
between the forces P. Then resolving along the plane, we have 

P + Poosa = 2P sin a. 

.*. 1 + cos a = 2 sin a, 

i 

so that 2 cos 2 ^ = 4 sin ^ cos £ , i.e. cot* = 2; 

£ a a a 


base 

height 


= cot a — 


cot^-1 


4-1 



3 

4 * 


Again, resolving peipendioular to the plane, we have 
72=Psina + 2Pcosa 

= Pxj+2Px?=2P. 

6 5 


6. Take the figure p. 199, with a'=3O°=0, and we have 
P oos 80° = fF Bin 30°, ».*. 
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7. Take the figure p. 199. We have given 
W : P : P=4 : 8 : 2. 

Since JP=the resultant of P and W, we have 

P 1 = P 2 + 2P . TP cos (180° -aJ+TT 2 , 
i.e. 9 = 4 + 2 . 2 . 4 cos (180° - a) + 16, 


whence 16 cos a = 11, i.e. a = cos _l ~. 

lo 

0 

Resolving perpendioular to the plane, we have 
R + P sin e = W cos a, 

».«. 2 + 3sm0=4x 

lb 


whence 


sin0 = 


1 

4 


i.e. 


& — sin -1 


1 

4 * 


8. Take the figure p. 199, with a = 3O° = 0, TF=5 lbs., and an 
additional force of 2 lbs. wt. acting parallel to the plane upwards. 
Then resolving along and perpendicular to the plane, we have 


i.e . 

whence 


2 + P cos 80°= 6 sin 30°, 


PJ 3_ 

2 = 2 1 


P= 


1 

78 


lb. wt., 


and 

and 

and 


P + P sin 30°=6 cos 30° ; 
i?+ 2“'2~» 


R= Jn IhS. Wt. 

sjo 


9. Take the figure p. 197, with JF=10 lbs. Then we have 
P= 10 sin a, and P = 10 cos a ; 

but P + 1Q=2P, since P, R and 10 are in arithmetical progression ; 
10 sin a + 10 = 20 cos a, or l + sina=2cosa. 

/. (l + sina)*=4 (l-sin 2 a), i.e. l + Bina=4(l-sina), 

8 3 

whence sin a= » ; hence P = 10 x - = 6 lbs. wt. 

o o 


10. Taking the figure p. 197, we have 


P=W sin a (i), 

and P = TP cos a (ii). 


Again, taking the figure p. 198, with R ' for P, and R for TP, 
we have * 

P'=P sina + Pftos a, 

i.e . by (i) and (ii), P'= TP sin* ou+ W oos 2 a 

= TP (sin 2 a + oos 2 a) = TP. 
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11. Let a and /9 be the inclinations to the horizon of the planes 
on which rest the bodies of weight W and 12 lbs. respectively, ant? let 
T be the tension of the string. Then, resolving along each plane, we 
have 

TasfPsina, and T = 12 sin /3, 

so that W sin a =12 sin 0; 

but, if h be the height of the vertex, we have 

h , . * h 
sin a = — , and sin 0= - ; 

1 11 o 

.*. Wx 12 x g, whence fr=1641bs. 

12. If there be 2 n trucks in all, W tons be the weight of a truck, 
and T be the tension of the connecting chain, then resolving along 
the two parts of the tramway, we have 

T=n (JP+1) sin a, and T=nW sin/3; 

whence W= — — tons. 

sin /3 - sin a 

13. Take the figure p. 199, with R = P , and produce ED verti- 
cally upwards to any point S. Since W= the resultant of two equal 
forces P, its direction must bisect the angle between them. Hence 

the lPDS = the L RDS=a ; therefore the L PDC=^-~ 2a. 

14. Let x and y be the portions of the string on the plane (whose 
inclination to the horizon is q) and hanging vertically respectively. 
Their weights are proportional to their lengths, Wx and Wy, say. 
Then, if T be the tension of the pulley, we have 

T=JP* sino, and T=Wy; 
xsina = y, t.e. x : y = l : sin a. 

15. Let BAC and BDC be the two planes, so that BO is the 
common height; and let AB — 2BC t and BD=2CD ; then the 
L -840=30°, and the L BDC= 60°. Let W and W f be the weights on 
BA and BD, and R and R' be the pressures respectively. Then, if T 
be the tension of the string, resolving along and perpendicular to 
each plane, we have 

T= W sin 30°, and T=XV sin 60°; 

R = W coe 80°, and R'= W cos 60° ; 
whence R tan 30° = R * tan 60°, 

i.e. ~=R'JS, bo that ii=3R\ 

V 3 
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16. Take the figure p. 107, with a=20°20\ and JP=501bs. 
Then we have 

P= 60 sin 20° 20', and 50 cob 20° 20'; 
whence P = 60 x -3474812 = 17-87406 lbs. wt. f * 

and R = 60 x -9376869 = 46-88436 lbs. wt. 


17. Take the figure p. 190, with a=26°, 0 = 35°, and JP=201bs. 
By Lami’s Theorem, we have 

P _ 20 R 2Q sm 26° 

gin 25° — sin 56° ™ sin 160° ’ l sin 55° * 

.-. log P = log 20 + L sin 25° - L sin 66° 


whence 

Also 


whence 


= 1-3010300 + 9-6269483 - 9*9133646 
— 1*0136138 ; 

P= 10-318 lbs. wt. 

2 0 sin 150° __ 10 

~ sin 56° ~ sin 66° ’ 

/. log R = log 10 - L sin 65° + 10 = 1 1 - 9 -9133646 
= 1-0866355 ; 

R= 12-208 lbs. wt. 


18. Take the figure p. 108, with a = 28° 16', and. IF =30 lbs. 
Then we have 

P=80 tan 28° 15', and R = 30 sec 28° 15'; 
henoe P=30x -5373194 = 16-110582 lbs. wt., 

and Q = 30 x 1-1352146 = 34-056438 lbs. wt. 


EXAMPLES. XXVH. (Pages 208, 209.) 

1. Here Px 24 = 56x3, whence P=7 1bs. wt. 


2. Here Wx 5 = 20x30, whenoe JF=1201bs. 

The pressure = P + W= 20 + 120 = 140 lbs. wt. 

Again, if the thickness of the ropes be each 1 inch, we have 

fp(6 + l) = 20.(30 + 1) ’ whenoe w=n °it lbs< 

3. If R ins. be the required radius, we have 

3xP=30x2, whence P = 20 ins. 

4. Let x feet be the required distance ; then, since the radius of 

8 2 

the axle=Y 5 foot, t.e. 5 foot, we have 

12 o 

2 

8x263 x ® = 2240 x whence x = 7 feet. 

3 
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5. The point of application is 6 feet 4 inches, i.e. 6$ feet, from 
the axis, and we have 

4xll2x6J= Wx^, whence W=3$ tons, 
o 

6. If the wheels and axles in contact be connected by strings 
tied to each, P be the power required, and T lt T a and T a be the 
tensions of the successive strings, then we have 

5P=r,, 5Tj=r a , 6T t =T lt and 5^=1875 lbs ; 

hence * P = = 3 lbs . wt. 

[The wheels and axles may act by means of cogs, when T lt T % and 
f f above would be the reactions.] 

7. Let A and B be the points from which the strings hang on 
the wheel and the axle, T , and T a be the tensions of the strings 
respectively, and X lbs. be the weight to be hung from B. Then 

AB= 2 feet 2 ins., 

and 24Tj = 2T a , i.e. 12r i = T a (1) 

Also, for the equilibrium of the rod, we hayc 

r l +r a =io + y ( 2 ), 

and T l = P t -X (3). 

Using (1) in (2) and (3), we have 

13^=10 + ^, and 11 P a =A; 

/. 13P=11 (10 + A), whence X=55 1bs. 

8. With the figure of Art 164, ti eating the wheel and-axle as the 
two parts of the axle therein, ^.nd the arm 2 feet in length answering 
to the wheel in Art. 161, we have 

Px 24 = ^(12-2), whence i>=23i lbs wt. 

9. Here P=^ . — =28 x =2^ lbs. wt. 

2 0 1a 

10. Here 20=^.^; whenoe fT=3601bs 

2 lo 

11. If the weights be fastened at the points A and B t C be the 
centre of the wheel, and O be the centre of granty of the two weights, 
then CO bisects the angle ACP ; therefore the angle ACO = 60°, and 

CA = 6 ins. Also the moment about C of the 20 lbs at O is 

greatest when CO is horizontal, and then, if W lbs. be the required 
weight, we have 

Wx 1 = 20x6, i.e. PT=120 lbs. 


L. S. K. 


8 
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Otherwise thus: Let one weight be at an angle $ from the 
horizontal, and therefore the other at an angle (120° - $). Then we 
have 

Wx 1 = 10 x 12 cos 0 + 10 x 12 cos (120° - $), 

W = 120 [cos 9 + cos (120° - 0)] 

= 120 x 2 cos 60° oos (60° -0) = 120 cob (60° - 0 ) ; 
the greatest value of cos (60° - 0) is unity, so that JF=120 lbs. 

12. The weight of the body raised 

=5x6 lbs. = 30 lbs. J 
henee the work expended 

- (30 x 50) ft. -lbs. = 1500 ft.-lba. 

13. If a = cos _1 

4 

then oos a--=\ 

o 

therefoie sina=^. 

5 

The mechanical advantage of the capstan 
_2rx60 
■"2rxl0~°* 

The work done in raising 1 ton through ^35 x feet, i.e. 21 feet, 
vertically 

. = (2240 x 21) ft.-lbs. = 47040 ft -lbs. 

The force at the end of the lever 

= Q x | x 20^ cwt. = 2 cwt. ; 

also it must act through (6 x 35) feet, i.e. 210 feet. 

14. In Art. 164, if the machine turns through an angle 9 portions 
c0 t ad are wound on and unwound ; hjence the pulley goes up 9 ; 
also b9 is unwound so that P goes down bB. Henoe the Principle of 
Work is true if P. b0=W?^0, and this is the result of Art. 164. 

Also the velocity-ratio is Bame wgumont 

holds for Art. 165. 
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EXAMPLES. XXVin. (Pages 216, 217.) 

1. Let 17, and W \ be the weights of the scale-pane, and W lbs. be 
the true weight of the body. Then, since the arms are of equal 
length, we have 

W+ W^IO+IT,, and 12 + 17 1 = 17 + W 2 ; 
hence, by subtraction, 

W - 12 = 10 -17, and 17=11 lbs. 

2. Let the real weight be 17 lbs. ; then we have 

W x 9=8J x 27, 

whence W= 26$ lbs. 

3. Let W oz. be the required weight. Then, since the arms are 
of equal length, we have 

18+17=20, 

so that 17=2 oz. 


4. Let a and 6 be the lengths of the arms, and W lbs. be the 
true weight; then we have 

17a = 96, and 4a = Wb; 
hence, by multiplication, 4 Wa ? = 9 Wb 2 ; 

2a = 36, i.e. a : 5 = 3 : 2. 

Also JT=9- = 61bs. ' 

a 

5. As in Ez. 2, p. ( 215, the true weight 

= V 24 x 25 = 5^24=5 x 4-8989 = 24-494 lbs. 


6. Let a and 5 be the lengths of the arms for the pans A and B 
respectively, and W be the true weight of the piece of lead. Then we 
have 


hence, by division, 


17a =1006, and 175= 104a ; 
a 1006 . h» _ 100 _ 25 . 

b ~ 104a ’ *■*' 5 3 = 104 ~ 26 ’ 


a 



5 

a/26 


, i,e* a: 6 = 5 : 53. 


S— 3 
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7. Let x ins. be the length of the longer arm, and W lbs. be the 
true weight of the bodfr. Then we have 

10 x x= W x 12,' and W xx= 11x12. 

Hen9e, by division, ^ ^ , so that W= */Il0 lbs. 


Also, 


W 11 

l2W 6 /rm- 
= l0- = 5^ 110ms - 


8. As in Ex. 2, p. 215, if the seller appear to weigh out quantities 
equal to W from eaoh end, he really gives his customer 

“'♦a* 

Iftl 1 

hence he loses ~ W on 2 W t i.e . he loses 

* 100 P er ceut '* i,e ' P 61 Cent * 

9. (1) Let W lb. be the real weight of the quantity whioh 
appears to weigh 1 lb.; then 

Wx 9 = 8x1, i.e. ^=5 lb. 

y 

8 

Hence the customer receives - lb. for 2s. ; therefore he pays at the 
y 


rate 


°f (Jxfc.) 


per lb., i.e. 2s. 3 d. per lb. 


(2) Here, what appears to weigh 1 lb. really weighs - lb.; 

o 

therefore the price is really only Q x 2a. ^ per lb., t.s. Is. 9 \d. per lb. 

10. The arms of the balance are in the ratio of 19 : 20. From 
the shorter arm he really weighs out x lbs., i.e. x 9J^ lb. 

too much; and from the longer arm he weighs out lbs., 

i.e. x 9| J lb. too little. Hence, on the whole he sells too much 
by 

9 i (i"2o) lb - i -«- b yi lb - 

and, therefore, he loses x 4Q^ s. t i.e. 1 shilling. 
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11. If the lengths of the arms be a and 6/to nd the corresponding 
soale-pans weigh x grains and y grains, then we have 

(a? + 51-075) a = (t/ + 51*362) 6, 
and [x + 25*592) a = (y + 25*879) b. 

Therefore, by subtraction, a (25-483) = b (25-483), 
i.e. the arms are of equal length. Hence, we have 
x»-y = 51-362 -61-075 = *287 grains. 


12. Let a and b be the lengths of the arms ; then we have 

Pxa=«x6, and ^g«xa=Px6. 

I, u ,*• • • 100 P Q 

Hence, by division, lOl ' Q = P ; 

"\Qj~m~ + ioo’ 

+ 4)* = 1 + 250 - nearly = 1 ' 006> nearly * 

hence f = |= (l + jjj)"* =1 “ 4' “early =-995, nearly. 

13, If R be the load, and W be the true weight, we have 

W+R = P , and Q + R=W; 


hence, by addition, Q + 2R=P , i.e. P = 
and, by subtraction, 

W- Q = P- JP, i.e. W= 


_P~Q. 


P+Q 


14. Let a and b be the lengths of the arms, and x be the required 
weight ; then we have 

P. a=*(w + x) 5, and w' .a=(P+x)b\ 


hence, by division, 


P _ w + x 
w'~P + x’ 


ww' — P* 
s p-tfl' ; 


whence 

and, by subtraction, 


(P-w')a={w-P) 5. 
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15. Let the load he equivalent to S at the end of the arm a, b be 
the length of the other arm, and the weight to be weighed be eaoh 
time weighed fiom the end of the arm a, then, if X be the apparent 
weight of it, we have 


i.e. 


( P+S)a = Qb , (Q + S)a=Rb, (R + S)a = Xb; 
(P-Q)a=(Q-R)b, and ( Q-R)a=(R-X)b ; 
(P-Q) (R-X)={Q-R)\ 

(Q-R)* 

x - r ~TTq-- 


16. Let A and B be the middle points of the ends ^ inch and 


j inoh thick respectively ; then, if O be the centre of gravity, we have, 
by Art. lift, 

AO-.QB= 2xUs: 2 4 + 7 =1 : j=4 :5; 

4 2 2 4 4 


but 20 . AO = W. OB, if W lbs. be the true weight. 

20x4 
5 


W=- 


= 16 lbs. 


17, Here we have, if the load be W' at a distance c along the arm 
whose length is a, 

W .a + W'c=P . ft, and Q .a + W'e= W. b. 

Hence, by subtraction, (W- Q)a=s(P-W)b. 

a P-W 


18, Let a be the length of the arm of the balanoe, x be the 
distance from the fulcrum of the point at which he pushes, and R be 
the vertical component of the force he exerts. 

As far as the beam is concerned, the effect of his pushing is to 
cause two forces' to act on the beam, one R upwards at a distance x, 
and the other R downwards at a distance a. 

The sum of the moments of these =R.a-R.x=R (a -x) = a 
positive moment tending to lower the mass. This moment must 
be overcome by additional weights in the other scale-pan, i.e. he 
appears to weigh more than before 


EXAMPLES, XXIX. (Pages 222-224.) 

1. Take the figure, p. 218. If 0 be the fulcrum, the 1 cwt. be 
suspended at A, O be the centre of gravity of the machine at a 
distance of 3 ins. to the right of C, and the movable weight of 12 lbs. 
be at 2T, then moments about 0 give 

112 x 4 = 10 x 8 + 12 OX, whence OX = 34} ins. 
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2. Lei AB be the rod, G be its centre of gravity where its weight 
3 lbs. acts, and C be the fulcrum. Let a weight of 12 lbs, be placed 
at A ; the movable weight of 2 lbs. must then be placed at B. If 

AC=zxinB'i then PC=(144-*) ins.; 

also <4G = l£in. 

* 

Taking moments about C, we have 

. 12* + 3 (*-4) =2 (14*-*), 
whence x=2ins. 

The graduations for 2 lbs. are at distances equal to AG, i.e. 2 ins.; 
henoo the graduations for 1 lb L are 1 in. apart. 

Let W f be the weight of the machine, a be the distance of the 
centre of gravity from the fulcrum, and * ins. be the required distance. 


Then 

15xl=fTxa + A x e fi), 

g 

and 24x1 = W' xa + j^xx (li); 


6 

hence, by subtraction, 9 = (* - 8), whence * = 32 ins. 


4. Take the figure, p. 218, with 0 between A and G, 3 lbs. for 
W\ and 2 lbs. for P . Then AC= l\ in., and CG = 2 ins. ; and we have 

2C*+8x2 = F r x|, 

2 W 

CX=-~ ~-8 ; 

the least value W can have is 4* lbs., in which case GX= 0. 

If WmB lbB., CX = 5 in.; if W- 6 lbs., CX=l in., Ac., the 
3 

2 

distances increasing by - in. 

3 


5. Take the figure, p. 218, with C between A and G, 15 lbs. for W , 
4 lbs. for JV\ and 8 lbs. for P. Then AO=8 ins., and CG= 3 ins.; 
and we have 

15 x 8=4 x 8 + 8CX, 

OX =86 ins. ; 

CB=( 48 -8) =40 ins., 

BXss. 4 ins. 


whence 

but 

so that 



120 


ELEMENTS OF STATICS 


Exs. 


6 . The weight of the bar acts at its middle point. Let <7 be the 
point of support, so that AO is 4 ins., and let a weight W lbs. be 
suspended at A. W is greatest when the movable weight is at P . 
Moments about C give 

IPx4 = 3x8 + 2x20, 
whence IP=161bs. 

Now remove W , and let 0 be the point from which the graduations 
are measured ; then 

2(70 + 3x8 = 0, i.e. GO = - 12 irfs. ; 
hence the required point is 12 inches to the left of <7, i.e. is 8 inches 
to the left of A } the point at which the weight is attached. 


7. Let AB be the rod, and W lb. be its weight acting at its 
middle point ; let P lb. be the movable weight, and a be the length of 
each of the equal parts. When weighing the greatest weight, sus- 
pended at A, P must be at P, and we have 

Px 19a + W x 9a = 20a (i). 

When weighing the least weight, suspended at A, P must be removed, 
and we have 

TPx9a = 2a , 

2 18 
whence lb. Hence, from (i), P=jglb. 


8. The weight of the rod, AB, acts at its middle point. Let G be 
the fulcrum, so that AC =2 ins. If IP lbs. be the greatest weight, 
suspended at A, the sliding weight must be at P, and we have 
IP x 2 = 3 x 10 + 1 x 22, 
whence IT =26 lbs. 

If W* lbs. be the least weight, suspended at A, the sliding weight must 
now be at (7, and we have 

IP' x 2=3x10, whence IP' = 15 lbs.; 

Again, if X be the position of the sliding weight to shew 20 lbs., we 
have 

1 x CX+3 x 10 = 20 x 2, whence (7X=10ins.; 
i.e, X is at the middle point of the rod. 

0, Take the figure, p. 218, with C between A and G, so that 
AC=4ins., and CG = lJin. ; 

IP=24 lbs., and IP' =6 lbs. 

The movable weight P is at P. Then, moments about C give 
' 3 

P x 29 + 6 x 5 = 24x4, whence P=8 lbs. 

« 
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10. Let AB be the bar, 0 be its middle point where its ^weight 
2£ lbs. acts, and C be the fulcrum, so that AC— 4 ins. The greatest 
weight, W lbs. (suspended at A), is found when the movable weight is 
at B, and then we have 

17x4 = 21x14 + 1x32, whence J7=16| lbs. 

The least weight, W‘ lbs. (suspended at A), is found by removing the 
movable weight, and th$n we have 

W' x 4 = 2J x 14, whence T7' = 7J lbs. 

Or, if as in exampld 8, the movable weight can pass <7, we have 
(T7' + l) 4=2£ x 14, whence W' =6} lbs. 

Also, since the movable weight is 1 lb., the graduations to shew 
pounds are at distances equal to AC, i.e. 4 ins. 

11. Take the figure, p. 218 , with J7=4P7, }V'= 17, P= W, and G 
the middle point of AB. Let the fulcrum be at distance of x ins. 
from A. The movable weight must be at B. We have 

4Wxx=W(20-x)+W(4Q-z), whence * = 10 ins. 

12. The zero graduation is when W= 0, and, therefore, is at the 
centre of gravity of the instrument. Thus the greatest weight is 
weighed by placing the fulcrum at the 19th division, and moments 
about this point, if P be the weight of the instrument, and a be the 
length of each of the 20 equal parts, give 

Pxl9a = 57xa, whence P=8 oz. 

13. If AG be the steelyard, and X , X 2 be the positions of the 
fulorum in the two cases, then moments round the fulcrum give 

4AX=l(Ad-AX), i.e. AX=jAO; 
and 6^ = 1 (4 G-ilX,), i.e. JX^-AG; 

XXj=l inch=Q — ^ AQ = ~AQ, bo that AG = 30 ins. 

14. Take the figure, p. 220. The first graduation is at the middle 
point of AG, X x say ; the second graduation is at X 3 say, where 

AX t =±AQ ; 

hence, if the fulorum, X say, be the middle point of X 1 X t , we have 



A lVx^AG=Px^AQ, whence 17= |p. 
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15. Take the figure of Art. 171. If the marks on the maohine 
denote equal increments W, we haye 

OO.l=CO. W', and OX x . l=CO . W'+OA . W, 
i.e. W.OA = OX x . 1 = 1.300. 

Since ■ CG = 1.1 .CO--±W.CA, 


it follows that a loss of - — at G may be replaced by increasing the 


quantity weighed by one-sixth, i.e. the quantity weighed is greater by 
one-sixth than indicated by the original markings of the maohine. 


If the original markings denoted lbs. the increase must Be ^ lb. 

6 


16. Take the figure, p. 21 8. Let P at X balance nP at A ; then 
PxCX=W f x CG+nPxCA; 

9 jyf 

when W’ becomes n’P is required at A, so that we have 


QW f 

PxCX=” 0 xCG + n'PxCA; 

. jy W’ CG 

:.nP- nP=u*CA’ 


i.e. the increase 


_vr cg 

10 x (JA = 


rr * 

10 ' y 9 

if x and y are the distances of the centre of gravity of the maohine 
and the end from the fulcrum. 


17. Taking the figure of Art. 171 » we have 

W.CA + W'.CQ=P.CX, 
when the machine iB correct. 

If he increase the movable weight, the right-hand side of this 
equation becomes increased.- Hence the left-hand side, and therefore 
W , is increased. But W was the quantity properly belonging to the 
graduations. Hence if he increase P he cheats himself. 

If he, similarly, decrease P he cheats his customers. 

* 

18. Take the figure, p. 218. To weigh 1 stone (i.e. 14 lbs.), we 

4 7 

have 7 oz. i.e. jg lb. at B, so that 

14 xCA + WxCO=^:xl2+^x CO. 

1(5 lo 

To weigh 2 stones, we have 14 oz. at B. 

£8xCA + Wx GO=\ z x 12 + ^ x 00. 
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7 8 

Hence, by subtraction, 14(7.4 = x 12, and CA = gin. 

Again, when the weights at A are respeotively nothing and one lb., 
we have 

W’.CO=l.CO and 1 .CA + W' .CO=lcX v 

C A 

Henoe, by subtraction, 

<L4=g . OX lt i.e. OX t =2 . CU= ? inchsi,^, eto. 

19. Take the figure, p. 218. In weighing 1 stone, placed at A, 
we have the sliding weight, ^ lb., at O (zero point), and ^ lb. at B ; 
then 

14 x CA + W' x CO=^ x 12 (ins.) + ~ x CO (i). 

In weighing 1 stone 1 lb., we have the sliding weight at and 

^ lb. at B ; then 
Jo 

15xCA + W'xCO=^x 12 + ^xCZ, (ii). 

In weighing 2 stones 1 lb., we have the sliding weight at X Jt and 

~ lb. at B ; thus 
lo 

29 x CA + W' x CG=^? x 12 + ^ x CX 1 (iii). 

Hence, by subtraction, CA = ^x OX l , from (i) and (ii), 
and 14 CA x 12, from (ii) and (iii). 

Therefore, by division, ^ x OX 1 , 
whence OXj = ~ ins. = X 1 X i = &o . 

EXAMPLES. XXX. (Pages 230, 231.) 

1. Here ? 5 - 14 -i-( 2 Tx 3 Jxl 2 ), 

whence W = 4400 lbs. 

2. Here 216=^=2ir 

whence l=the required length = 6^ inches. 
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3. Here 

iiTo = G x l)^ 2 ’ rxl8 >- 

whence 

P=glb. wt. 

4. Here 

15xll2 = i :(2,rx4xl2 >* 

whence 

>> = l T V.lb. wt. . 

5. Here 

2240 = 2~ h ^' 2lr x 3G )’ 

whence 

P=4fj lbB. wt. 

6. Here 

W 1 

60 = ( 2 ' x24 )+4’ 

whence 

W— 13f} tons wt. 

7. Here 

jj2=(2irx2)-5-^. 

whence 

W=M tons wt. 

8. Here 


whenoe 

P= 60H lb*, wt. 

9. 

2t x 6 , ,, , 66 . 92 * 

, , whence distance = ^=7 ft. = 4 t Vk ins. 

distance 175 1 7 6 

10. Mechanical advantage = -p = ( 2r x 2 x 12) 4- Q - ^ = 4525y . 

11. Mechanical advantage = ~ = (2tt x 12) 4- Q - ^ =5430f . 

12. The door 

rises through ^ of the distance between two 

consecutive threads, since a right angle is j of a revolution. Hence 

the work done = Q 

X 100 x^ ft. -lbs. =4y ft. -lbs. 


Page 234. 

Ex. 1. (1) Horizontally backwards, so as to cause the wheel to 
rotate. 

(2) Forwards 

, ao as to prevent the foot slipping backwards. 
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Bx. a. If F be the force of friction, resolving horizontally, we have 
F=10 cos 30°=^?=8-66 lbs. wt. 


Bx. a. The resultant of forces of 7 lbs. wt. and 8 lbs. wt. acting 
at an angle of 60° 

= n /7 j + 8 j +2.7.8cos60°= v /l69 = 18 lbs. wt.=.F. 

Also, if a be the required angle, we have 
• sin o _ sin 60° 

~T~ “ “IT " 1 


so that 


V3 . . .4^3 

sma= £,».*. «= sin * . 


Ex. 4. Resolving along the plane, we have 

(1) P + 14 = 40 sin 30° = 20 ; hence P=6 lbs. wt. 

(2) F +40 Bin 30°=25 ; hence F = 26 - 20=6 lbs. wt. 

(3) F+ 20 cob 30° = 40 sin 30° = 20 ; 

hence F= 20 - 10^/3 = 2-68 lbs. wt. 

(4) P+40sin30° = 30oos80°; 

hence f =15^3-20 = 6-98 lba. wt. 

In all the cases the force necessary to support 40 lbs. on a smooth 
plane =40 sin 30° =20 lbs. wt., whence we see at once in whioh diieotion 
to place F. 


EXAMPLES. X£XL (Pages 244 - 246.) 

1. (1) Resolving horizontally and vertically, if P lbs. wt. be the 
required force, we have P=/lR, and R = 10 ; 

P=-26 x 40=10 lbs. wt. 


g 

(2) Again, if a -cos -1 - 


3 , . 4 

cos a=p , and sm a = - ; 
do 


resolving horizontally and vertically, we have 

Pcosa=jLuR, and i* + Psina=40; 

4\ 


Px 3 r -26(40-Px|), 


whence P=12J lbs. wt. 

Also the resultant pressure is the resultant of Ji and fiR in each 
case ; hence 

(1) the resultant pressure =\Z(40)* + (10 ) S = lOjVj lbs. wfc., at 
R 

an angle tan -1 -= , is. tan -1 4 with the horizontal ; 
fui 



126 


ELEMENTS OF STATICS 


Exs. 


(2) since 
12 = =< 

the resultant pressure 


80 

12=4Pcos a=80 lbs. wt., and hR=*t lbs. wt., 

a 


15 


^V4»+l*=^171b8.wt., 
in the same direction as (1). 

2. If W be the weight of the blook, and P % be the force, then, 
resolving horizontally and vertically, we have 

P cos45°=/llR, and R+P sin 45°=1P; 

hence ^ = *5 * whence 3P= FT^2, 


P__s/ 2 

JP“ 8 3 


•4714. 


3. Resolving horizontally and vertically, we have 

fiR = 10, and 12 = 30; hence /x=^. 

Q 

The resultant reaction 

= V(30)*+(10)*=1<V10 lbs. wt., 
at an angle tan -1 — = , i.e. tan -1 3 with the horizon. 

fiR 

4. If the required force P act at an angle $ with the plane, then, 
resolving horizontally and vertically, we have 

P ooa and R+P sin 0= FT; 

.*. P (cos 0 + n sin 0) = fiW t 
or P cos (0-0) = JF sin 0, if /x = tan0. 

JPsin0 
~ cos (0 - <p) * 

this is least when cos (0-<p) = 1, 

i.e. when $=<p, and then P= W sin 


5. If 


and 


-i 12 1* 

a=oos 1 — , then cos a = , 

lo It) 

5 

sina=j § . 


Also, if P lbs. wt. be the required force, then resolving parallel and 
perpendicular to the plane, we have 

P+/lR= 112 sin a, and 12=112 cos a; 

Pm 112 (sin a - /a oos a) = 112 ^ ^ = 8^ lbs. wt. 


whence 
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In the seeond case fiR acts downwards ; hence, changing the sign 
of pl, we have 

p “ 112 (S + n) =77AlbB - w ‘- 

g 

6. If a be the inclination of the plane to the horizon, tan an - , 

and therefore , 

8 4 

8i n a = ~ , cosasr. 

• 5 5 

Resolving parallel and perpendioular to the plane, we have 

8 + j4l2 = 20sma, and 12=20 cos a; 

4 8 1 

' 8+|ix20Xg = 20x^ , whence /*=£• 

7. Since the body rests in limiting equilibrium on a plane whose 
slope is 80°, we have 

/x = tan 30°= -75 . 

v d 

Also, if P lbs. wt. be the required force, then resolving parallel and 
perpendicular to the plane, we have 

P+/*P=4 sin 60°=2 n / 3, and 12=4 cos 60°=2 ; 
hence P=2 v/3 - ^ V 3 lbs. wt. 

8. Let a be the inclination of the plane to the horizon ; then 

f 3 

tan « = £. 

3 

Since the weight just rests on a plane at an angle tan -1 - , we have 

g 

/* = I ; and if P lbs. wt. be the required force, then resolving parallel 
and perpendioular to the plane, we have 

P-/uJ2 = 30 sin a, and 12=30 cos a; 

hence 

g 

P=80 sin a + tan ax 80 oos a =60 sin a=60xr=36 lbs. wt. 

o 

9. If a be the inclination of the plane to the horizon, and 12 and 
12' be the normal reactions in the two oases, then resolving parallel 
and perpendioular to the plane, we have 

(1) 24+/t!2=G0 sin a, and 12 = 60 cos a; 

whenoe 5/tcosa=5 sina-2 (i) 
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(2) 86-/tR'=60sina, and .R'=60co8a; 

hence R'=zR t and 60 sin a -24=36- 60 Bin a. 

/. sin a = ^ , i.e. a = 30°, 

, - , 2 12 2 1 ^3 

and, from (.), M =tana - f seo «=-^ - g . ^ = = -$• 

10. If a and 0 be the inclinations to the horizon of the rough 
and smooth planes respecti\ely, }V be each weight, and R be the 
normal reaction of the rough plane, then resolving parallel to the 
plane with inclination /9, T being the tension of the string, we have 
r=TFsin/9; also, resolving parallel and peipendicular to the plane 
with inclination a, we have 

T - fiR = W sin a, and R—W cos a; 
hence, eliminating T and R , we have 

fFsin/9 = IF bin a + jilFcos a, i.e . sin /3 = sin a + n cos a. 


11. Let W 1 and W 9 be the weights (FFj> JF a ), R and R * be the 
noimal reactions, T be the tension of the string, and a be the inclina- 
tion of the plane to the horizon. Then, resolving parallel to the 
plane, we have 


T+fiR= bin a, and T- fiR f = W 2 sin a ; 
also, resolving perpendicular to the plane, we have 
R=W 1 cos a, and R'=W t cos a; 
hence, eliminating T t R and R ', we have 

ITiflina- W 2 sin a = /xlF, cos a + /*IF a cos a, 


whenoe 


tan a = 


pWi+pWi 

ir x -w % ’ 


i.e. 


5i± 

Wt-Wj' 


12. Let R and R ' be the normal reactions of the planes with 
inclinations of 60° and 30°, respectively, and T bo the tension of the 
string. The weight W on the more elevated plane is on the point of 
moving downwards. Resolving parallel and perpendicular to the 
plane with inclination .of 60°, we have 

r + /*JS= JFsin60°, and R= 7^008 60°; 

and resolving parallel and perpendicular to the plane with inclination 
of 30°, we have 

T-fiR's: W sin 80°, and R’=W cos30°; 
hence, eliminating 1\ R and R\ we have 

W sin 60 Q -fiW cos 60°= W sin 30°+/iFFoos 30°, 
i.e. ^3 -1 = 1 + ^3, whence /*=2- s /3. 
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13. The paiticle will be on the point of motion when the 
resultant reaction of the spheie just balances its weight; therefore 
when the normal at the point of contact makes the angle X=tan _1 /i 
with the vertical, i.e. when the radius from the position of the 
particle to the centre of the sphere makes an angle tan -1 /t with the 
vertical. 

^14. As in the last example, the radius from the position of the 
particle to the centre of the sphere must make an angle X with the 
vertical in the extreme case of equilibrium, and here 

\=tan-»i § =30°; 

hence the height of the particle above the lowest point 
— a(l - cos 30°) = a (1 - -8G0...) = a x -134. 


15. If P be the force of traction exei ted by the horse ; 9 be the 
angle the traces make with the ground, supposed at an angle a to the 
horizon; R the normal reaction at any instant; p ( = tanX) the 
coefficient of friction ; and if W be the weight of the sledge ; then, 
resolving parallel and perpendicular to the ground, we have 
Pcos 9= JFsm a + fiR, and P sin 0= W cos a - R ; 


hence P is least when 


P (cos 9 + p &in 9) — W (sin a + jlc. cos a), 
P cos (0 — X) = IF sin (a-f X), 

Bin (a + \). 

cos (9 - X) ’ 

cos(0-X) = l, i.e. when 0 = X. 


16. Let A be the body, /B the direction of the foico at 40° to 
the horizontal. 

Let AC be the normal ; on the side of AC away from AB draw AD 
so that i CAD — 25°. Then AD is the direction of the resulting 
reaction when motioD is just about to ensue. 

Draw AK vertically downwards and equal to 5 ins. 

[Scale 1 cwt. = 1 Inch.] 

Draw KE parallel to AB to meet DA produced In E\ the AE 
represents the least value of P on the assumed scale. 


17. Let A be the body on tbe given inclined plane AB; measure 
AC vertically downwards and equal to 8 inches to represent the 
weight [scale 14 lbs. = l inch]; up the plane measure AP = l-07 inch 
to represent the force. 

Complete the parallelogram ACDB\ join DA and produce to E; 
AE will be found to be on the upper side of tho normal AR to the 
plane and RAE will be the angle of friction. Measure off AR = one 
inch and erect a perpendicular RE to A R to meet AE in E. Then 
RE 

tones^-g is the coefficient of friction. 


L. 8. K. 


9 
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On the lower side of AR take AW such that iRAE'= iRAE. 
Then AE f is the resultant direotion of the reaction when the body is 
on the point of moving up the plane. 

Produce E'A to meet CD in Z)', and complete the parallelogram 
ACD'W ; then AW represents the required minimum dragging force. 


Page 249. 

g 

Bx. 2. Here P=0, so that a = \, i.e. tan a = *15 =^q . 

3 1 ° 13 2 

Ex. a. Here 2xa=- , and 27ratano=g. tan a = g -r - = ^ . 


Also 


tanX=*15 = gg # and 6=12. 


Hence the force which will just support the screw 

2 3^ 

3 .... , .v W , 9 "20 W 13 W ,. Am 

= ^ X 47T1TI2 ® ^ ” 16tt X ° ® “ i«~ X 


2 £ “ 16t 186 “ 16ir ' 

1 + 9'20 


Also the force which will just move the sorew 


W . 9 + 20 W 67 W I OOEX 

x « « ” 1 fi,. X 1 7 A. “ 1 


16ir 


l_?i.” 16ir 174 16t 
9*20 


If the screw be smooth, X=0, and the value of the power 
W 2_ W .. 

= 16ir X 9 — 16ir 

Also the efficiency 

force required when there is no friction _ -5 _ 2 _. C(7f7 

~ actual force required ~ *885 ~ 8-466 “ 


EXAMPLE. (Page 254.) 

If P be the foroe exerted on each end of the power arm, the work 
done m one revolution of the power arm is 2 x P x 2ir6, and the work 
done against the weights W. c. These two are equal. 

. W:P: :4irb :c (1). 

In the case of the wedge, if P be the foroe exerted at the oentre of 
the base of the wedge, and R the corresponding pressure on the face 
of the wedge, we have, by resolving along the direotion of P, 

P=R Bin . JL, i.e. R:P::4rb:e (2). 

The multiplications in the cases (1) and (2) are thus the same. 
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EXAMPLES. XXXIL (Pages 267-259.) 

1. By Art. 197, the work done 

= 6 x 112 ^3 + ^ x 20) ft.-lba. = 8808 f t.-lbs. 

2. The height pf the plane 

= 330 sin 30° = 165 feet, 
and the base of the plane 

= 330 cos 30° = 165 ^3 feet ; 

^ ft -lbs. 

= (22400*330) ft.-lbs. = 7392000 ft -lbs. 

Also, the time occupied being 30 minutes, the required h.p. 

_ 22400 x 330 _ 224 7 

“ 33000*30 ""'30 “ 7tt * 

3. Since all the water has to be raised to the top of the tank, the 
work done in filling it 

= (24 x 12 X 16 X ^ x so) ft.-lba. 

= (288 x 80000) ft.-lba. = 23040000 ft.-lba. 

Also, the required b.p. 

28$ x 80000 . 9 

— -5 x 33000 x 240~ ,>rT ' 

4 . If it raise x cubic feet, the work done 

= (* * "I5~ x 30°) ft.,lbs. ; 

this =*■' x (30) 2 x 8 x IS x *65 x 11 x 60, 

whenoe x = 7766*12. 

5. The area of the piston is it. 40 2 and honoe the thrust on it is 
w\40 a .12 lbs. wt. If x be the efficiency of the engine, then 

xx(tt. 40*. 12) x (20 . 11) 

= work actually performed by the engine 
=42jx 62^x8000, * 

since a cubic foot of water weighs 62 ^ lbs. 

Hence x. 


the work done = 10 x 2240 ^165 + -^ x 165 


9—2 
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6 . H there were no {notion, the force required would 

2 °L*i lha . = 


lbs. = 25 lbs. 


Hence (Art. 198) the efficiency 

-s—- 

7. Had there beon no friction, the efforts wbuld have been 

and i.e. 2^, 20 and 40 lbs. wt. 

4 4 

The corresponding efficiencies are thus 

4 

23 

i.e. *11, *34, and *47 nearly. 


4 20 ,40 

23 ’ 68 and 85 ’ 


8. We have the equations 

12 = o + 700b, and 7'5=a + 800b. 
By solving, we get 

a=4-125 and b=-01125. 


9. On plotting the results the straight line joining the second and 
last points lies evenly amongst the others. Hence, taking these points, 
we have 

22-7 = a + bx 180,1 
and 81-4 = fl + b x 270.) 

On solving, a = 5*8 and b = *097, nearly, 

so that F=5 , 8 + -097 JP. 

A slightly different result would be obtained according to the 
points chosen to determine the representative straight line of the 
graph. 

10. On plotting the results the straight line joining the first and 
iast point but one lies evenly. Taking these two results and assuming 
the relation 

P=a + bJP, 

we have 25=a + 75b and 214 = a + 875b. 

Solving we have, approximately, 

bst - 236 and a =7*3, 

A P=7 3 + -236fP. 
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Also, since there are five strings, the value of P 0 = 


W 


Also 


and 



JV W 

SP-Sfre+l-lBir 

W 

7*3 + *236 W ‘ 


The graph of P 0 is a straight line; that of P is approximately 
a straight line and those of E aod M approximately curves called 
hyperbolas. 


11. Here the straight line joining the first and last points lies 
evenly. Taking these two results and assuming the law P=a + bW t 
we have 9=a+ 6 and 56 = a + 116. 

Hence, solving, we have a= 4-3 and 6 = 4*7, so fcliatP=4*3 f4 7JF, 
where W is measured in tons and P in lbs 

2240 

Also since the velocity ratio is 600, one ton is supported by 

oOU 

t e. 4 48 lbs. 


Hence, P 0 being expressed in lbs. and W in tons, we have 


. P 0 4-48TF 
Efflclency= T « = 4 . 3 + 4 . 7fr . 


22-4 


When TF=6, the efficiency = 


When JF=10, it= 


1 224 

S 278 = 806 nearl7 ‘ 
44*8 _ 44*8 
4*3 + 47 ~ 51-3 


=- *878 nearly. 


12 . On plotting the line joining the first and fourth lies evenly. 
Taking these two results and putting P=a+ 6JT, we have 

24=o + b and 57=o + 76. 

/. 6=6*6 and a =18 *5, 
so that P=18 5 + 5*6JP, 

where P is measured in lbs. and W in tons. 

Also the velooity ratio ==^j^ = 120* 

4 

=377 nearly. 
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2240 

Therefore 1 ton would be supported by a force of ^y lbs., 

i.e. 5*94 lbs., if there were no friction. 

P*=6*94JP f P 0 being also measured in lbs. 

„ . P 0 5*94 IT 
•• Effio i «noy--p* = 1§TO6lf . 

When JF=4, the efficiency 

23*76 23*76 KQ1 . 

*581 nearly. 


When JF=9, it 


“18*5 + 22*4 40*9 


53*46 


53*40 


= *776 nearly. 


“18*5 + 50*4“ 68 9 ' 

EXAMPLES^ XXXIII. (Pages 262, 263.) 

1, Take the figure .pl-060, but the wall being smooth there is no 
friction n'S at B. 

Now 0J3 J =.4If a -.40 a =(13) a -5 a l 

so that OB =12 feet. 

Besolving hoi izon tally, we have 

pJl=S; 

taking moments about A, we have 

66x24=5x12, whence 5=~, 


so that 

i^2. As in Art. 207, 


/iP=^=llf lbs. wt. 

a 


. l-wi' r, 3 ii 6 , 

tan 9= ^ = |_^ _ 7 ‘ 3J~7 = 1; 


t.s. 


0=45°. 

3. Here, with /x = n ' = ^ , we have 


ta# “[ 1 -S*8 + i"5’ tfc 9=ta “" 1 3 ! 

hence the inohnation to the vertical 

k - — tan” 1 — = tan” 1 7 . 

2 3 4 

4 . Here, with p'=0, the wall being smooth, we have 
tan d=^- , i.e. cot0s2/i; 


henoe the inclination to the verticals tan” 1 (2 p). 
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Or thus : Let AB be the ladder, and let the normal reaction* at B 
and the direction of W the weight of tlio ladder meet in D, then the 
reaction at A mast also pass through D ; also if AC be parallel to OB 
meeting the horizontal line through B in 0 , then CAD = the angle of 
friction for the floor, i.e. tan CAD=fi. 

BO q r*T) 

Now tan BAC= = -^=- = 2 tan CAD=2jjl, 


so that iBACsz tan” 1 (2/x)« 

<D 

■ k 5. Take the figure p^260, but with 0 the inclination of the ladder 
to the ground; also here 

Resolving horizontally and vertically, we have 

fiR = S t and 


Taking moments about A , we have 

W . a cos ip=fiS^2a cos <f> + S . 2 a sin 0, 
or (R +/i a J?) cos 0=/i*i2 . 2 cos 0 + /J2 . 2 sin 0, 

A (1 - /x a ) cos 0 — 2^4 sin 0, 




2 tan $ na 


' 0=f- 29; 

hence the inclination to the vertical = 20. 

If a man of weight W f can just ascend a distance x before the 
ladder slips, we have * 

fiR=s8 t and R+/iS=W+W' t 

whence 

^(fF+JFO sin 0 008 0, and nS=(W+W')s\ri i &. 

Taking moments about A, we have 

W .xqob 0-f ^.<1008 0 = 5. 2a sin <t>+fiS.2a cos 0. 

A jr.xsin 20+ IF. a sin 20=(TF+ TF') a sin 20 cos 20 

+ (FF+ W') 2 a sin*0 sin 20. 

A JTx= ( FF+ FFO a cos 20 - Wa + (W+ W) a (1 - oos 20) 

= W'a, i.e. x=a; 

hence the ladder can be ascended as far as the centre. 

© 

i 0, Take the figure but with the wall smooth. Let the 

man of weight W f ascend a distance x. Resolving horizontally and 
vertically, we have 

pR=S % and R=W+W\ 



136 


ELEMENTS OF STATIC if" ' ./ 


Em 


Taking moments about A , we have 

W. a cos 0 + IF' . x cos 0= S . 2a sin 0, 

/. ( JFa + IF'#) cos 6= ft ( JF+ IF') 2a sin 0, 

?.«. TFa+ JF'x=/u(JF-f IF') 2a tan 0 ; 

(but by example 4yjp. 222,^ 

( 0 =? —tan --1 (2p), so 4hat v tan 0= ^ j) 

^ Wa+'W'x-Wa+W'a, 
i.e. £ = a, in extreme position. 

“' 7 . Take the ligure p. 200> with the wall smooth and 0=45°. Let 
the man of weight IF ascend a distance x. Resolving horizontally 
and veitically, we have 

fxR = S, and R=W+W. 

Taking moments about A, we have 

W . a cos 45° + W . x 00 s 45° = S . 2a sin 45°. 

/. Wa+Wx = ‘2Sa; 

Q QTir 

but i?=2IF, and S=/llR=^x2JV=^. 


a + £ = 3a, i e. a = 2 a. 

8. Take the figure p. 260, with 0 = 45°, /x = ^ and ^i' = i. Let 

2 o 

JV 

the man of weight — ascend a distance x. Resolving horizontally 
and vertically, we have 

f =s (i). and IT +y = -g (“)• 

Taking moments about .4, we have 

iv S 

TF. a cos 45 u + . x cos 45° = S . 2a sin 46° + — . 2a cos 45°, 

2 3 

W v 4 (S' 2Ji , ... 

or y (2a + s) = y. 2a=y~.2a, by ( 1 ) j 


but, from (i) and (ii), 


3TF R_7R 
2 + 6 ~ 6 ; 


~ (2a + x)nz~.2a, t.«. 7 (2a + *) = 12.2a, 
lo o 

~ . 2a=|x 70=60 feet. 


whence 
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9. Let JR be the normal reaction at the foot of either ladder, S 
the (symmetrically) horizontal reaction between the ladders at the 
top, and W be the required weight. W will produce a vertical 

W 

pressure downwards on each ladder equal to ; hence, for either 

2 

ladder, resolving horizontally and vertically, we have 

W 

and i2=tr + y. 

Taking moments about the foot of either ladder, we have 
W 

v > . a sin a + ~ . 2a sin a = S . 2a cob a, 


where 2a is the length of a ladder. 


w + W Q 2w + W 

— tan a = S=fiR=fi. — - — ; 


whence 


W=w. 


2 /i - tan a 
tan a -/a 


^ 10 . The frictions act opposite to the directions in which the ends 
of the ladder would begin to move. Take a figure as on p. 221, with 
fxR and n'S qcting in reversed directions, and let P be the required 
force acting at A towards ( 5 , Then resolving, horizontally and 


vertically, we have 

S + fiH=P ( 1 ), 

and W+n'S=R (2). 

Also, taking moments about A , we have 

TF . a cos 45° + p'S . 2a cos 45 ° = S . 2a sin 45° 

F+2/i # 5f=25f (3). 

From (1) and (2), we have 

P=z8 + IjlW+hh'S ; 

W 

and from (8), lS= 2(l-/) ; 


w 

... P=/iW+(l+nn') 2 (1 _^ 

W 2/<-2 W »' + l +w' W l + ty-w 1 
~2" i-p’ 1 -/ 
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*11. Let AB , BG be the ladders, B being the common vertex. 
When they are inclined at an angle a to the vertical, with an extra 
weight W at the middle point of A B, let F and G be the horizontal 
forces of friction at A and C, and let R, S be the vertical reactions at 
these points. Taking moments about A and G, we easily have 

S= 4 -^ ^ 

4 4 

Also, taking moments abont B for the rod BA, we have 
F. 2a oos a+ (k> + W) a sin a = JR. 2a sin a, 

... „ 2 w + W 

so that F= — - — tan a. 

4 

So, taking moments about B for BG, we have 

G . 2a oos a + w . a sin a = S . 2a Bin a, 

... 2m7 + TF 

so that G= j- tana. 

4 

_ F 2 w+W , G . 2ir+W 

Henoe ==tana. —=^ and — =tan a - 

R 4 w + SW S 4 w+W 

G F 

Therefore clearly - > _ , bo that the ratio of the friction to the 


normal reaction is greater at C than at A. Henoe the equilibrium 
will beoome limiting at C before A. Henoe C v/ill slip first. 
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EXAMPLES. XXXIV. (Pages 264, 265.) 


1, With the figure and notation of Ait. 208, we have 

0=0, ij. tan 0=| i i.e. 0=tan~ 1 ^. 

Also “ = ^ (=ji), bo that h-4r, 

i.e. the heights twice the diameter of the base. 

2. Take the figure of Art. 208, with 0 = 0. Let W be tlie weight 
of the cylinder, and P be the horizontal force acting at F t the centre 
of ED, in the direction FD. Resolving vertically and horizontally, 
we have 12 = TF, and P=/J2 (=fiW), R being the action at B. 

There are two opposite couples, one of moment P . FC , i.e. pWh, 
tending to tip the cylinder over, and the other of moment R.BC, 
i.e. Wr, tending to keep it upright. Hence the cylinder will remain 
upright, i.e. will slide, if 

Wr>fiWh t i.e. if r>/xh, i.e. if 

A 


3. Let BC be the base of the equilateral triangle ABC, and P be 
the horizontal force at the vertex A. For turning about C , take 
moments about C , and we have 

P . a sin 60°= W . a cos 60°, 


where W is the weight and a the side of the triangle ; 

,.i^ = s*V3. 

For sliding, resolving vertically and horizontally, we have 
P=/J2, and P=JP, 
where R is the reaction at C ; 


P=fiW. 

The triangle will Blide before turning if the second value of P be less 
than the first, i.e. if p < ^ ^/8. 


4. Let C be the top of the sugarloaf, A be its lowest point, D be 
the centre of its base, and G be its centre of gravity. Then 

QD=)0D i but CD=iAD ; 

therefore GD=AD. When the sugarloaf is on the point of falling 
over, GA is vertical, and if $ he the required inclination, we have 

tan 0 - tan .lOD:* 15=1, f.«. 0=45°. 
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5. If C be the vertex of the cone, A be its lowest point, D be the 

centre of its base, and O be its centie of gravity, then QD = \cD. 

4 

The cone will be on the point of sliding when $ the inclination of the 
plane to the horizon is equal to the angle of friction. Also, when 
the cone is on the point of toppling over, OA is vertical. 

Hence tan 6 = tan AOD = ^ = ■ ^« =4 tan a, 


and the initial motion of the cone will be sliding or toppling ac- 
cording as fi, the coefficient of friction, is < or > 4 tan a. 


6. Let C be the vertex of the cone, A be its lowest point, D be 
the centre of its base, and O be its centre of gravity. If the cone be 
on the point of slipping, the inclination of the plane to the horizon 

=the angle of friction = tan -1 = 30°. 

yJ6 

If the oone be at the same time on the point of turning ovei, OA 
is vertical. 

Let 2a be the vertical angle of the oone ; then we have 


but 


. AD AD 
taaa ~CD~ 4DQ’ 

AD 1 

DO =eot DAQ =eot 60°= . 


tan a= T ^ Tn , 2a = 2 tan~ J ^^=2 tan- 1 


1 

" 4^/3 9 


12 


7. The tension of the cord acts horizontally, and if A be the 
vertex of the cone, a be the radius of its base, B be the point on .the 
latter neaiest the pulley, and W be the weight of the cone, then (i) if 
the cone be on the point of tuining over, the reaction of the table 
acts through B, and moments about 7?, if T ^ be then the tension 
of the cord, give W x CB = x A (7, where C is the middle point of 
the base ; 

i.c. Wxa=T’ x x ttcot a, or Z\ = JPt&n*. 

(ii) If the cone be on the point of slipping, and if R be the vertical 
resistance of the table, fi be the coefficient of friction, and T a be then 
the tension of the cord we have, by resolving vertically and hori- 
zontally, 

R= W, and /dRssT,; t.c. 

henoe the oone will turn over or slide first, according as 2\ < or > T ft 
i.e. according as W tan o is < or > /a W, i.«. according as /a is 
> or < tan a. 
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8. If O be the centre of gravity of the block, and A bo the lowest 
point of its principal vertical section perpendicular to the plane, then 
the block will be on the point of toppling over when GA is vertical, 
and then the inclination of the plane to the horizon is 45°. Hence 
the limiting angle of friction must be not less than 46°, or the block 
will slip first, i.e. the least value of the coefficient of friction 

=tan 45° =1. 

9. If when the plane has been tilted through an angle 0 the 
lamina be on the point of sliding down, then tan 0=/*. If, however, 
when the plane has been tilted through an angle 0, the lamina be on 
the point of toppling over, then G, its centre of gravity, must be 
vertically above B } and the line Bl) % which joins B and the middle 
point D of AG , must be vertical. Also, since BD = 1)C=DA , the 
A DBA =the ABAC . Hence 0, the inclination of the plane to the 
horizon, must = A A ; and the lamina will begin to slide or topple 
over according as 0 < or > 0, i.e. as fi < or > tan A. 


10. Since the plane is perfectly rough, the plate will not slide, 
but will turn about B when the moment about B of the tension of 
the string (which is equal to w) is greater than that of W ; i.e. when 
W 

w.AB cosa>- ir (the sum of the horizontal distances of B from A 
A 

w 

and G), i.e. ( AB sina + UCcos a), i.e. since BC=AB } when 

a 


W . . . fV x 

10 cos (sin a + 008 a), or 10 > (1 + tan a). 


11. If G be the centre of gravity of the block when on the point 
of toppling, it being supposed that the board is rough enough to 
prevent slipping and that its weight may be neglected, and if A 
represent in section the extremity of the board, B the lowest point of 
the block and C the oentre of its base, and if a be the angle that BC 
makes with the horizon, then 


tan a = 


BC 

GC 


3 

4’ 


and therefore 


3 

sm a= = ; 
o 


the distance through which G has been raised 
=BQ-\-AB sin a- GC 

=3(coseoa + sin a) - 4 =.3 + - 4 = ^ ; 

hence the work done 

=2240x^ = 6272 ft. -lbs. 

0 
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Page 267. 

Ex. 1. Take the figure p. 2G7, with 

fF 1= r a = JF, /*!=!, and #4=5. 

If 0 be the required inclination of the plane when both weights IK are 
on the point of moving downwards, Ri and the normal reactions 
of the bodies, (the smoother body being the lower, or else the string 
might be slaok), and if T be the tension of the string, then for the 
equilibrium of each weight separately, we have, resolving along and 
perpendicular to the plane, 

fFsin 0 =T +^ , and JK cos 0*1^; 
r *5 

__ w / . _ cos 0\ 

A t Tm y (“ # --rj* 
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Also W sin 8+T=-^ t and JPoostfsU,; 

:.T=w(^°- rind). 

Hence bid $ =— = — — sin 8, or 2 sin 0=^ cos 9, 

o & 0 

tan0=-^, i.e. 0 = t&n~ 1 ~. 

Ex. 2. If $ be the greatest angle, and W be the weight of eaoh 
body, the normal reactions upon the bodies each = W cos 6 , as in 
Ex. 1 ; hence the sum of the frictional forces 

^ /I 5 3\ 3W 

= W coE^ s + g + 5 J-- rC OE# i 

and this has to support the components of the three weights down 
the plane; 

8JV 

hence we have -g- cos 6 = 3 W sin $. 

/. tan0 = £, i.e. 0=tan“ i 


EXAMPLES. XXXV. (Pages 269-273.) 


1. Take the figure p. 260 , with 40 = a, and BO=b. 
horizontally and vertically, we have 

pR = S, and R+p'S=W. 

Also, taking moments about A , we have 

W. aooB0=fi’S (a + b)coB6 + S (a + b) sin 0 , 
Wa = p'S (a + b) + pR (a + b) tan 0. 

•*. (J2 + pp'R) a = (a + b) + pR (a + b) tan 0. 
p (a + b) tan 0 = a + app' - a up.' - bpp', 


whence 


tan 0 = 


a - bpp f 
p{a + b) ‘ 


Resolving 


2. Let AB be the rod of length Z, and AC and BC be the planes, 

inolined at angles ^ - a and a respectively to the horizon. Normals 
i 

AE and BE intersect on the circle on AB as diameter. If B be on 
the point of moving*down, the reactions at A and B act along AO 
and BO, where the ZEAO=the lEBO=\\ similarly, if A be on 
the point of moving down, the reactions act along AO ' and BO\ 
where the ifZAO's * the z2£2?0'=3\. The two points 0 and O* 
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clearly lie on the above circle. Then the limiting positions of the 
weight on AB are It and K , where O'H and OK are perpendicular to 
AB . Now the chord 00' subtends an angle 2X at the circumference 
of the circle, so that 00 '= l sin 2X; also 00 ' is parallel to the taqgent 

at E, and theiefore inclined at an angle ^ - 2a to the horizon ; henoe 

HK= l sin 2\ cos - 2a^ = l sin 2X sin 2a. 

a can be used for the inclination of either plane, since the substitution 
of ^ - a for a does not affect the result. 

a 

3. Let A and C be the two pegs, A being the lower one. If the 
rod be under A and over C, the centre of gravity G of the rod must 
be above AG ; for otherwise thore would be no pleasure at A and the 
rod would swing about C. 

The rod is clearly least when one end is just under A and it is on 
the point of slipping. 

The reactions at A and G being R and S , and /* being the coefficient 
of friction, we have, by resolving along and perpendicular to the rod, 


fiR + fiS = JF sin a (1), 

and S = R+W cos a (2). 

Also, by taking moments about A, we have 

S.a = W.AG cos a (3). 


From (Ij and (2) we have 

2 nS= W (fi cos a + sin a). 

Hence, from (3), 

AG- a ~—- a M COBa + sina 
cos a W cos a 2 /x 

= | (1 + tan a cot X) 

Hence the least length = 2 A G=a (1 + tan a oot X), 

4. Lei AB be the rod of weight W, A being the roagh end. Let 
G be the middle point of AB> and 0 be the centre of the hoop. The 
reaction at the smooth end B acts along the radius BO ; if the re- 
action at A act along AE , the /.OAE=\. The directions of the 
reactions at A and B , and W f meet in E, G being vertically below E. 
Mao GE is parallel to AO; therefore E bisects BO. ThuB we have 
OAss OB *10 ins., OE = EB — 5 ins., AG = GB = Q ins., and 

OG * JOB*-BG*=8 ins.; also EQ=siOA=5 ine. = EB. 

Also the L AEG = tiie l OAEmX. 
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Let the l EGB=a= the L EBG. Then 

GE sin (a - X) . . _ 

-77= = 7— r = Sin a cot X - COS CL 

AG sinX 

.\ \ i • c °t X - 1 , so that 24 ootX=43. 
o 5 0 

* * 24 
•*. tan X=/x=~. 


5. By equation (2) of Art. 209, we have 

2 tan 0 = tan (60° + X) - tan (60° - X) 


+ fi ^3 — /x 8^4 
“W73 “ l + frjB = 1=8? ; 


.*. tan 0 = 


i/i J3 lana 2 2 tan a 2 „ 

1-V 1- tan 1 * a “^3 ' 1 - tan 2 a - 7* ^ 


tan0 : tan 2a = 2 : J8. 


6. By the position of limiting equilibrium is meant that A and B 
are on the point of sliding towards each other, since there could be 
equilibrium with A and B togethor without any friction. The tension 
T of the string is uniform throughout ; therefore by resolving hori- 
zontally for the equilibrium of G it appears that AG and BG make 
equal angles, 0 say, with the vertical, and the position is symmetrical. 
Henoe, if R be the normal reaction at A or B, W be the weight of 

eaoh ring, and = 5-75, we have for the equilibrium of the 

OxJO * 

system, resolving vertically, 2R = 8W t i.e. 

R=l w (i) 


for the equilibrium of <7, resolving vertically, 2 T cos 0= )V, i.e. 

T= Z 

2 cos 0 " 


( 2 ); 


for the equilibrium of A, resolving horizontally, 

, T sin 0=fiR (3). 

Substituting in (3) for R and T from (1) and (2), and for fi t we have 
W . . 1 3 W 

T* tan9= 578-T- 


1.0. tan 0— and 0 = 30°. 

Thus the angle ACB = 60°, and the triangle ABC is equilateral. 


L. S. K. 


10 
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7, AC being fixed, the motion of A, if any, would be along AC; 
therefore the friction is along CA. The directions of the three forces 
W the weight of AB acting at O its middle point, T the tension of the 
string, and R the resultant reaotion at A must meet in a point 0. 
Then OA makes the angle X with the vertical. 

Since AB = 2BG, tan OAB = J tan OGB t 

a 

i.e. tan (a-X)=- tana. 

tan a - tan X 1 , 

•• i n i * — tan a. 

1 + tan a tan X 2 

,\ 2 tan a - 2 tan X = tan a + tai i a a tan X, 

whence u=tanX= ^ . 

2 + tan' a 


8. Let AB be the movable rod of weight TF, AC (vertical) and 
CB (at an angle a to the horizon) be the fixed rods, R be the normal 
(horizontal) reaction at A, S be the normal reaction at B , and 2a be 
the length of AB . Let AB be on the point of sliding down at A and 
up at B. Then resolving vertically and horizontally, we have 


tiR + S cosa= W+fiS sin a (1), 

and R = S sin a 4- fiS cos a .(2). 

Also, taking moments about A , we have 

8 . 2a cos (a + 6) - W . a cos 0 + jjlS . 2a sin (a + 0) (3). 

Eliminating R from (1) and (2), we have 

fiS sin a + cos a + S cos a = W + fiS sin a, 

.'. W = (1 +/A 2 ) S cos a (4). 

Eliminating W from (3) and (4), we have 


cos 6 cos 0 


/. (1 + M 2 ) cos a = 2 (cos a - sin a tan 0) - 2/* (sin a + cos a tan 6). 
1 + /4 a =2 - 2 tan a tan 6 - 2/a tan a - 2/4 tan 0 . 

2 (n + tan a) tan 6 = 1 - 2/4 tan a - /* a . 


tan 0= 


1-2/x tan a - /* a 
2 (/i 4* tan a) 


Otherwise thus: Let X be the angle of friction. 

The directions of W and the resultant reactions at A and B must 
pass through a point 0. 

The resultant reaotion AO at A makes an angle X with the normal 
at A, i.e . the horizontal) so that i AOG = 90° - X. 



XXXV 


SOLUTIONS 


147 


The normal at B makes an angle a with the vertical, and hegoe 
L BOO = a + X. 

Theorem (1) of Art. 79 then gives 

2 oot QQ A = cot (a + X) - cot (90° - X), 

2 tantf = - ~^* an — - u» 1 ~ tan a - 

tana + /A /i + tana 


9. Take the figure p. 260, with /x=/i r = tan X ; and let the required 


distance DB=x. 

Resolving horizontally and vertically, we have 

tiR = S ( 1 ), 

and B + fiB=W+P... (2). 

Also, taking moments about A , we have 


W . |cos0 + P(a- x) cos 9 = 8 . a si nO + fiS . acos0 (3). 


From (1) and (2), B (1 + /r 2 ) = P + \V , 


i.e. 


11 = 


P+W 


and S = i -A tS (P +fn=T i^A_(P + >K) = |Bin2X(P +t n. 

Hence (3) becomes 

W, |CO80 + P(a-*) cos 0 =J sin 2X (P + W) (sin 0 + tan X cos 0), 

i.e. W.a + 2P(a-x)=a (P + JF) sin 2X (tan 0 + tanX), 

. 2Px=a[TF+2P- (P+ W) sin 2X (tan 0 + tan X)], 

= a[W + 2P - (P+ W) sin 2X tan 0 - 2 (P + W) sin a \} 9 
= a[W( 1-2 ain 8 X) + 2P (1 - sin a X) - (P + W) sin 2X tan 0J, 

= a [IV cos 2X + 2P cos a X -(P+W) sin 2X tan 0J, 

=a sin 2X [W cot 2X -|- P cot X - (P + W) tan 0], 
j _ TTcot2X + Pco t X-(P + JF) tan0 Q ^ 


10—2 
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10. Let 0 be the incliif&tion of the peg to the vertical, and let 
the rope make an angle X with the normal to the peg. Then 

tan (tf + \) = ^=2; 


whence 


tan 0 + tan X= 2 (X - tan $ tan X), 
Ut. tan a + |=2 tan B'j , 

tan0=j^, i.e, 0 = tan” 1 ^ . 


11, Lot AB repiesent the lid ; it rests against the wall at an 
angle of 30°, since AB = 12 ins., and the distance, AD, of A from the 
wall = 6 ins. 

Also let G be the centre of gravity of the lid, supposed uniform, 
and R be the horizontal reaction of the (smooth) wall. Then the 
resultant of the hinge acting at A must pass through the point where 
the veitical through G meets the diiection of R, and make an angle 0 , 
say, with the vertical ; albo, producing fchi^ line of action to meet the 
wall at (7, we have BG = BD , by similar triangles. 

Hence tan 0=^ = ^ tan ABD= ^ tan 30 °= 2^3 * 

and, by Lami’s Theoiem, 

R : 50 -= sin 0 : cos0, 


R- 50 tan 0= 


50 

2%J3 


Again, if S be the vertical reaction of the ground, resolving 
vertically and horizontally for the whole system, we have 


S = 250, and fiS = R\ 


.-.MX 25°=^, whence M = 

The point of action of S is somewhere within the base of the oheBt, 
to be determined by drawing, from the intersection of CA and the 
vertical through the centre of gravity of the chest, a line at an angle 
tan -1 /* to the veitical. 


12. Let W be the weight of the disc, R be the normal reaction of 
the plane, and T be the tension of the string, which must touch the 
disc at the other end of the diameter through the point of contact of 
the disc and the plane. Resolving along and perpendioular to the 


plane, we have 

T+/ii2=i If sin i (1), 

and R*aW cos i (2). 
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Also, momenta about the point of contact give, if a be the radiub 
of the disc, 

T . 2a = W . a sin i (S). 

Substituting for T and R from (2) and (3) in (1), we have 
W 

2 sin i' + /aIFcos i=W ain i, 

whence /a = \ tan i t in the extreme case when the disc is on the point 

a 

of slipping. 

13. The vertical pressure of the table on the particle P upon it is 
equal to W its weight; also the tension of the second string is equal 
to W ; hence if /a > or = 1, the particle will rest without any tension 
of the first string anywhere within the circle whose centre is A and 
whose radius is a . Also, if BC be the edge of the table and AC be 
perpendicular to it, then, BC being smooth, for the equilibrium of 
the suspended particle, PB must be perpendicular to the edge BC. 
Thus the distance of the piece of string PB from A ( = BC) is not > a. 

If n be <1, there must be some tension in the string to maintain 
equilibrium. 

If 9 be the angle PAC we have, by taking momenta about A to 
avoid the friction, 

IF x a Bin 9 — moment of the friction 

Now when the friction is limiting it has both its greatest value 
and also, since it then acts through P at right angles to AP t its 
distance from A is greatest; its moment is theiefore then greatest 
and equal to fiW x a. 

Hence the greatest value of 6 is given by 

W.a sin 9 = /iWxa . 

The greatest distance of P from AC therefore = a sin 0=.fia. 

14. If W be the weight of the beam, and 11 and S be the normal 
reactions of the wall and the peg, then (1) lesolving vertically and 
horizontally, and taking moments about the point of contact with 


the wall, we have 

fiR + S (/a cos 6 + sin 6) = IV (i), 

RxS (-cor $ +n sin 0) (u), 

S.ecosec0=Jr.asin0 fi .. (lii). 

From (i) and (ii), W= S (/a* + 1) sin 9, 

so that from (iii), 


e cosec 0 = a sin* 0(jJ + 1 ) = a sin* 0 sec* X. 
sin® cos* X. 
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(2) Ab before, fiR + S (/* cos $ + sin 0) W ; 

also R=S( cos 0-/4 sin 0). 

W=S [2 fi cos 6 f (1 - fi 2 ) sin 0] ; 
and S.c cosec 0= W ,a sin 0; 

hence 

^ cosec 2 6 = see 2 X [2 sin X cos X cos 0 + (cob 9 X - sin 9 X) sin 0]. 

^ cos 9 X = bin 2 0 (sin 2\ cos 0 + cos 2X sin 0), 

= sin 2 0 sin (0 + 2X). 

The third case follows by changing the sign of fi t and, therefore, of X. 


15. The sphere being smooth, for the equilibrium of the disc the 
particle must lie in that diameter of the disc which is in the vertical 
plane through the conti es of the sphere and the disc; therefore the 
disc may be represented by the straight rod AB lying in a smooth 
hoop whose centre is C. Let G be the centre of AB , D be the 
position of the particle, and X be the angle of friction. The reactions 
at A and B pass through G ; therefore the resultant of W and w 
passes through < 7 , and DE : EG=IV : w, E being the point where the 
resultant cuts AB ; therefore 

+1 ) ; 

also EG = OG tan X= *Jb 2 - a 9 . 


DG : EG = W+w : w, and DG 






16. Let R be the normal reaction of the prism on the sphere, 
and S be the normal reaction of the horizontal plane on the prism. 
Then, for the sphere, lesolving veitically, we have W=R cob a; for 
both sphere and prism, resolving vertically, we have W+W'^S, 
where W* is the weight of the prism ; for the prism, resolving hori- 
zontally, we have fiS=R sin a. Hence 

/t (TP+ W) = W tan a, and W' = W (^-° - 1^ . 

If W be less than this, there will not be sufficient friction. ' 


17. If A and O be the middle points of the rods, fastened at JB, 
then G , their centre of gravity, is the middle point of AG ; and if 
QD, parallel to CB , meet AB m D, then if the peg were smooth the 
system would rest with the peg at Z), and AB horizontal; and the 
limiting positions of the peg are E and F, on AB , such that GE and 
GF make angles tan" 1 /a with the perpendiculars to AB at those 
points ; in the tw6 oases GE aud GF respectively being vertioal, so 
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that when the peg is at E the point of oontaot is just about to slip in 
the direction AB, and when the peg is at F it is just about to slip in 
the direotion BA. 

Also AD=“=QD-, hence AE = ^-^n, 

J Z Z 

i a a 

and ^• F= 2 + 2 1 "’ 

hence the limiting distances of the points oi contact from ^are 

10. If D and E bo the middle points of AG and BG respectively, 
for equilibrium DE, in which lies G the centre of gravity, must be 

vertical, and the zDCD = ^; therefore, if AC make an l 0 with the 

horizon, we have 

DC cos 8=CE sin 0, i.e. DC cos 0 = 3DC sin 0, 
and, therefore, tan 0 = ^ . 

Again, when A is on the edge of the table, the normal reaction R 
is perpendicular to AG, and if AC make an L a with the vertical, we 


have 

IlR sin a = E cos a, i.e. cota = /u. (1), 

and pR cos a + R sin a - 4 W (2), 


where W and 3 W are the weights of AG and BG respectively. Also 
moments about E give 

liR . • A <7+ W (cE cos o- ~ sin a) , 

3 W 

i.e. j.iR.'--R = - - (3 cos a - sin a). 

z z 

.( 3 \ . . 3 cos a -sin a , /rt . 

4 1 ^ - i ) = cos ct + sm °) - g i by (2). 

„ . 3 oos a - sin a . 9 

2 (3 cos a - sin a) = 5 , whence tana = -. 

It 7 

7 

Hence, by (1), / u=cot a = ^ . 

19. Let C be the common vertex, AGB be the string, a and (3 be 
the inclinations to the horizon of the planes on which lie the portions 
AC and CB respectively, W and W* be the weights of AC and GB 
acting at D and E their middle points respectively, R and S be the 
resultant normal reactions of the planes at D and E t T be the 
tension of the string round the pulley (supposed smooth), the same 
on both sides, and X be the angle of friction. Suppose A to be on the 
point of descending. The line joining A and B is parallel to the line 
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joining D and E, and if it makes an angle $ with the horizon, 
the l CDE = a - 0, and the L CED =0 + 0. Also we have 
W : TF'= CD : CE = sin {p + 0) : sin (a - 0). 

By Lami’s Theorem, 

T sin(a-X) T sin (0+X) 

w- Tp A » and r' /fv 

sm \2 +x j 

Hence, by division, 

_ sin (a - X) cosX 
JT “ cos X * sin (£ + X) * 

hence einjo^) = Binjo-X) _ 

sin (p + 0) sin(£ + X) 

,\ 0=X. 

Otherwise thus : Since pR acts upwards, ft being the coefficient 
of friction, we have 

TFsina=Aiii + T, and JFcosa=.R; 
whence T = W (sin a - p cos a). 

So on tho other plane, where /uS acts downwards, we have 
- T= W' (sin p + /z cos p). 

Therefore W (sin a - fi cos a) = IJ r ' (sin p + p cos p ) ; 

but W : TT'=c? : l\ where l and V are the lengths of the portions AC 

and CB respectively, and /* = tan X ; hence we have 

l sin a - 1 tan X cos a = V sin p + V tan X cos p t 
uf. I sin (a-\) = l' sin(/9f X). 

But l : i'=sin ABC : sin CAB> 

= sin(j8 + 0) : sin>(a-0); 

thus 5jSf±J, 

sin (a - X) l sin (a - 0) 

hence 0=X. 


20. If a be the inclination of the plane to the horizon, and R be 
the normal reaction, we have * 

W 

.RssJToosa, and nR+-^=W sin a; 
also #t=s; 

w w 

•\ -5- cos a + -=-= W sin a, i.e. 2 sin a - 1 =cos a ; 

It £t 

4 

/. 4 sm*a -4 sin a + l = l -sin*a, whence sin a = r t 

0 

8 

cosa = £. 


and 
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In the second oase let P be the required foroe and 9 be the angle 
it makes with the line of greatest slope. 

Sinee the resultant of P and /iR is to balance the resultant of 

w 

and W sin a, P will be least when it acts in the same direction 
as pR, 

Hence we have 


(P+pR) cos 0 +■ "2" cos 60°= W sin a, 


(P + pR) sin 0= ^ sin 60° ; 


/ I \ . W cos 60° 

( P + ^ W cos a J cos 0 = W Bin a f 

— -a-n-sr 

* («5)-i..qa 

Henoe, squaring and adding (i) and (ii), we have 


3TP\ S 

i 

(121 

3\ 

19GTP* 

10 ) 

= W* | 

Uoo + 

16/ ! 

II 

s l 

mm 

3TP 

14 IP 

7 W 


P 2W . 

‘ 10 = 

= 20 = 

= 10 * 

and 

p ~ T’ 


also, from (i), 

1W 11 W . 11 

- A cos 0 = — , so that cos Q — — , 

10 20 14 

.11 

t.tf. *6 = COS” 1 T-J . 

14 

21, If A B be a line of greatest slope in the plane and TP be at 
G y its components down and perpendicular to the plane are each 
W 

, and the tension of the string CA is equal to P ; also if IP be on 

tne point of moving along CB t where the angle ABC=<f> say, the 
friction acts along BC. Hence, resolving horizontally and along the 
line of greatest slope, we have 

W 

P sin 8=p 0 in <t>, 

W W 

and -^=Pco9$ + p cos^; 

*.«. Ji . sin 0s •fi . sin0, and .3- /s/‘2 ,cos0s >s /8 .cos0| 
squaring and adding these last two eqaations, we have 

9 -6*7*2 0080 + 2 = 3, whence cos 0 = • 
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Also 


i.e. 


008 0 


f- 3-- 

3-,v/2oor0 3 


" 3^3 “ 9 ^ 


0=soos~ 1 “ N /3. 


22. Let if be the normal reaction, 0 be the angle the friction 

makes with the line of greatest slope, and P be the required force. 
The friction being opposed to the motion, the body will begin to move 
in the contrary direction to the friction. Resolving horizontally, we 
have P=/aR sin0; resolving along the line of greatest slope, we have 
W fin a=fjJt cos 0; and resolving perpendicular to the plane,' we have 
P=W cos a. Hence we have • 

P= pW Bin 0 cos a = 2 W sin 0 sin a, 
since = 2 tan a ; 

and W sin a = pW cos a cos 0 , 

i e. sin o = 2 sin a cos 0; 

cos0 = i; i.e. 0 = 60°; 

and P= 2 W sin 60° sin a = JS . W sin a. 

23. Let the rod make an angle 0 with the line of greatest slope, 
the frictions make angles 0j and 0 2 with the same line, T be the 
tension of the rod, and W bo each weight. The reaction at right 
angles to the plane is W cos a in eaoh case=i2; also 

tan a= *7/^3 ? 

TF sin a~Jl tan a=R/J 

Resolving along the line of greatest slope, we have 
W sin a + T cos 6 =fx l R OOS0J, 
and W sin a - T cos 0 =^P cos 0j 

resolving horizontally, we. have 

T sin 0=^R 810 0!, 
and T sin 0 =/«*]£ sin 0 a . 

Eliminate 0! and 0 3 ; thus we have 

(W sin a + T cos 0) 9 + ( T sin 0) 2 = 
and (IT sin a - T cos 0) 2 + (T sin 0) a = ; 

f + 2R T*J /Oj/uj cos 0 + 2*= /UjW, 


or 
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and ftftR 2 - 2RT N /ft/t a cos 0+ 

henoe, by addition, we have 

2^R j +2T«=(V+M 

••• 27^= (u, 3 - 2ftft + ft") il 2 . 

j2.T=[lh-^)li\ 

also, by eubtraction, wg have 

4ii iVftft cos 0 = (ft 2 ' ft 2 ) 7:*; 

hence, by division, we have 

cos 0 = ^ -f /ia ; 

, coa<?= fldA , i,e. e=co8-> ( 

2v 2ftftj 

24. The particle, of weight IF, can only move round ^ ; therefore 
the friction juJFcoBa acts perpendicular to 4P. Hence, resolving 
at right angles to AP on the plane, we have 

fiJF cos a = W sin a sin 0 ; 
sin 0 = /* cot a. 

If ft cot a > 1 , the whole possible friction is not required, the 
coefficient biought into play being only sin0 . tana which is ctana, 
and therefore </a; hence the particle will rest for any value of 0. 
Moreover, in this case, since /*>tana, the particle will rest without 
any tension of the string, i.t. jdie string may be removed. 

25. Let G be the centre of the base of the shell, A be the point of 
contact of the shell with the pi mo, and G be the centre of gravity of 
the shell. Then, for equilibrium, AG is vertical, and therefore if a 
be the inclination of the plane to the horizon we have iGAG=za, 
since CA is perpendicular to the plane. 

Also the plane base is inclined to the horizon at the angle supple 
mentary to the angle CGA t =0 say. Then we have 

CA _ sin 0 b 
CG sin a 9 

but CE=2GG, where CE is the radius perpendicular to the plane base 
[Art. 120] ; 

GA = GE=2CQ\ 

henee sin 0=2 sin a; 

and the greatest value of a is the angle of friction X; therefore the 
greatest value of 0 is sin 1 (2 sin X). 
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26. Let E and F be the points of contact of the hemisphere with 
the plane and the wall respectively, C be the centre of the base of 
the hemisphere, CD be the radius perpendicular to its plane face, and 
Q be its centre of gravity, so that 

C<?=| CD=|r, say. 

If the vertical through G meet the horizontal radius FC (along which 
the normal reaction at F acts) in 0, the reaction at E must pass 
along EO; therefore the angle CEO=\, where tan \=fi. Also, if 9 
be the angle that the base of the hemisphere in its limiting position 
of equilibrium makeB with the vertical, 

Q 

CO = CGco 8 0 = gr cos 9; 

also the greatest value of CO is when CEO is X, and therefore 
= CE tan X = r tan X. 

3 r 

The greatest value of — cos 6 is therefore r tan X, so that the least 

o 

value of 9 is 



3 

So long as /*<- this always gives a real value. 

O 

g 

If however this limiting value of 9 is impossible, i.e. there is 
. o 

no limiting value for 6 , i.e. the hemisphere will rest in any position. 

In the general case let R , S be the normal reactions at E and F 
and therefore pR and p'S the frictions towards the wall and vertically 
upwards respectively. . 

Then, resolving horizontally and vertically, we have 


8=iiR ( 1 ), 

R + H'S=W (2). 

Also, taking moments about C, we have 

{pR + pSS)a=W.^ cos* (3), 


where 9 is the inclination of the base to the vertical 
Solving (1) and (2), we have 

R S W 

Hence (3) gives 

x^?0*+wO=»r.|ooB», u. 
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27. Let 0 be the oontre of the base of the hemisphere, A be its 
point of oontact with the plane, Q be its centre of gravity, and a be 
the inclination of the plane to the horizon. Then, for equilibrium, 
AG is vertical; also 

CO^CA. 


[Art. 117.] 

Hence we have 


sin a = sin GAG=- sin CGJ ; 

o 


thus sin a is seen to increase with sin CGA, and since the greatest 

Q 

value of sin CGA is 1, the greatest value of sin a is i.e, 

o 

a * sin' 1 g. 


If there be equilibrium the resultant reaction of the plane must 
balance the weight of the sphere. 

But this reaotion parses through the point of oontact of the sphere 
and plane. Also the weight acts vertically through the centre. Hence 
unless the supporting plane be hor/aonfial the weight cannot pass 
through the point of contact, as is clear from a figure. Hence there 
cannot be equilibrium. 


28. Bet 0 be the centre of the base of the hemisphere, A be its 
point of oontact with the plane, G be its centre of gravity ami 90° - 0 
be the inclination of the plane base to the vertical. 

Then for equilibrium, AG ii vertical, and if 


the L CAG = a. 


a = sin 



Also, by Art. 117, 


CG=ICA. 

O 


Hence we have 


sin a _ sin CAG _ CG 3 
sin 0 ~ bin CGA ~ CA ” 3 9 


. a 8 . 8 3 1 . . OAO 

sm0=gsina=£. jjsg, tm€m * =30 ; 


and the required angle * 90° - 30° = GO 0 . 

29. Draw a figure representing the vertical section through P 
the position of the particle and C the pentre of the base of the hemi- 
sphere. Let A be the point of oontact of the plane and the hemi- 
sphere, G be the centre of gravity of the hemisphere, and let the base 
of the hemisphere make an angle 0 with the vertical. Then, since 
the horizontal plane produces only a vertical reaotion at A (there 
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being no external horizontal force), AO is' vertical if the moments 
about 0 of W and W' be equal, i.e. if 

W' . CP sin 0=s W . CO cos 0, 

• n W 3 

ue. CPzsypj . ga.ootfi; 

and for the equilibrium of W f on the inclined plane CP, the greatest 
value of ^ - 0 is tan' 1 fi ; henoe the greatest *value of tan ^ - 0^ , 

i.e. of cot 0, is fi ; and therefore the greatest value of CP is • 

30. Let 0 be the centre of the sphere. For limiting equilibrium 
the centre of gravity of the sphere must lie in the vertical through A 
its point of contact with the plane, which will make an angle a with 
OA the radius to A ; and if AB be the vertical chord of the sphere 
through A, the two points 0 1 and in BA, at distance c from 0, are 
the two limiting positions of the centre of gravity of the sphere ; and 
if the angle GjOC 2 — 20, 20 is the angle through which the sphere may 
be turned from one limiting position of equilibrium to the other. In 
intermediate positions of equilibrium, the centre of gravity will lie on 
the arc G l G 2 of the circle centre 0 and radius c in the plane A OB* 
Also, if ON be perpendicular to AB, we have 
0^=aflin a = ccos0 ; 

a sin a \ 


hence 


29 = 2 cos -1 I 
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EXAMPLES. XXXVI. (Pages 277, 27a) 


1. If X be the required force at the point P in BC, then the beam 
BO is in equilibrium under the action of the vertical forces X and W 
its weight, and R the aotion at JB; therefore thiB action mubt be 
vertical. For the equilibrium of the beam AB , moments about A 
shew that the action R on AB is upwards, and give 

R.AD=W.^, i.e. R=%. 

a « 


Hence, from the equilibrium of the beam BC, 

3 W 


X—R + W~- 


also moments about B give 


2 * 


x.bp=w.?£, 

so that ^.BP=W.~, i.e. B P=\bC. 

a A O 


2. Since the beams are each inclined at an angle of 60° to the 
horizon, ABC is equilateral, and therefore the beams each weigh 
30 lbs. From the symmetry of the system, the actions of the hinge 
at C must be equally inclined to the beams in the same sense, and, 
therefore, being equal and opposite ( = 22, say), these actions must be 
horizontal. Consider the beam AC ; taking moments about A, we 
have 

R . AG sin 60*=30 . ^ cos 60° ; 
hence 22=15 oot 60°= 6*/3 lbs. wt. 

3. The pegs being in the same horizontal line and at the middle 
points of the legs, the position is symmetrical ; therefore the thrust T 
in the weightless rod and the action S at the hinge are both hori- 
zontal. Hence, resolving for the equilibrium of either leg along its 
length, we have 

W cos a=(T + &) sin a ; 

also, moments about the centre of the leg give T=&; 

... t=s= e^«. 

* 4. Let D be the middle point of AB, R be the normal reaction at 

B or V, T be the tension of the string, 2a be the length of either rod, 
and the i DCB be denoted by 6. Also, let Y and X be the vertical 
and horizontal components respectively of the action at A. For 
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the system, resolving vertically, we have 2R = 2W, i.e. R-W. Also, 
if DC meet AE , the perpendicular from A on BC t in F, 

t “ #as 3~W =s S tftn<u 

For either rod, resolving horizontally and vertically, we have 
X=T cos0, and FsErsin0; 
hence the action at A 

= JX*+Y*= T, 

Y 

aoting at an angle tan -1 — , i.e. 0, to the horizon. [This is obvious ; 

for, sinoe R=W,T must be equal and in the opposite direction to the 
action at A.] ¥o r AB, taking moments about D, we have 
R . a cos a = X . a sin a + Y . a cos a ; 

J7-Xtana=y. 

A W- T tan a cos 0 = T sin 0. 

:. W sec 0 = T (tan 0 + tan a). 

T . | tan o= W s /l + tan J 9= W ^/l + ^ tau*«. 

4 T sin a = W ^9 oos 2 a + sin 2 a. 

T=~ oosec a *Jl + 8 cos 2 a. 


5. By symmetiy, the thrust at C is horizontal, and if 0 be the 
inclination of AC to the horizon, and /a be the coefficient of friction 
actually employed then, S be the thrust at <7, and R be the normal 
reaction at A, for the equilibrium of AC, we have S=nR, and R=W t 
the weight of AC ; also moments about A give 

W 

S . sin 0 = -£ .cos 0. 

Hence ^sin 0a^cos0, 

a 


so that tan 0 = ~ ; 

2/jl 

therefore when n is greatest, 0 is least, but the lACB (sir -20) is 
greatest; therefore if /i=^, in the limit 


the IACB = , r-2tan-n=T-5 = ? 

« 6 



w 

cot 0 = -j- tan 



at most. Also 
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6 . If the weights of the rods be 6w, 4w and 810 respectively, then 
TF= 12 t 0 . Also, since AB*=BCP+ CA a , the angle ACB is a right aftgle ; 
and if F be the fulcrurq, at distance x from D the middle point of AB , 
moments about F for the equilibrium of the whole give 

610 . g+4 w + x -2 coa ABC^j = 3w ^|-*-?sin ABC ^ . 

••• 6 *+ 4 (§+*- 2 -H)= 8 (§-*-|-i)- 


whence 



foot = 11 in. ; 


/. FA =80 -11=281 ins., and FB=311ins. 

Again, if P and Q be the vertical components of the actions at the 
hinges A and B respectively, then 

P+ Q + 5w~W, i.e. P + Q = 12ir - 5w = 1w ; 
also P and Q with the weight of AB balance about F\ hence we have 


whence 

and 


P x 281=6i0 x 11+ Qx 311. 

144P= 3Oi0 + 166 Q = 30 w + 166 (Iw - P), 
187 187 . 

1 60 “’“600 




168 168 
: 60 ”’“600 W ' 


Otherwise thus: Taking moments about B for the whole, we 
have 

4 i 0 . 2 cos AB(7 + 6 i 0 .|+ 810 . ^6 -| cos BAC^ = 12 t 0 . BF. 

QlO 1 

whence BF= *m ft - + 15 * 5 

ft. = 11 in., towards A. 


Again, as before, P + Q=7w ; and moments about B give 
K 6 KD 10 312 312i0 

^ • § + 6 P= l 2 ® • 120 ’ ~Io ' 5 


whence P and Q, as before. 

7. Let D and F be the middle points of AP and BC respectively, 
W be the weight of each rod, T be the tensiod of the connecting 
string, and $ be the angle AB makes with the vertioal. 

* h. 8 . K. ' 11 
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The tension S of the suspending string at .4= the weight of the 
whole = 2W. Also O, the centre of gravity of the system, is the 
middle point of BE , and A G is vertical ; hence, if G1I be perpen- 
dicular to AB t we have 


tan BAG=^ = ^BE^AB = 


1 

3* 


i.e. 


0 = tan _1 


1 

3* 


Hence BC makes an L tan” 1 g with the horizon, and the connect- 
ing btnng makes equal angles of 45° with AB and BG. For the 
equilibrium of AB t taking moments about B t we have, if 2 a be the 
length of a rod, 


T. a sin 45° + W . a siu 0 = 2 W . 2a sin 9 , 


, J 2 =! tJ*. 


For BC, if Y and X be the vertical and horizontal components 
respectively of the action at B, resolving vertically and horizontally, 
we have 


Y+W=T Bin (45° 1- 0) = (oos 0 + sin 0), 
v ^ 

T 

and X=T oos (45° + 0) = - (oos 9 - sin 0 ) ; 

V* 

. „ 3 W 3 + 1 2JK_ JK 
“ ~>J10 ‘ >J10 10 5' 


and 

hence the action 


3JF 3-l_G17_31K 
. ~^0 ' 10 - 10 " 6 ’’ 


= JX>+ 7 3 = j VIT9= ^ VlO, 


acting at an angle 


to the horizon. 


tan- 1 tan- 1 !) 


8. Let T be the equal tension in the strings OA and 0(7, T ' be 
the tension in the string OB , and R be the action at the hinge B . 
The triangles OAB and OBG are equilateral, and the angles are each 
60°. For the system, resolving vertically, we have 

r + 22 , cos 60° =2 IT, 
r + 2’=21F 


so that 


«U). 
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For ABj taking moments about B , we have 

T. 12 sin 60°= W. 6 sin 60°. 


Hence from (1), 


/. T= 


W 
2 - 


T / = 2FP - 


W_3W 
2 ~ 2 * 


Also, resolving horizontally, we have 


R = T cob 30°, 


i4 B-E n/» gVg 
2 ' 2 " 4 ' 
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9. Let P be the vertical pressure at the middle point of B<7, R be 
the normal pressure at A or D, and 0 be the centre of the sphere. 
Then, for equilibrium, ABCD is in a vertical plane through 0; 

and AB = \aO, so that 

a 

L AOB = tan -1 \=0, say; 

2 


thus AO makes an L 20 with the vertical, and if W, 2JV and W be the 
weights of the beams respectively, for AB, moments about B give 


since AB is perpendicular to AO , 


R.l=W. ^.coa 2$, 


2 ? = 
t 


W cos 20 


Also, resolving vertically for the whole, wo have 
4JT=P + 2B cos 20 ; 

hence, from (1), PS4IK- TFcos 2 20; 




now 


COS 0=-rz. 

V 6 

o 

cos 20=2 oos a 0- l = g - 1 
o 


3 

5 5 


•• *="(*-&)-** 


91 

X 100' 


10. Let the weights of the rods be aw t bw and cw 9 and R and S 
be the vertical aotions on BG of the joints at B and C respectively. 
For the equilibrium of BC } B + S = iw>, and R must = £, 


t,e. 



i 


1 1 — 2 
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i.e, the action at each joints half the weight of the middle rod. For 
the equilibrium of AB, the pressure of the peg P, vertically upwards, 


= aw+R=aw + 


bu 

IT 5 


hence moments -about B give 

a nn / bw\ 
aw.^BPlaw + ^ji 


i.e. 


BP= 


2 a + b' 


also, resolving horizontally, the horizontal action at B=0. Similarly, 


CQz 


interchanging a and c ; 


PQ= 


2c + b* 


+ 0 ^ + 6 . 


2a + 6 2c + 6 

Of course if the pegs were within BG , the outer rods would swing 
.round into a vertical position. 

bw 


Otherwise thus: R = S= — , as before. 
For AB, taking moments about P, we have 

R.BP=aw(^-Bp'j, 

• b ^- BP=aw (r BP )< 


whence 


PP= 


2a + 6 * 

For CD, taking moments about Q, we have 


i.e. 

whence 


8.CQ=cwQ-CQy 

T- CQ=c “(§" CQ ) t 


0Q-. 


2c + 6* 


11. Since the weights and lengths of AB and .40 are the same, 
for the equilibrium of the system the oommon centre of gravity must 
be vertically below A , and the rods make equal angles 9 with the 
vertical; also the bar BD being in equilibrium under some force at B, 
and the reaction of AC at D which is perpendicular to AO, (the ring 
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being smooth), these forces must be in the same straight line; and 
therefore act along BD ; thus the L BDA is a right angle, and 
. „ a BD b 
■ "*™=jB m a' 

2 a sin 0 cos 0 = b (sin 2 0 + cos 2 0), 
b tan 8 0- 2a tan 0 + 6=0, 


whence 


tan 0= 


_o± *Ja?-b* 


Now 20 <^, so that 0<^, and tan0<l; but since b must be <a, 

or else equilibrium is impossible (of. the value of tan 0), the upper sign 

of the radical would make * tan 0 >t> and. therefore, tan0>l: hence 

o 

the lower sign only is applicable, and then 

a _ a - JaP-ti 1 __ a a - (a* - fr 2 ) 

6[a + s/aP^W]* 
b 


tan 0 = 


b 

0=stan~ 1 


W , 


a+ ^/a 2 - b 2 


12. Let be the weight, and 2a be the length of each rod; 

T be the tension of the connecting string, and Y and X be the vertical 
and horizontal components respectively of the action at B. For the 
equilibrium of AB , taking moments about A , we have 


X . 2a sin 45°+ Y. 2 a sin 46°= ~ . a sm 45°. 

i 4 

W 

•■■ X+Y =i 


• (ii 


For tho equilibrium of BC, resolving vertically, we have 
T W 

— a V -I 

a + 4 


( 2 ), 


and taking moments about 0, we hare 

E J-4.V —-Y ?£ 

4 V2 "s/2 V2' 



w 

From (1) and (8), Y»0, and ^=-g-» »•«. the aotion at B or D is 

one-eighth of the total weight of the rods acting in a horizontal 
direction. 


(3). 


Also, from (2), 


*-?■ 
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13. Let ABCD be the rhombus, be the tension of the string 
AC, and 1\ be the tension of the string BD. Let 0 be the point of 
intersection of AC and BD, which are at right angles to one another. 
The rod AB is in equilibrium under the actions upon it of the joints 
at A and B\ these actions must therefore be equal (P, Bay) and 
opposite, and both act along AB. Similarly the action of the joint 
A on the rod AD is P along AD. Thus at A we have three forces 
2\, P and P along AC, BA and DA, respectively, parallel to the sides 
of the triangle ACD\ therefore T x \ P=AC : CD. So at B we have 
three forces P and P along BD, AB and BC, respectively, parallel 
to the sides of the triangle BJDC ; therefore 
T a : P=BD : CD ; 

hence Tj : T % -AG : BD. Q.nj). 

Otherwise thus: If the lOAB = 0, we have 
' T l = 2Pcoa&, and T a =2PBin0; 

1\ : T g = cosd : sin 0-OA : OB = AC > BD. 

EXAMPLES. XXXVLL (Page 285.) 

1. Let x and y be the stretched lengths of AB and BC , and 
T and be their tensions, respectively. Then for the equilibrium 
of W at B f we have T= IV +T j ; and for the equilibrium of W at C, 
we have 1\ = IF. 

A r*2TF; 

2JK=X~ = 41F — . 
c c 

c j 8c 

/. x-c=- , and — % 

Also T, = W=iW V ~- , 

1 c 

so that y - c=| » V = ~^ m 

2. Let ACB be the string, C be its middle point, and T and $ bo 
(symmetrically) the tension and inclination to the vertical, re- 
spectively, of either AC or BC. Then we have 

2T 008 0 = W, 

and AD=(AC+CB) sin B. 

♦\ AC + CB - AB= extension = AB * . B1 " ; 

sin B 9 

T <rfP(l-sin0)_ W l-sin0_ W 
" 1 AB sin B "75* *in0 “ 2oos B 5 

A cos 0 (1 - sin 0) sin 0. 
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4(1 - siu a 0) (1 - sin 0) 9 =3 gin a 0. 

4 - 8 sin 0 - 3 sin 9 0 + 8 sin 8 0-4 sin 4 0-0. 

4(1-2 sin 0) - 3 sin 9 0 (1 - 2 sin 0) + 2 sin 8 0 (1 - *2 sin 0) = 0, 
which is satisfied by 

l-2sin0=O, i.e. sin 0=5, 

A 

i.e. 0 = 30°, i.e. 20 = 60°. 


3. Here AB = 2a, and the extension 
2 a 

= -. ~-2c; 
sin 0 


also 

as before ; 


i.e. 


2Tcos0=ir, 


r-JT =x(_ 2 ? -O 

2cos0 \sm0 / 

W , . a - c sin 0 

... — tnn 0= - . 

TV . „ . „ a 

— tan 0 + sin 0 = -. 

2\ c 


1 

2cj* 


4. Let W be the weight of tho body, R be the reaction of the 
plane, and T be the tension. 

We have 

r= w *— a (i), 

a 

R=W. cos a .(2), 

and T+J2tafiX=irsina (3). 

Substituting (1) and (2) in (3), we have 

x-a . % 

Hcos a tan X = sin a. 

. a 

x „ , 

1 + sin a -cos a tan X, 

x 

i,e. -= 1 + sin (a - X) secX. 

a ' ' 


5. Let AB, BC , CD and DA bo tho four rods, and A be the point 
of suspension. Let W be the weight of a rod, T be the tension of CA, 
and R be the action at (7. Taking moments about A for the equi- 
librium ol AB and BC as one system, we have 

w 

2 • 


R 
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Also, taking moments about B for the rod BQ % we have 
— — -W a 4 - R a 

2 V2 2*/2 +jK V2’ 


whence 

But T=X 

if x be the unstretehed length ; 


T=2W. 

-\ a sfe~ x 


whence 


2W=W- 'fi - 

X 

,\ 2x=aJ% - x, 
fl\/2 


0. 5 lbs. wt —X i bo that X = 10 lbs. wt. 

/. tension, when the length is 12 inohes,=X ~ jg~ = 2 lbs. wt. 
work done = extension x mean of the two tensions 

= i2 ft,x ~r lba - w ‘-=s ft - lb - 


7. When its extension is four inches, its tension is four pounds wt. 
required work done = ^ ft. lbs. wt. = | ft.-lb. 


EXAMPLES. XXXVIII. (Pages 293-296.) 

1. Scale — 1 foot = 1 inoh. Draw AB=6 ins.; C is found by 
describing circles round A and B of radii 4 ins. and 5 ins. re- 
spectively. If D be the centre of BO , and Q be the centre of gravity 
of the lamina, 

OD=~AD. 
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Draw DO, perpendicular to BQ, meeting the vertioal (upwards) 
through Gin 0; join BO. On the scale 10 lbs. = 1 inch make OE 
in the vertical through G (downwards) =30 lbs. ; draw EF parallel to 
OB, meeting OD produced in F ; then FO represents the pressure on 
the prop, and EF represents the strain at the hinge on the scale of 
10 lbs. wt. to the inch. Also, the angle ABO must be measured with 
a protractor and is found to be = l° 40', nearly. 

2 . Draw BC horizontal and equal to 2 inohes and CA vertical ; 
with oentre B and radius 6 inohes draw an arc of a circle to meet 
CA in A. On the scale of 5 feet to 1 inch BA represents the 
position of the ladder. 

Draw AD horizontal 

In the first case through the middle point G of BA draw GD 
vertical to meet AD in D and join BD. Then BD is the direction of 
the resultant force at B. 

On DO take a point F where DF is 6 inohes ; on the scale of 
80 lbs. wt. to an inch, DF therefore represents the weight. Draw 
FH horizontal to meet BD in E. Then HD represents the required 
reaction ; if it be measured in inches, we shall have the reaction on 
the scale of 80 lbs. wt. to the inch. 

In the second case let Q 1 be the position of the weight so that 
Gj bisects GA; the centre of gravity G' of the ladder and weight 
will therefore be such that 

150GG' = 1120'Gj . 

Hence 262GG' = 112GG X = 28 AB, 

.*. inohes= -641 inch, 

on our scale. 

Through G' draw G'D' vertically to meet AD in D' and join BD'. 
Take D'F ' equal to 8}i, bo that D'F 1 represents 262 lbs. on the scale 
of 80 lbs. wt. to the inch. Draw F'H' horizontally to meet D'B in IT ; 
then, as before, by measuring H'D' we have the required reaotion. 

3 . Draw the plane at an angle of 45° with the horizontal, and let 
P be the point of the mass at which the forces are applied. The 
resultant reaotion is therefore opposite to the resultant of the two 
forces of 10 lbs. weight. 

Measure equal distances PL and PM respectively up the plane 
and vertically downwards. Bisect LM in N and draw NP, producing 
it to Q. Then PQ is the direction of the resultant reaotion and the 
tangent -of the angle it makes with the normal to the plane is the 
required coefficient of friotion. Draw PR perpendicular to the 
inclined plane. On PQ take Q suoh that PQ is 1 inch and draw 
QR perpendicular to PQ to meet PR in B. The number of inches in 
QR is then equal to the tangent of the angle RPQ , i.e. to the required 
coefficient of friction. 
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4. Take OP to represent the first force on the soale of 
1 lb. =1 inch, and with centres 0 and P and radii to represent the 
other two forces on the same scale, describe circles meeting in Q\ 
then OPQ is a triangle of forces, and if PR be drawn parallel to QO, 
and OP be produced to 8, the required angles are RPQ, QPS and 
8 PR, and they may now be measured by a protractor. Also, if A, B 
and 0 be the given points on the disc, by drawing through A a 
parallel to OP, through B a parallel to PR, and through C a parallel 
to PQ, the arrangement of the forces is determined by describing 
a circle on the segment AB having an angle in that segment equal to 
the angle SPR, and another on BC with an angle equal to the angle 
RPQ. These circles meet in a point H through which the three 
forces must aot, so that their arrangement is along HA, HB and HG. 
These two circles are, of course, those circumscribing ABD an fit BCE, 
j D and E being the points in whioh the lines through A and B meet, 
and the lines through B and 0 meet, respectively. The construction 
is, therefore, to bisect AT) and BD and from their points of bisection 
erect perpendiculars to them, and the centre of the circle is the point 
in which the perpendiculars meet. Similarly with the other oircle. 

5. Draw the block on the soale given, making BC to CD as 
3 to 6. 

Let 0 be the centre of gravity of the block, and E and F the middle 
points of DC and CF respectively. Sinoe EF is parallel to DB, the 
force we have to find acts in the direction EF. Since three of the 
forces go through E, the resultant reaction of the plane must also 
pass through E . 

Draw OK horizontally in the direction ED and take OK equal to 
one-half of OE ; then EK is the direction of the resultant reaction. 

Take any vertical line LM, 4 inches in length, to represent the 
weight of 40 lbs. 

Draw MN horizontally and parallel to EK, making MN equal to 

1 inch, so that it represents the foroe 10 lbs. wt. 

Draw NP parallel to EK and LP parallel to FE , and let them 
meet in P. Then, by the Polygon of Forces, PL represents the 
required force on the scale of 10 lbs. to the inoh. 

6. Draw a horizontal line AB equal to 3 inches and then BC 
vertically and equal to 1 inoh, so that AC is the plane. Let E be 
the point at whioh the forces aot. Draw EL perpendicular to the 
plane and equal to 2 inches, and through L draw LM perpendicular to 
EL (downwards) and equal to 1 inoh. Then EM is the direction of 
the resultant reaction at E . Draw EH, making an angle of 40° with 
EC, so that it is the direction of the required force. 

Draw EO vertically downwards and equal to 2 inohes to represent 
the weight 100 lbs. of the body. Through O draw OF parallel to EH 
to meet ME produced in F, 

Then OF represents the required foroe on the same scale that 

2 inohes represent 100 lbs. 
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For the second oase produce ML to N so that LN equals ML. 
Then EN is now the direction of the resultant reaction at E. Draw 
EK making z AEK equal to 40°. Through G draw GF’ parallel to 
EK to meet NE produced in F\ On the same scale as before GF ' 
now represents the required force. 

7. Draw the triangle on a much smaller soale than that given. 

Draw PQ parallel to AC and equal to 4 inches [scale — 2 units of 

force = one inch] and QR, RS , ST parallel to BD , BA , and CB 
respectively and equal to 1, and 4 inches. Then PT represents the 
resultant in magnitude and direction. 

Take any point 0 and join OP, OQ, OR, OS, OT. 

On AC take any point a; draw ab parallel to OQ to meet BD in b, 
be parallel to OR to meet BA in e, cd parallel to OS to meet BC in d, 
and de parallel to OT to meet in e a line drawn through a parallel to 
OP; then, by Art. 218, e is a point on the resultant. 

Hence if through e we draw a straight line parallel to PT we have 
the line of aotion of the resultant. Also, on measuring PT, we have 
the magnitude on the scale one inch = 2 units of force. 

8. (1) Draw LM, MN parallel to the forces 7, 5 and propor- 
tional to them. Take any pole 0 and join OL, OM , ON. On the 
first force take any point l; draw Im parallel to OM to meet the 
second force in m ; through m and l draw mn, In parallel to NO, OL 
to meet in n. By Art. 220 the resultant required passeB through ». 
Draw nD parallel to the two forces to meet AB in D and measure AD. 

(2) The construction is the same as in (1) except that now N is 
between L and M. D will be fqund to lie on DA produced. 

9. Let the weights be hung on at points A , B, C. Draw a 
vertical line LMNP making LM— 2 ins., MN= 4 ins., and NP= 3 ins. 
Take any convenient point O and join OL, OM, ON, OP. Take any 
point l on the vertical through A ; draw Im parallel to OM to meet the 
vertical through J3 in m, and mn parallel to ON to meet the vertical 
through G in n. Through l, n draw lines Ip, np parallel to OL and 
OP to meet in p. Then, by Art. 220, the vertical througli p is the 
required line of aotion. 

10. The construction in this case is the same as in the last 
except that there are four component forces so that we must start with 
a vertical line LMNPQ. 

11 . Draw the triangle ABC to scale. Draw KL vertically, and 
equal to 5 inohes, to represent the weight on the scale of 10 lbs. to 
the inch. 

Draw KM horizontal and LM parallel to CB. Then KM, LM 
represent the tension Tj in AB and the thrust T % in CB. 



172 


ELEMENTS OF STATICS 


Ez«. 


Draw LN horizontal and MN vertical. Then LNM 1b a triangle, 
of forces for the joint C , so that LN represents the reaotion of the 
stop and NM the tension T z in CA. 

On measuring KM, LM, NM in Inches, and multiplying by 10, we 
have the values of T lt T % , T $ in lbs. wt. 

12. Let one inch represent one lb. The forces along AB , CD 
are equivalent to 8 lbs. parallel to AB through a point F on BC 
produced such that CF=$BC. The forces along BC and AD are 
equivalent to 2 lbs. parallel to AD through a point E on BA produced 
such that AE=BA. 

Through F, E draw lines parallel to BA and AD and let them 
meet in N. On FN produced and NE, produced if necessary, take 
distances NK and NL equal to 3 and 2 inches respectively. Complete 
the parallelogram KNLM . Then NM is the required resultant and 
will be found to be 3*6 inches. If MN produced meet BC in G, then 
clearly angle BGN= iLNM= tan _1 f, and FG will be found to be 
| BO. 

13. Let D be the middle point of AB and F the point of the 
ground to which the rope is attached. Draw DE vertically to meet 
CF in E, 

By symmetry the resultant action of the two beams is along DC, 
The triangle DCE is therefore a triangle of forces for this resultant 
action, the tension of the rope and the weight 10 owt. 

Since L EDC=90°- 70°=20°, and iDCF= 70°-60°=20°, we 
have EC equal to ED, so that the tension of the rope is 10 owt. 

Hence the action along DC balances two forces each equal to 
10 owt. inclined to it at 20° each. 

Consider now the triangle ACB where the angles A CD and BCD 
are each 20°. It follows that the aotion along each of the beams BC 
and AC is 10 owt. 

14. Let 1 ft. be represented by half an inch. Draw AE (=7i Ins.) 
horizontally and then EC (=10 inohes) vertically. On AE take AF 
(=6 ins.) and FB vertically (=4j inohes). Then AB is inohes, so 
that it represents the beam whose length is 15 ft. 

Bisect AB in <7. Draw GL vertically to meet the line OB produced 
in L and join AL, Draw BM parallel to L A to meet LO produced in 
M. Then LBM is a triangle of foroes for the system. Measure the 
distances ML, LB, and BM. 

tension _ 140 lbs. wt. __ total pressure 

16 ML * BM 

Again, measure the distanoe DL , where GL meets AF in D. 
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The coefficient of Motion then 


= tan ALD=— = — . 

DL DL 


and ia therefore known. 


15. Draw a triangle ABG whose sides BC, CA, and AB are pro- 
portional to 9, 8 and 7 [equal, say, to 4^, 4 and 3^ inches]. 

Let D, E, F be the middle points of the sides BO, CA , and AB. 

Let T x , T,, and T t , be the actions in the sides BC, GA, and AB. 

Produce AD and on it take a line MN , 2 \ ins. in length, to repre- 
sent P (=50 lbs. wt.), so that the scale is 20 lbs. wt. to an inch. 

Through N draw NL parallel to EB and through M draw ML 
parallel to CF. Then MNL is a triangle of forces for P, Q and R. 
Hence, by measuring NL and LM, the forces Q and R are known by 
allowing 20 lbs. wt. for each inch. 

Again, draw NO and MO parallel respectively to AB and CA. It 
will then be found that LO is parallel to BC. The triangle MNO is 
therefore a triangle of forces for the forces at the point A , so that T t 
and T s are found by measuring the lengths MO and NO. 

Similarly LOM is a triangle of foroes for the point C, so that T x is 
known by measuring OL. 

By drawing the triangle MNL and constructing the point O as in 
the last example we obtain the forces proportional to MN, NL, and 
LM, and the stresses in the bars proportional to OL, OM , and ON. 

10. Draw the normals at A and B, the first being below the rod 
and the second above. Through A and B draw, on the sides toward 
the upper end of the rods, two lines inclined at X, the angle of 
Motion, to these perpendiculars. Through the point where these 
two meet draw the vertical to meet the rod in G. This point will be 
the limiting position of the centre of gravity. If the inclination of 
the rod to the horizon be <X, then the inclination of the normal 
at B to the vertical will be less than X, and then the line drawn 
through B will meet the line drawn through A toward the lower end 
of the rod. In this case the limiting position of O would appear to 
be between A and B , which is impossible, i.e. there is no limiting 
position, i.e. if the inclination of the rod to the horizon be <X, the 
rod will rest in any position in whioh the centre of gravity is above B. 

17. Beplace the wt. of 100 lbs. by two weights, each of 50 lbs., 
placed at A and B. 

Let 25 lbs. wt. be represented by one inch. Draw AL vertical and 
equal to two inches. Through L draw LM, parallel to AB, to meet 
OA produced backward in M. Then LM represents the action 
along AB. Draw MN perpendicular to AL. Then MN represents 
the Force P and LN represents the tension in BD - 50 lbs. wt. On 
measurement, MN is one inch, so that P= 25 lbs. wt. 
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18. Let R, 8 be the reaotlona at B and C. Let W be represented 
by two inohes. Draw B'C' vertioal and =2 inches. Take any 
point 0. Join OB', OC'. On the line of action of R take any 

S oint a; draw a/ 3 parallel to OB' to meet vertical through E in 0; 
raw py parallel to OC ' to meet the vertical through 0 in 7; join ay 
and draw OD ' parallel to ay to meet B'C " in D\ Then C'D* represents 
S and D'B' represents R. 

Let BF meet the line of action of R in O and join GA ; then GA 
is the line of aotion of the action at the hinge A. 

Draw D'E' parallel to FD and E'B f parallel to GA. Then 
B'C* D'E' is the polygon of forces [reducing to a triangle of forces] 
for the rod AC. Thus D'E' represents the tension of the string. On 

W 

measurement D'E'=: one inch; the tensions — . 

a 

19. Let P, Q, R be the required forces along AC , AF , and BE 
respectively. The two forces at E have a resultant passing through E 
ana the two forces at A have one passing through A. If therefore 
we are to have equilibrium the lines of action of the two resultants 
must be EA and AE. Let 1 inch represent 10 lbs. wt. Draw LM 
parallel to .EC and 4 inches in length. Draw MN parallel to AE and 
NL parallel to BE. Then NL represents R. Draw MO parallel to 
AC and NO parallel to FA. Then MO, ON, NM represent P, Q, and 
the resultant at E and therefore give equilibrium. On measurement, 
MO=l inch, ON= 1-732 and NL = 3-4Q4 inches, /. etc. 

20. By symmetry the value of R is 10 cwt. 

Draw KL vertically upwards and of length 2 inches 

[scale — 5 cwt. — 1 inch]. 

Draw LM horizontal and KM parallel to the left-hand side rod. 
Then LM, KM represent T A and ’1 \ . 

At M draw MN vertically and equal to 1 inch, and through N 
draw NP parallel to MK, and through K draw KP parallel to the 
right-hand side rod. Then NP, PK represent T fl and T 9 . Produce 
KP to meet MN in Q. Then PNQ is the triangle of forces for the 
upper joint, so that NQ represents 10 owt. + T 5 . But, by geometry, 
we easily have NQ = 3 MN = 15 cwt. 

Therefore T s =5 cwt. (T 6 acting downwards at the vertex of the 
system). 

On measurement, we have the results in the answer. 

T 4 and T 5 are ties; the others are struts. 

■s 

21. The reaotion R at A is clearly 5 owt. Draw KL vertioal 
upwards and equal to 2 inches [scale— one inch = 2^ cwt.]; draw 
KM parallel to CA and LM parallel to DA. Then MK, ML represent 
T x and T % . 
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Draw MP parallel to DB to meet LK produced at P. Then XP 
represents the total vertically downward thrust at Z>. 

Draw MO horizontal to meet KP in 0. Then 

LP=2LO=2LK+2KO = 10 cwt. + 2£D. 

Therefore T, is represented by 2 KO. 

Measure therefore MK, ML, and 2 KO ; on the scale 1 inoh = 2 J owt. 
we have T lf T a , T s . 

2\ is a strut*; T a and T 9 are ties. 

22. Dot T lt T u , T 8 , T 4 be the actions in the parts AB, AC, 
CB, CD. 

Draw KL vertically downwards and equal 3 inches 

[scale — 5 cwt. = l inoh]. 

Draw KM, LM parallel to CA, BA. Then KLM is a triangle of 
forces for the point A and LM, KM represent T x and 1\ respectively. 

Draw MN vertically to meet KN, drawn through K parallel to DC, 
in N. Then KMN is a triangle of forces for the joint C, and hence 
MN, NK represent T s and T 4 . 

On measuring LM, KM, KN we have T x , T 2 , T 4 on the scale 
1 inch =5 owt. 

Tj is a strut; T a and T 4 ar^ties. 

23. This example is drawn just like the one given on page 292; 
in this case the point 5 will come below p instead of above. 

< 

24. Construct the figure ABCD of the shape given. Draw KL 
equal to 4 inches to represent the action at A [it must act along CA 
for equilibrium of the whole figure] ; the scale is one inoh =s 10 lbs. 

Draw LM, KM parallel to AB, AD ; then LM, MK represent T x 
and T 4 where T x , T 2 , T«, T A , T B are the actions in the rods AB, BC, 
CD, DA, DB respectively. 

Draw LN, MN parallel to DB, BC respectively; then they repre- 
sent T 6 and T a ; through M, N draw MP and NP parallel to CD and 
AO; then MP will represent T t and NP will be found to be 4 inohes 
as it should. ^ 

On measurement we have the actions on the scale 10 lbs. = 1 inoh. 

T 0 is a strut; the others are ties. 
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EXAMPLES. XXXIX. (Pages 316, 317.) 

1. Let ABCD be the rhombus, A being the highest point. Let 
E , F t O t H be the middle points of AB y BC, CD, DA. Then the 
depths of F and O below A are three times those of E or H , so that, 
if in any displacement E ascends x, then the total work done against 
the weights 

= W . x + W . x + W . + W : 3a? as 8 Wx . 

Let now the displacement be such that a becomes a + 6, so that E 
goes to L. Draw LN vertical and EN horizontal. Then NL^x and 
total work against the weights =817. NL. Also work done by rod 
=Tx 2 EN, where T is its tension, since the displacement is supposed 
to be symmetrical, and so H is displaced similarly to E. 

/. Tx2EN=8W:NL. 

NT 

A T=4r.^= = 4JF tan LEN^AW oot AEH=4W tan a, 

X&iV • 

since 9 is supposed to he infinitely small, and thus the angle AEL is 
indefinitely near a right angle. 
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2. Let l BCD he the rhombus having AD fixed in a horizontal 
position; let AO be the shorter diagonal, so that ADO is an aonte 
angle. Let the diagonals interseot in 0 ; from E % the middle point 
of CD, draw EF perpendicular to AD, Let EF=x. 

Let L ADB = L ODB = a. 

Then a=2 . A0=2b sin a, 

and 3 = sin 2a. 

Let a displacement take place by which a becomes a + 0, a becomes 
a-fcc, and x becomes x+y, where 0, c, and y are Bmall. 

Then a + ca2b Bin (a + 0) and a? + y = 4bsin (2a+20). 

.\ c=2b[sin a + 0- sin a]==46 cos ^a + Q sin 

and y = | [sin (2a + 20) - sin 2a ] = b cos (2a + 0) sin 0. 

Since depth of the middle point of PC is twice that of E, the virtual 
work of the weights of the rods 

= W .y + W ,y+W.2y*m±W ,y. 

The equation of virtual work gives 

T . c - 4 IF. y = 0. 

T=4W'x?=4IFx 
c 



oos (2a + 0) COB ^ 

=2 W i i — =2>K — , when 8 is zero, 

7 cos a 

008 2 / , 

. 4 ^ ~-? aa - =2Tr 26 *~ a!l . 

sjl - Bin 1 a Zb Jib* -a? bjib'-a* 


3 . Produce AB to K so that L KBC =60°. Lot a be length of a 
side of the hexagon ; then 

FO = 2 + 2a cos 60° » 2a. 

Let KBC become 60° + 0, where 0 is small, And FO become 2a+£. 
Then 

2 a+*aa+2a cos (6O° + 0)=a + 2a[cos 60° cos 0 + sin 60° sin 0]; 
x=a [cos 0- 1 + ^/3 sin 0], 

Let y be the height of the centre of gravity of BO above its original 
position. Then 

y ai > sin (60° + 0) - g sin 60° 

* 2. 2 con ^00° + ^ sin £=a cos ^60° + 0 sin|. 


L. 8. K. 


12 
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The oentres of gravity of CD and EF rise a distance 8 y, and that 
of DE rises 4 y. The equation of virtual work gives 

Txx=W>y+W.$y+ W. 4y + W. 8y + W. y = 12JF. y\ 

cob ( 60° + sin 5 oos^60° + ^) 

A T=12W — i U j=12W \ V - g 

V8 Bin 0 - 2 sin* g 2 ^3 oos - - 2 sin g 

ml2 W when 6 becomes zero, 

2^3 

= 2^=^ 3 - 

4. Let OA, OB , 0(7 be the three rods, 0 being the upper end of 
each. 

Let the vertical through 0 meet the plane ABC in 0\ and let 
00'= 6. The sides of the triangle ABC are each 26, and O' is the 
ciroumoentre of the triangle, so that 

BC _26 
u ^^sinGO 0 "^’ 

A 7.3 

A h*=0B*-O'B*=a*- T (1). 

Let the vertex 0 be displaced through a distance y , so that h 
becomes 7*-y, and 6 becomes b + x . Then (1) gives 

(ft-y) 3 =a»-|(&+x)« (2). 

Subtracting (2) from (1), we have 

2hy-y i =^(2bx-bx' t ). 

Negleoting the squares of small quantities, this equation gives 

2hy=^bx, i.e. ( 3 )- 

If T be the required tension, the equation of virtual work gives 

SxTxx=W xy+Svx^. 

. Tj 2^+3«. y 2IT+3tt 4ft_2 b 

■ T 2 8* 2 9ft 8' \/da*-12 6* 

by equation (1). 

5. Let ABOD be the square, A being the highest point, so that 
LCAD=lCAB=W. 
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Let a displacement be considered by which L CAD becomes 
45°+ 0, where 0 is small. Then change in the length BD 

= 2 a sin (45° + 0) - 2a sin 46° 

= 2a x 2 cos ^46° + 0 sin jj = 4aoos ^45°+ fiin 

where a is the side of the square. 

The o. a. of AD rises through a distance 


a 

-2 008 


45° - ^ cos (45° + Q) = a sin ^45° + 0 sir 


2 * 


The o.o. of BC or CD rises through three times this distance. 
Also B and D rise twice and C four times this distance. The 
equation of virtual work gives 

T x 4a cos ( 45°+ ^ sir 0 




2 


= {W+3W+3W+ W + 2W+4W+2W) x a sin ^45°+ Q hin 


2* 


’( 45 ° + 2 ) 


when 6 is zero. 


6. Let the angle BAC he a, and let a displacement be imagined 
by which a becomes a + 0. The increase in the length of DB 

= 2 a sin (a + 0) -2a sin a = 4a cos ^a + ^ sin 

The decrease in the height above A of the middle point of AB 


a 

: jj cos a 


- 7 ? cos (a + 0)=a sin ^a + |^ sir 


2 ' 


The height of the middle points of BC or CD decreases by three 
timeB this quantity. The equation of virtual work gives 

Tx 4a cos ^a + ~^ B i n £ = (JF+3JP+3FT + W) x a sin ^ a + ^) s * n 

i.e. T— ~~ tan (a + |) = 24K tan a, 

when B is made zero, 

£ 

-2>V =2tT ; 2a ..=2r - 

Vl-sin *a /, P ^4a*-P 

V 1- 4a» 


12—2 
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7. In the position of equilibrium let y be the radius of the String, 
and * its depth, so that 

y=stana (!)• 


Let a displacement be imagined in which x becomes x + h and y 
becomes y + k so that 

y + k = (x + h) tan a (*) • 

Subtracting (1) from (2) we have 

k = h tan a. 


The equation of Virtual Work gives 

T [2r (y + h) - 2vy] = W . h % 


r foot.. 

2t k 27 r 


But, by Hooke’s Law, 


T=X 


2 wy - 2ira 
2 Td 


.*.J, = a[ 1 + |]=a[ 1 + 2 ^ oot «]. 

8. Let the rod AB touch the circle in D ; let G be its centre of 
gravity and O the centre of the circle. 


The height of O above 0 = ht. of A above 0 - ht. of A above O 

= OD cosec d - & cos 6 = -t~l -booB0. 

sind 

Let the displacement be such that 0 becomes d + a, where a is 
small. The reaction at D does not come into the equation of virtual 
work, since the displacement of D is perpendioular to the direction of 
the reaction; nor does the mutual reaction at A between the rods. 
Hence the equation of virtual work gives only 

W[( - b cos — - b cos d+SYLo. 

L\sind J \sin 0 + a ) J 

Now, since a is very small, 

sin (d + a) = sind + oosd.a, 
cos (d + a) = oos d - sin d . a, 

1 1 
sin (d + a) *sind(l + acotd) 

«-t— -*( 1 — aoottf). 

Bind' 

Hence, substituting in the above and cancelling like terms, we 
have 


and 
so that 
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a 

i.e . g^-gcot0=&sin0 # 

i.e. a cos 0=fe sin 3 0. 

9. Let ABCD be the rhombus; let AC, BD meet in O and put 
AO=zOC=x, BO=OD=y. 

Let T, T' be the tensions of AC and BD. Let the displacement be 
such that x and y become x + h, and y + k. Since diagonals of a 
rhombus interseot at right angles, we have 

a 8 + 2/a = A B i = (x + hf + (y + k)\ 
so that Q=2xh+h 2 +2yk+k 2 , 

i.e. Q=xh+yk, on neglecting squares of Bmall quantities. 

h y 
•'* k~~x' 

But the equation of virtual work gives 

Tx change in length of AC+ T' x change of BD= 0, 
is. Tx2h+T'x2k=0. 

JT_ k__x 
T'~ ~h~~y' 

•\ T ; T‘ x : y AC : BD. 

EASY MISCELLANEOUS EXAMPLES. (Pages 318 -320.) 

IT/ 12 *1 5 

1. If 8100 = ^, then cos a = — . 

la ^ la 

Hence, by Art. 27, we have 

R=*J (18)>+(14)» + 2.13.14( -1^=15 lbs. wt. 

Also in the Beoond figure of Art. 27, we have 

OA=BC=U, AC=OB = \a, CD= 12, and Z)A = 5; 

, GD 12 12 4 

” tan00i> =o5 = l4^6 = -9- = 3’ 

i.e. L (70D= tan" 1 g. 

2. Proceed as in Examples II. 4. 

3. Proceed as in Examples V. 7. 

A Proceed as in Examples IV. 1, with 100 lbs. wt. for 80. The 
resultant 

mOC-OB ooi80°=60 > /8=86 6 ... lbs. wt. 
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5. The forces represented by AO and CO have resultant repre- 
sented by 2 EG; and the forces represented by BO and DO have 
resultant represented by 2 FO\ but EG and FO are equal and 
opposite; hence the four forces are in equilibrium. 


6. If the pole meet the wall at the point A t the moments about 
A in the two cases, which measure the tendency of the pole to break 
at A , must be the same. Hence, if W be the weight of the pole, and 
G be its centre of gravity, we have 


W.AG + 2Qxl2 = W.AG + 8xUxx t 
where x is the required distance measured in feet; 


28x12 

8x14 


= 8 feet. 


7. Let AB be the rod, C be its middle point where its weight, 
4 oz., acts, D be the edge of the table, and W oz. be the required 

weight attached to B. Then DB — 1 ft., and DC ft. Taking 

moments about D, we have 

W.l = 4.l 

whence TP =2 oz. 


8. Let AB be the beam, A being the lower end, G be its middle 
point, W be the weight attached to the string, and P and Q be the 
vertical and horizontal components respectively of the pressure ( R ) 
on A. Then the tension of the string is equal to W. Resolving 
vertically and horizontally, we have 

P=30, and Q = W. 

Also, taking moments about A, we have 

W. AB COB 60° =30.^. Bin 60°, * 

It 


TF= 15 tan 60° = 15 ^3 =26 lbs. wt., nearly, 
and J?= N /rVg' 1 = ^900 + 675 = JUT5=40 lbs. wt., nearly. 


Otherwise thus: The directions of the three forces B, W the 
tension of the string, and the weight of the beam, 80 lbs., meet in a 
point O, and G is vertically below O. Let OG meet the ground 
in the point D. Then 


aud 


OD=^AB=AO; AD = AO sin 60°=^^— ; 
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Resolving vertically, we have 

q 

R. cos AOG= 80, i.e. R.- 7= *80. 

n/7 

a il= 15^/7 =5^/1575 = 40 lbs. wt., nearly; 
also, wc have 

W=*]R?- ( 30) 3 = a/ 675 =26 lbs. wt., nearly. 

9. Proceed as in Examples XYI1. 20. 

10. Let G be the centre of gravity, and draw GM perpendicular 
to BA, Then we have 

4. 8 + 5. 0+6. 0_ 32 
4 + 5 + 6 “15 ; 


BM=z- 


4.0 + 5.0 + 6.1 1_66_ 22, 

QM ~ 4 + 5 + 6 _ 15~ 3 15’ 

. Q 32 88 . 22 
and AM -8 16 - 16 - 4 >' 16 : 

henoo AO= JaM'+GM*^ J&+ 3»=??=7i ins. 

lo o 


11, Proceed as in Examples XVIII. 4. 

12. The centre of gravity of the complete hexagon being at O, G 
the required centre of gravity is evidently on the line joining O to the 
middle point L of the side opposite to that cut away, by symmetry. 
Let H be the centre of gravity of the triangle cut away, and K be the 
middle point of its base. Then we have 

OO : OH- wt. at H t : wt. at G=^ : ^=1 : 5; 

0 o 

••• 0 O =\ 0 H =\-l- 0 K =T 6 0 K -h 0 ^ 

OG : GL = 2: 13. 


13. Suppose each penny to project an equal distance (a, say) 
beyond the next one beneath it. Then the centre of gravity of the 
upper five pennies will be at the centre of the middle one, and, for 
equilibrium, must be vertically above the edge of the lowest penny. 
Hence, if r be the radius of a penny, we have 3a =r; and the total 

5 5 

projection of the top penny = 5a r= ^ diameter. 


14. Let P lbs. and Q lbs. be the required weights, at distances 
from the fulcrum in the ratio 3 : 2 respectively. Then we have 
3P=2<2; 

but P+Q = 20; 

A 8P=2(20-P), i.e. 5P=40, and P=8 lbs. 

/. Q=121bs. 
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15. If P lbs. wt. be the foroe, acting vertically upwards, at the 
other end, then, taking moments about the fulcrum, we have 

Px6=6x8+10x5+3xl=46. 

P=9J lbs. wt. 

Hence the pressure on the fulcrum 

=3 + 10 + 6 -P= 19 -9J = 9| lbs. wt. 


16. Taking the figure in Art. 147, with 6 pulleyB, we have 
T # =P, T 4 =2r fl -P=P, 

r f =2T 4 -p=p, T a =2r l -p=p, r 1= 2r s -p=p, 
and W=2T 1 -P = P. 


17. 


and 


Taking the figure in Art. 150, with 6 pulleys, we have 
Tj = P, T 9 =2T 1 = 2P, T 8 = 2r 3 = 4P, T 4 = 2r s =8P, 


T 0 =2T 4 =16P. 


Hence [cf. Art. 152] D and G being the points of attachment of 
the two extreme strings, we have 

Y P& x 0 + T 4 x 1 + x 2 + jTji x 3 + Tj x 4 26 . 

T, + T t +T t + T i + T 1 — 31 ’ 

__ . 26 98. 

- GX=4 -8l = 8l m - ; 

DX : XG= 26 : 98=13 : 49. 


18. Prooeed as in Examples XXVI. 8. 

19. If* be the angle the beam makes with the horizon, moments 
about the fulcrum give 

W ' . k sin 0= 8 (a cos 0 - h sin 0 ) ; 

whence U. 

20. With the notation of Art. 171, we have here 

GC=2 ins., P= 4 oz. f and IT' =2 lbs. 

Henoe, for 0, we have 

2xX6x2 = 4.CO. 

.. CO = 16 ins, 

.-. GO =18 ins. = lj ft. 

Also, the graduations are given by 

OX=p.CA, 

and are in Arith. Prog, with the common difference CA= 4 ins., P, or 
4 oz., bang the amount indicated by 1 in the scale of graduation. 
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21. By Art. 178, the meohanioal advantage 

22. I*6t a be the inclination of the plane to the horizon, W be 
the weight of the body, and A be the normal reaction. Then resolv- 
ing perpendioular and parallel to the plane, we have 


and 


W . 

R= 2" sma + TFcosa, 

W 

— cos a + fj.R = W sin a, 

TV uTV 

•\ ^ oosa+^~- sina+/iFT cob ass IT sin a; 


TV 

dividing by — cos a, we have 

l+/ft tan a + 2 /li= 2 tan a. 

( n 3\ 8 , 1 , 2 

H + i/2 2 ’ whonce ' ,= n* 

23. Take the figure on p. 260, bat the wall smooth, i.e. no 
friction at B. We have 

* 6 1 
008 =80 = 6' 


and 


•• 8inS =\/ 1 -2l = 2 6 5 - 


Let the man be on the point pi slipping when he has ascended a 
distance AX (=x). Resolving vertically and horizontally, we have 
B=5W t and 

8=n R=\x6W= 6 -%. 

Also, taking moments about A , we have 

W . 16 oos0 + 4JF.xcos0 = 5.3O sin 0. 

l5W+iWx=~ .60s/G, whenoe 

whioh is >30; henoe the man can ascend the whole length of the 
ladder without its being on the point of slipping. 

24. Volume of the chalk 

= irx5 a x600 cub. ft. ; 

weight of the ohalk 

=* 25 xwx 600 x 2-8 x 62* lbs.; 
depth of the oentre of gravity 

=300 ft, ; 
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work to be done 

= 25 x x x 600 x 2-3 x x 800 ft.-lbs. 

in (12 x 8 x 60) minutes ; hence the required h.f. 

25xyx600x^x^®x300 
= 12 x 8 x 60 x 33000 = 10 rWi- 


HARDER MISCELLANEOUS EXAMPLES. 

(Pages 320—332.) 


1. It a, b and c be the sides of the triangle ABC, since OA, OB 
and OC are all equal, the forces may be represented by a . OA, b . OB 
and c.OC ; and the resultant of b.OB and c . OC=(6+c) OE, along 
OE , where E is the point in BC such that 
b .BE=c . CE , 
i.e. BE : CE=BA : GA , 

and thus AE bisects the angle A . Hence the resultant of all three 
forces 

= (6 + c + a) 01, 

where I is the point in AE such that 

(b+c)IE=a.lA, 
i.e. I A : IE = b + c : a. 

AE : IE = a + b + r, : a; 

* S 

thUP the distance of I from BC= -=the radius of the inscribed circle; 

but the only point on the bisector of A at this distance from BC is 
tflb Centre of the inscribed circle ; hence I must be this centre. 


2. Let P, Q and S be the forces acting along the sides BG , GA 
and AB respectively. Let O ' be the orthocentre, and O be the centre 
of gravity of the triangle ; also let D , E and F be the feet of the 
perpendiculars from O' on BC , CA and AB respectively, and GR be 
perpendicular to BG. Then 

0'jD=2ftcosJ3cos(7, 0'E=2R<mC cosi, and 0'P=2.ftcos.dcoB.B, 
where R is the radius of the circumscribing circle ; also 




Since the resultant of P, Q and S passes through O' and G t the 
algebraical sum of the moments of P, Q and S about eaoh of those 
points is zero. Hence we have 

P.2PoosBoos(7 + Q k2P oob G oos A + 8 , 2R cos A ooaB=*0, 
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and 

p \ t + «-S +s -S= 0; 


whence 

PcosBcos C+Qcos Ceos A + ScosX cosP=0, 


and 

PsinPsin C+Qsin Csin A + P sin-d sinP=0. 



Hence, solving by oross multiplication, we have 

P Q _ S 

sin 2 A sin (P - C) sin 2 B sin (C - A) sin 26’ sin (A - B) 9 
Again, if 0 and I be the centres of the circumscribing and in- 
scribed oircles, and R and r be the radii, respectively, the perpen- 
diculars from 0 on the sides PC, CA and AB are R cos A, R cos B and 
R cos 0 respectively ; and the perpendiculars from I on the sides are 
each equal to r. If the resultant paRs through O and I, the alge- 
braical sum of the moments of P, Q and S about each of those points 
is zero. Hence we have 

P .R cob A + Q . RcoaB + S . Rcoa C = 0, 
and P.r+Q.r + P.r=0. 

Hence, solving by cross multiplication, we have 

P Q 8 

cos B - cob G cos C - cos A cos A - cos B ’ 


3. As in Ex. 11, p. 146, the resultant of the first three forces is 
SPG acting toward G the centre of gravity of the triangle ABC. So 
the resultant of the second three forces is 3 GQ. Hence the resultant 
of all the forces is, by the triangle of forces, a force through G 
parallel to PQ and equal to 3 PQ. 


4. As in Ex. 11, p. 14G, the^ resultant of forces AT, B2\ and CT is 
8GT where G is the centre of gravity of the trianglo ABC. But it is 
well known that 0, G, and T lie on a line and that 8GT=20P. 

Hence the required resultant is represented by 20T. 


5. Let ABC be the triangle, and / lf J 3 and I 9 be the centres of 
the esoribed circles. Then I 2 I S bisects the external ’angle at A , and 
therefore the particles at and 7 S are as 


. T A ' A 

AI a cos^ AT $ cos^ 




: AI„ 


Hence their centre of gravity is at A, and the centre of gravity of 
the three particleB lies on A I T which bisects the angle A. 

Similarly the centre of gravity lies on the bisector of the angle P. 
Hence it is at the centre of the inscribed circle. 


0, When suspended from P, the centre of gravity of the trapezoid 
ABCP must be in the vertical through P, and therefore in the parallel 
PQ to AB through P. Let AP=x , AZ>=a=PC, and AB=*b, Bisect 
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Harder 


BC in F, and AP in E ; join E and F. The centre of gravity of the 
trapezoid is at O, where 

EO : OF=2a+x : a+2x, 

and G is vertically below P ; PQ is parallel to AB ; 

EP : QF=EO : OF, 

X d 

i.e. ^ : ^-x=z2a+x : a+2x. 


y+® a =a a -2o«+ 


ax 

T 


-x\ 


2s a + 2ax - a* =0. 


3x a = a a - 2a x + x % = (o - x)K 
/. rr : a-a?= 1 : ^/3, 

<.«. 4P : PD = 1 : ^3. 


w‘ 7. Let ^ be the middle point of 4 £7, UF be the perpendicular on 
AC produced, and X be the least weight required. Let the vertical 
through 0, the centre of gravity of ABC, fall within AC, meeting AC 
in E. Then we have p 

0^0 008(180°- C)= -ooos C; 

0D = b r ^=gW=l(|-«e°sc), 

and CE = CD - DE. 

In the extreme case of equilibrium, 

X . CF= W . CE, 

i.e . Jf( -aoosC) = IT Q . ~ +g.acos0^ , * 

xr_W ft + oco8 C _W f\ , a’ + ^-c 2 "! p c a- a a_6»-] 

a ~3 • -aooaC ~ 3 "L + 26 J + L 26 J 

W a , + 86 , -c* 

“ 8 • «* - o’ - 6* ' 

If a , + 36 I -c 1 be negative, i.e. c l >o s + 3b 8 , CE is negative, i.e. the 
riloment of W in the above sense is negative, and therefore the 
vertioal through 0 falls without AC, bo that the lamina would topple 
over even without a weight at B. 


8. Let A, B, 0, P .. be the extreme ends of the oards, A the top 
one ; and let 21 be the length and W be the weight of each cord. The 
top card can at most project a distanoe l beyond the next one, or it 
would slip off : i.e. its centre of gravity must be just supported by B. 
Then the centre of gravity of the top two cards is vertically over 0 ; 
so that 


W.BO^W (Z-B0), and henoe 50=^. 
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So the oentre of gravity of the top three caids ie vertically over D t 
.\2W.CD=W(l-CD), and CD=*. 

And generally for n cards, we have 

(it-1) W. x=W(l-x), and . 

Thus the distances which each successive oard projects over the next 
lower one are 

.11 l 


l ’ 2 ’ §• 


and therefore form a harmonical progression. 

9. By the triangle of forces the force aA is equivalent to forces 
aO and OA , so the force bB to bG and GB and so on. 

Hence all the forces are equivalent to the set aG, bG, and the 

set AG, BG, 

The first set is by Ex. 12, p. 146, equivalent to n.yG , and the 
latter set is by the same example equivalent to zero. 

If g coincide with G the original foroes are in equilibrium. 

10. If G bo the original centre of gravity of the whole, g be the 
oentre of gravity of the portion out out, h be thjit of the remainder, and 

. g move to g 1 so that gg^x, then the centre of gravity of the whole is 
at Gt in hg 1 , such that 

hQ 1 : G 1 g 1 = hG : Gg=w : W-w, 
or G t moves along GG X which is parallel to gg l ; also 
GGj : gg^hG : hg=u> : W, 

As GG X is parallel to gg lf the line joining the two positions of the 
centre of gravity of the whole body is parallel to the line joining the 
two positions of the oentre of gravity of the portion moved* 


11. Sinoe AC^~AB, and the z2MG=60°, 

A 

therefore the iACB= 90°. 

G is in DE, the line parallel to BG through D the middle point of 
AB , meeting AC in E ; and, since 

AB=2AO, • 

DG : GE = 1 : 2 , 

DO=|D£=j.jB<7. 


we have 
so that 
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Draw DF and GH parallel to AC, meeting BC in F and H re- 
spectively. Then we have 


BU=BF+FH=BF+DG 


-G*i) 


BG 


and 


.\bc=1.acJ%=^ac-, 

GH=CE=±A9-, 


bg=JM*Tgh>=ac V § + j =^ c \/ ii * 

If when suspended from B, the action at A consist of a horizontal 
force X, a vertical force Y, and a couple K (the connection being 
rigid), resolving horizontally, we have X=0 t and resolving vertically, 
we have 


w r 

so that Y is a vertical force equal to -g- . Since IF is the weight of 

W 2W 

the system, we have — acting at E the middle point of AC, and — 

“ o 

acting at D the middle point of A B. j Also, moments about A give 


K =~.AE cos CBG-. 


W AC BH 
' 3 * 2 ' BG 




12. If F be the required horizontal stress, since there must be 
an equal and opposite horizontal stress at the lower hinge, we have, 
by taking moments about the lower hinge, 

Fx4 = 600x^, 

a 

so that F = 625 lbs. wt. 


13. Let AB and AC be the two portions of the ladder, G being 
the middle point of AB, and let a weight W be placed at D where 

1 2 a 

BD=-.BA = — t 
n n 

if the length of the ladder be 2 a. Let the weight of eaoh portion of 
the ladder he W ’ and let the vertical reactions at B ana Q be R 
and & 
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By reBolving vertically and taking moments about B for the whole 
ladder, we have 

R + S=W+2W\ 


and 


Hence 


and 


2S=W.\+W.±+W'.l = 

8=w ' + rn' 

m r rr 

R=W'+W-?-. 

2 n 


W 


+ 2 W\ 


Also, taking moments about A for the ladder AG % we have 
T. a cos a=S .2a sin a- JP'asina; 

T- tan o [2 S - TT']=tan a | ~W' + . 

If initially T* be the tension when there was no weight IV on the 
ladder, we have, by putting W equal to zero, 


T 0 = tan a 

Hence the increase in the tension 


,1V'. 


= T- 


T 0 = - W tan a~ 
• n 


. 14. Let AB be the beam, A and B being its points of contact 
with the wall and the cylinder respectively ; and let G be the centre 
of the cylinder and E its point of oontact with the wall. Let 
S be the horizontal pressure on the wall at A , and R be the reaction 
at B. The directions of S t R and W meet in a point 0. Let the 
vertical through G meet EG in D, and througli B draw HBF vertical, 
meeting the horizontal from A in 77, and EC in F; and let the 
JLFCB=6=the l BOH. Then we have 


also 


GF+EF=GE , 
r cos $ + 2 1 cos 45° = r ; 

tan 0=?^=: 2; 

OH ’ 


2 1 


V5 + V 2 


= r, and -=' 


l - Vfri 

r~ J10 * 

Again, by Lami’s Theorem, we have 

R 8 m W_ 

’ sin (ir - 


sm- 


Pp) 


■ey 


R. 


g W 
sin 0“ 


^ , 


and 


Sm jyoottmj. 
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15 . Let the rod rest against the oylinder at A and B> where the 
pressures are R horizontal and 8 perpendicular to AB (B being an 
edge) respectively. Let G be the centre of gravity of the rod, W be 
its weight, and 0 be its angle with the horizon. Also let W* be the 
weight of the oylinder, and E be the point of its base nearest to G. For 
equilibrium, the directions of JR, 8 and W paBS through a point 0. 
We have 

AO— AG cos 0=16a cos 0, 

AB—AO cos 0= 16a cos* 0, 

AC=*AB oos 0= 16a 008*0, 

0 being the point where the horizontal through A cuts the oylinder, 


i.e. 

2a=16a cos*0. 


. 1 


cos* 0=g, 

and 

„ 1 

COS0 = g| 

hence 

0 = 60°. 


In the extreme case of equilibrium, the moments about E must be 
equal, 

/. W'.a=W.OC 

= W(A0-AC) = W{16a cos 0- 2a) 

= W(8a-2a) = W.6a, 
t.«. TF'=6TF. 

16. Let C be the centre of the sphere, G be the centre of gravity 
of the basin, 0 be the point where the axis meets CG (the axis being 
perpendicular to the plane of the paper), and W and w De the weights 
of the basin and the ball respectively. Suppose the basin displaced 
through a small angle 0 ; then, taking moments about 0, we see that 
the basin will tip over if 

to . CO sin 0>W.GO sin 0, 

i.e.it w.oW.a , t.e. it w>-W, 

e 

, 17 ., Let A be the point of suspension, C be the centre of the 
base, CD be the radius perpendicular to the base, W be the weight of 
the water, and W* be the weight of the shell. The area of the shell 
=2Tr* f r being the radius; the area of the base=rr a ; the centre of 
gravity of the shell is at the middle point of CD [Art. 120]; the 
centre of gravity of the base is at C . Hence, if K be the centre of 
gravity of the shell and base, we have 

2*r*. g+irr 8 . 0 

8 ‘ 


OKb 


2rr>+.r* 




18. Draw a figure representing a vertical section of the ByBtem 
through the centres of the spheres. Let R be the reaction between 
the cylinder and either sphere, [for, by symmetry, or by equating 
horizontal components, we see that the reactions are the same on 
each side], 8 be the reaction between the two spheres, and 0 be the 
inclination of the distance between the centres of the spheres to the 
horizon. Then, for either sphere, resolving horizontally, we have 
R~S cos 0 ; 

and resolving vertically, we have* 

W' = S sin 0 ; 

/. — / = oot0, ue. R=W oot0. 

Taking moments about A , the point at which the reaction of the 
ground acts, for equilibrium we have 

R,r + W,a=R (r + 2rsm 0); 

.% W.a=2R.r sin $=s2W t .r oos0; 

but cos 0 = ~~1 hence W ,a=s2JV' (a-r). 


IQ, Let ACB be the lamina, the vertical angle C being 2a; also 
let P and Q be the pegs under the sides AO and BC respectively, 
D be the middle point of the base AB , and 0 be the inclination of AB 
to the vertical. The directions of the reactions at P and Q (which 
are perpendicular to AC and £(7) must meet the direction of W the 
weight of the board, which aots vertically through O its centre of 
gravity, in a point 0. A cirole, diameter (70, will go round POQO, 


L. 8. K. 


13 
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in which circle the chord PQ subtends an angle 2a at the circum- 
ference ; 

PQ = CO sin 2a .... ...(1). 


Also we have the L PCO = the I PQO , 

in the same segment, 




=the^PQB-|=0+a-|; 


/. tlieZOCO=o-(fl + a-|') = |-ff=the lOOO} 

and 

. CO 

also co= 

hence, by (1), 

GO=OC, 

the lOOC=. 20; , 

sinCGO B ^ n (2 *) cos0 

sin COG ~ sin 2^ ~~ 2 sin 0 cos 0 — 2 sin 0 * 

CG . sin a cos a 

2 sin 0 sin 0 1 

now 


pq=\ab, 

and 


CG=|(7D = ?.^Bcot«, 

1 . _ 1 .y. , sin a cos a 

:.- a AB= E AB cot.. . 


sin0 = cob a a, i.e. 0= sin"* 1 (cos 3 a). 


20. Let ABC be the principal equilateral section, A and B being 
the points of contact with the planes inclined at a and ft respectively 
(B lower than A), Let D be the centre of AB, 0 be the centre 
of gravity of the prism, R and 8 be the reactions of the planes at A 
and B respectively, and 0 be the inclination of AB to the vertical. 
Then, resolving horizontally, we have 

R sin a=S sin ft. 

Also, moments about G give 

R [AD cos (a - 90° + 0) - QD sin (a - 90° + 0)] 

= S [BD cos 03 + 90° - 0) + GD sin (ft + 90° - 0)], 


i,e. R £sin (0 + a) + ~ cos (0 + a )J = S £sin (0 - ft) - -^cos(0 - ft)J . 


/. sm ft [>Jd sin (0 + a) + cos (0 + a)] = sin a f^/3 sin (0 - ft) - cos (0 - / 3 )] 
sin ft cos a + sin ft sin a*/3 + sin a sinftvft + sinaoosft 
* * n “ -^TsTnft cos a + sin /3 sin a + sJS sin a cos ft - sin a sin /3 
sin (a + ft) + 2^/8 sin a sin ft 
m sin (a - ft) 
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If 0 be reckoned positive, whether a > or < /S, this may be written 
j, Z1 _sin (a + /5) + 2^/3sina sin/9 
9 V3 sin (a ~ /8) ; 

this sign shews also that 23 is lower than 4 only if a>/3, and vice 
versA. 

Otherwise thru: Let the directions of R t S and W the weight of 
the prism meet in the point 0, and let the vertical through O meet 
AB in E . Then we have 

EO _ sin (0 - /9) EG _ sin (0 + a) # 

BE sin/3 * &n ^22 sina ' 

, . . . BE sin(0 + a) sin/3 

hence, by division, i 1 . - — - n , 

* J AE sma sm (0-/3) 

BE _ cot a + cot 0 
AE~ cot /3- cot 0’ 

If 4B = a, then CD = ^~, 


a cot 0 

2J3 __ ^/3 - cot 0 __ cot a + cot 0 


BE BD — DE — cot 0 cot ci -f* cot 0 

-422 AD + DE~~a a cot 0 N /3 + cot0~~ cot/3-cot0* 

2 + 2^r 

/. V 3 (cot Z 3 - cot a ) = cot 0 (cot /S + cot a f 2^3), 

2^/3 + cot /3 + cot a _ 2^3 sin a sin ft -f sm (a + ft ) 
an — (cot /I- cot a) ^3 sin (a - /S) * 

or sin (/3 - a) in the denominator if /S > o. 

21. Let 2 be the length of the string, T be its tension, 0 be its 
inclination to the horizon, h be the height of the triangle, a be its 
side, and x be the distance from the edge of the table of the point on 
it to which the string is attached. Then, taking moments about the 
edge of the table, we have 


1 . 7= T . * sin ( 
4 


and sin 0 = | = ^ , i.c. 0=30°; 


a , a,J 3 , 3 a 

x.-^=h cot 0= V3 = y 

3a a 5a , m a . T6a 1"1 2 ,, 

‘=2 -i = T ! henfle2 -i-l_T , 2_r5 lb "*■ 


13- 2 
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22. For equilibrium) the lines of action of W the weight of the 
cone, R the resultant normal reaction of the wall, and T the tension 
of the string must meet in a point 0. Since R is horizontal, and' 
oannot act higher than through A , the upper edge of the base AB t it 
follows that the string is longest when the oone is on the point of 
turning round A . Let C be the vertex of the oone, D be the centre of 
AB , O be its centre of gravity and F be the point of attachment of 
the string to the wall. Then we have 

DG = 7=^10, and DA — h tana; 

4 

also, by similar triangles FAO and FDC , we have FA =\ FD, 

4 


Hence, if 
we have 


and hence 


FA=x t 

(s + /itan a), i,e. z=^taDa, 
4 

FD=- h tana ; 
o 


CF*=JC1) 1 + FD 2 




Otherwise thus : If the stiing be at an angle 0 to tho vertical, 
we have W=T oob0, 

and moments about A give 

W . T (h cot 0 - h tan a) sin 0. 

1 4 

7 cos 0 =008 0- sin 0 tan a, whence cot0= 3 tana; 

4 o 

and the length of the string required 

j "jg 

= h oosec 6 = hJl + oot i 9=h ./l + =ptan»a. 


23. Let A be the vertex of the cone, B be the centre of its base, 
Q be its centre of gravity, D be the peg, and 0 be the point on the 
circumference of the base to which the Btring is fastened. The peg 
being smooth, the tension of the string is the same throughout, and 
since the equal tensions along CD and AD meet in D, the line of 
action of W , the weight of the cone, must pass through D ; hence O 
must be vertically below D. Also, since W balances the resultant of 
two equal forces, QD must biseot the angle between them, i.e, the 
angle CDA. Let DO meet CA in E, and CD and DA be denoted by 
x and y respectively. Then, by Geometry, we have 

CE BG h 8h 1 , a? CE 1 

^ S Or4’ r 4 S 8 ,and v*E4 = d 5 

, l , 8 1 

hence x =~ , and y = 

where l is the length of the string. 
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Equating the two values of DO, we have 

!»=**+ lr*. so that IsJW+ir*. 


24. The centres of the four spheres form a regular tetrahedron, 
and if d be the diameter of any one of the spheres, A he the centre of 
the upper one, B be the centre of a lower one, and G be the centre of 
gravity of the triangle formed by the centres of the three lower ones, 
then AG is clearly vertical, and the angle ABG ( = 0) is the angle 
made by AB with the horizon, and AB is the direction of the mutual 
action R between the spheres centre A and centre B. Thus, if W be 
the weight of the upper sphere, we have 

W=SR sin 0. 


Also, the string forms three straight parts of an equilateral 
triangle, and therefore resolving along BG for the sphere B , if T be 
the tension, we have 

2T . coq 30°= JR cos 0. 


Now 


hence 


W 

/. TJ3 = — cot 0. 

® • 

and AB=di 

cos 0 — ~jo , ant l flin0=^ ; 

yd 


w 


w 


3^/3 V2~3 v '6 


, U. T : W= 1 : 3^/6. 


25, Let the rod rest against the plane at the point A; let B 
represent the rail, BL (=e) be a perpendicular on the plane, and R 
and S be the pressures at B t perpendicular to AB t and at A , perpen- 
dicular to the plane respectively ; also let W be the weight of the rod 
and BA make an angle 0 with the plane. Then, resolving along the 
plane, we have 

FPsina=.R sin 0. 

Also, taking moments about A , we have 

W. aooB(0-a) = JR. AB=R. c cosec 0. 
a sin 3 0 cos (0 - a) sc sin a. 


Hence 
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Otherwise thus : The directions of R , S and W meet in a point 0. 
AB=c cosec 0 , 

AO = AB sco BA 0 = AB ooscc 6 = c eosec 3 0 ; 

AO __ sin -4G0 _ cos (0 - a) # 

AG ~~ sin AOG “ sin a * 
c cosec 2 0 __ cos (0 - a) 
a “ sin a 
a bin 3 0 cos (0 - a) = c sin a. 

26. Let ABCD bo the board, AB being the upper edge, and APB 
be the btung. Let G be the centre of gravity of the board,' and 
describe a circle round AGB. 

The locus of P is an ellipse, foci A and B ; and, since the peg is 
6inooth, the tension of the string is the same throughout; also the 
direction of the weight along PG bisects the angle APB. The 
position of symmetry ( i.e . with AB horizontal) iB one of equilibrium, 
and if the ellipse cut the circle round AGB in two points, Q and Q\ 
we have two other positions of equilibrium ; QG and Q'G will be 
vertical, and tho /4QG = the iBQG , since arc AG = arc BG ; also 
the lAQ'G = the L BQ'G. The condition that the ellipse should cut 
the circle is 

AP+PB<AG+GB, 

i.e. the length of the string < the diagonal of the board. 

27. [Of. the figure on p. 81), but the bowl turned round, with C 
much lower down.] Let ACB be the rod resting in the bowl at A 
and on the rim at C. Let 0 be the centre of the base of the bowl, 
and OL be the* radius perpendicular to. the baso ; then, if G' be the 
centre of gravity of the bowl, 

OG'=\oL=^ [Art. 117], 

Z Z 

Let R be the reaction at A along A0> and S be the reaction at C 
perpendicular to the rod. Those two reactions' meet in a point D ; 
also, by Euo. III. 81, D must lie on the geometrical sphere of whioh 
the bowl is a portion. Hence the vertical line through G, the middle 
point of the rod, must pass through D. The 

LAOC= 2/3. 
the lADC=p. 

Let F be the point of contact of the bowl with the table ; since the 
weights of the bowl and the rod are equal, moments alM)ut F are 
equal, i.e. KF=FH t K and H being the points where the vertical 
‘lines through G' and G respectively meet the table; but AO = OD\ 
.*. Q'K passes through A . Through 0 and A draw ON and AE hori* 
zont&l to meet DH in N and E respectively. 


We have 

and 

now 
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The / DON= 180° - (a + 2jS) = the lOAE-, the lOAC=9 O°-0; 
the lOAE = 90°-a-/3. 

Now AE = ADoohDAE 

= 2 r cos [180° - (a + 2/3)] = - 2 r cos (a + 2/3) ; 
also, AE = AO cos GAE=l cos (90° - a - /3) = / sin (a + 0) ; 

again, KF = OG' sin a=^ sin a. 

AE=2KF=t sin a ; 

hence we have 

l sin (a + /3) = r sin <*= - 2r cos (a + 2/9). 

28. H the strings make an angle 0 with the wall, and their 
tensions each be equal to T, and R be the mutual action of the rod 
and the wedge, perpendicular to the face of the latter in contact with 
the rod, then resolving vertically for the wedge, we have 

W 

U cos 60°=-^ . - 

A 

.\ R=W. 

Also, reholving horizontally and vertically for the rod, we have 
2T sin 0—R cos 30°=^? , 
a w 

and 2 T cos 0 = R cos 60° + W = ^ . 

Henoe, by division, tan0=-i-, i.e, 0= 30°, 

x/o 

and the rod is thrust from the ^all through the distance a=Z sin 9= - . 


29. If R be the pressure between the plank and the cylinder, for 
the equilibrium of tho plank, taking moments about A, wo have 


0 

-R .r cot £ = IF. a cos (a + 0) (1), 

and resolving along thd plane, we have 

R sin 0= W' sin a (2). 

Eliminating R between (1) and (2), we have 


W.r. ?*“-4 . oot|= W . a oos (a+ B). 
sin 0 2 v 1 


W'r _ cos [a + 0 ) 
Wa sin a 

= cos (a + 0) 


2 sin - cos - 


oot 2 
1 - oos 0 


_J = COBja+0) 0 

0 * Bina , 2 



200 


ELEMENTS OF STATICS 


Harder 


30 . Since the two equal discs are similarly situated, it is only 
necessary to consider the equilibrium of one of them. If A be the 
centre of either disc, and B be the point in which it touohes a plane, 
then the least disc required is that whioh touches the former at C in 
BA produced, since any smaller disc would give rise to a pressure 
through A having a component perpendicular to AB and outwards in 
direction, and thus the disc, centre A, would move out; and so of 
course would the other disc, symmetrically. If, then, O be the point 
in which BA produced meets the biseotor of the angle 2a, 0 is the 
centre of the least disc required, and its radius is OC ; also 

OG+OA=r sec a, 
so that OC= r (sec a- 1). 

31. Let AB = CD = a, and AD=BG=lr ; also AP—x. Let IF be 
the weight placed at P, T be the tension along CA , and let the angle 
ACB be 0. 

Then the upward thrust in BG=T cos 0 = the pressure at B. 
Taking moments about A } for the equilibrium of AB 1 we have 

T cos 0 x AB=W x x, i.e. T = Wx. 

AG 

... T=(V X -^ r \ 

ab a 

If W aot at E on CD, vertically below P, and moments be taken about 
D, we have the same result for the equilibrium of CD. 


32 . Let 0 be the inclination of MN to the horizon, and R and 
&d)e the normal reactions at M and N respectively. Then, resolving 
horizontally, we have 

/iR cos a-R sin a + fiS cos (3+S sin£=0; 

R (sin a - cos a tan e) = S (sin 0 + cos /9 tan «), 

i.«. JR sin (a - e) = Sf sin (/3 + e) (1). 

Also, taking moments about the centre of the rod, we have 


fill sin (a - 0) + B cos (a-0) = S cos (0 + /9) - fjJS sin (0 + 0), 
i.e . jR cos (a - e - 0) = S' cos (p + e + 0), 


whence tan 0= 

hence, by (1), we have 


- R cos (a- e) + S cos (fi + e ) # 
R sin (a - e) + S sin^ (j3 + e) * 


tan 6= 


- Bin (ft + e) cos (a - g) + sin (a - c) cos {fi+ e) 
sin (a - c) sin (/S + €) + sin (/S+e) sin (a ^7) 


Bin (a-fi- 
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Otherwise thus : The reactions at M and N act at angles e vyth 
the normals. Let the lines of aotion of R and S meet in the point 0 ; 
then 0 is vertically above O t the middle point of MN. 

Draw ME and NF horizontal, meeting 00 in E and F respectively. 
Then we have 

ME=NF , and EG — OF; 

2 EG=OF-OE, 

t.e. 2ME. t6,n$=NFcot{p + e)-ME oot(a-e); 

2tan0=oot(j8+f)-oot(a-e). 

• tan 0 = - Bin [( fl - s) - (P + <)] _ sin (g-/9- 2e) 

2 " sin (fi + e) sin (a - e) 2 sin (p + e) sin (a - e) * 

^ 33 . If AB be the rod, on the point of slipping round A, every 
point of it is on the point* of moving perpendioular to AB ; therefore 
the friction at every point is limiting and perpendicular to AB , and R 
the resultant normal pressure of the weight W on the plane = W cos a, 
at the middle point of the rod, and therefore the resultant friction 
will act through that point also, and 

= R tan \s=W cos a . tan X. 

Also the component of the weight parallel to the plane = W sin a, 
parallel to the line of greatest slope ; hence, if this make an angle 0 
with AB, moments about A give 

-nr *. \ AB nr . AB 

W cos a . tan X . — = W sin a . — . sm 9. 

z z 

sin 0 = tan X cot a, i.e . 0 — sin -1 (tan X cot a). 

The same result clearly would follow if B were lower than A , and 6 is 
possible, since tan X< tan a, and* therefore tan X cot a < 1. 

34 . The aotion at the hinge is by symmetry horizontal, and if 6 
be the inclination of either rod to the vertical, W be its weight, and R 
and /iR be the normal and frictional reactions between it and the 
sphere, if the friction act upwards, resolving vertically for either rod, 
we have 

W=R sin $+fiR cos 9 ; 
also, taking moments about the hinge, we have 
R ,c cot 6= W. a sin 9; 


hence 

c cot 0=a sin $ (sin d + fi cos 6) ; 

e 

the limiting position is given by 


c cot 9— cl sin 9 6 + c sin $ cos $ , 

i.e. 

e cos $ = a sin* 6 + c sin* 6 oos 0, 

and 

asin 8 0=c cos 8 0, 

and 

tan 9—i/c--a t i.e. flsstan* 1 
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This gives the least value which 0 can have, but if it be sought to 
increase 0 considerably, the hinge will be forced up, and the friction 
then act downwards, and the greatest value of 0 will correspond to a 
root of the equation 

e cot 0=asin*0-c sind cos 0, or asin 8 0=c cos0 (1 + Bin*0). 

35. If AB be the rod, C be its middle point, and 0 be the centre 
of the sphere, OG= Jo? - c 2 = a oonstant, and, therefore, if the rod 
be on the point of sliding down, it must tend to turn parallel to itself 
round 0, as on a pendulum OG ; therefore the frictions at A and B 
are perpendicular to the plane AOB , which is at an angle 0 to the 
vertical plane through AB , where 0 is the inclination to the vertical 
of OC. Also, if R be the normal reaction at A, it acts along AO, and 
the component of R along GO 



the other component, perpendicular to GO, is neutralised by that 
corresponding to B. Hence, resolving in a horizontal direction at 
right angles to the rod, we have 

R . — — — - . Bin 0=pR cos 0, whenoe 6 = tan” 1 - . 

* 

36. If 0 be the fixed point, OL be the perpendicular on the fixed 
rod, X be the farthest point of this rod at which the movable one can 
rest, then the required portion =2L X, and R, the normal reaction, 
will be perpendicular to both rods, and therefore to the plane XOL , 
while the friction is opposite to the direction in which the point X on 
the movable rod is on the point of moving, and therefore perpen- 
dicular to OX in the plane XOL . This plane makes an angle a with 
the horizon, and the component of the weight W at G parallel to OL 

= W sin a ; 

hence moments about the perpendicular to this plane through 0 give 
pR.0X=W . 00 sin XOL. sin a; 

also moments about the perpendioular to OX through 0 in the plane 
XOL give 

R . OX=W ooaa. 00 ; 

p cos a = sin XOL, sin a; 

i a xr/^r LX . LX p cot a 

also tan X0L=-r- ; hence r — — , 

6 b Jb-iteoV* 

and the required portion 

.2 LX= oosa 

sin 2 a - p* cos 2 a 
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37. Let W be the weight of the rod, a be the distance of i^s 
centre of gravity from A its lower end, d be the diameter of the 
tumbler, y be the coefficient of friction, R be the horizontal reaction 
on A from the tumbler, and S be the normal reaction between the 
rod and the rim at C. The rod makes angles a and p respectively 
with the vertical when it is on the point of slipping up and down the 
side of the tumbler. For the equilibrium of the rod, we have 
W+yS cos a - S sina + yll=Q t 
and R=yS sina + S cos a ; 

also moments about A give 

W . a sin a = Sd cosec a. 

Thus we have 

W r + S (y cos a - sin a + y 2 sin a + y cos a) = 0, 
and d + a sin 2 a [2y cos a - (1 /* 2 ) sin a] = 0, 

so that, if ,u = tan X, 

we have d cos 2 X + a sin 2 a (cos a sin 2X - bin a cos 2X) = 0. 

Similarly, when X is negative, this equation holds with p written 
for a ; 

d cos 2 X + a sin 2 p ( - cos p sin 2X - sin p cos 2X) = 0. 

Hence sin 2 a (sin a cos 2X - cos a sin 2X) 

= sin 2 p (sin p cos 2X + cos p sin 2X). 

_ v sin 3 a - sin 8 fl 

.\ tan 2X = *7 — n * • 

sm 2 a cos a + sin 2 p cos p 

% 1 . sin 3 a - sin 3 p 

i.e. X = - tan' 1 —r~j. r-srl - _ . 

2 Bin 2 a cos a + bin 2 p cos p 


Otherwise thus: Let ACB be the rod, resting in the tumbler at 
A and on the rim at C, G be the centre of the rod, and W be its 
weight. Draw AD horizontal through A, meeting the opposite side 
of the tumbler in D ; and draw GE perpendicular to the rod at C. 
The rod makes angles a and p respectively with the vertioal, when it 
is on the point of slipping up and down the side of the tumbler. 

(1) When the rod is on the point of slipping up. The directions 
of R the reaction at A , S the reaction at C, and W meet in a point 0, 
below AD; and the zDAO=X = the angle the direction of S makes 
with CE . Thon we have 

AO _ sin h _ sing 
AG ~~ sin (90° - X) ~ cos X * 


AC sin(a-2X) _ sin(a- 2X) , 

iO~sin (90° + X) “ oosX ’ ** 


hence, by multiplication, 


AD Bin*q sin (g-2X) 
AG ~ cos 8 X 
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(2) When the rod is on the point of slipping down. 0 is then 
above AD> and writing p for a, and -X for X in (1), we have 

AD b in*/9 sin(/3 + 2X) 

AG~ coB a X (2) * 

From (1) and (2), we have 

sin* a sin (a - 2\) = sin* p sin (§ + 2X). 

.\ sin* a cos 2X - sin* ct cos a sin 2X = sin 3 p cos 2X + sin* p oos p sin 2X. 
sin* a - sin* p = (sin* a cos a + sin* p cos p) tan 2X, 


whence 


\s=7i tan -1 


sin* a - sin* p 
sin* a cos a + sin* p cos p * 


38. The rod rests in a plane perpendioular to the side and the 
edge of the box. Let LEDG be the section of the box by this plane, 
ED being the base. Let AGB be the rod, resting in the box at A and 
on the edge at G (G being the point over D). Let G be the centre of 
the rod and W be its weight ; then the weignt of the box is ±W. Let 
R and S be thg reactions at A and C respectively ; through A draw 
AKM horizontal, meeting CD in K and the vertical through G in M ; 
let ED produced meet the vertical through G in F, and let the line of 
action of 4 W meet ED in £T, and 0 be the angle the rod makes with 
the vertical. Since the system i ? about to turn round D, wo have 

4 W.DH=W.DF. 

.*. DF=4J)H=WE, 
and AM=3AK. 

The directions of the three foroes on the rod, R t S and TT, pass 
through 0, 0 being vertically below G, and 

the L OAK=\. 

Thus .4itf = ,40cosX, 

and 

AE=AC sin 0=40 cos (X + 90°- 0) sin 0 = 40 sin (0-X) sin 0. 
cos X = 3 sin ( 0 - X) sin 0. 

2 cos X = 8 [oos X - oos (20 - X)]. 

8cos(20-X)=oosX. 

* 1 

cos(20-X) = gCOsX. 

u 


Otherwise thus: Let 2 a be the width of the box. Taking 
moments about D for the whole system, we have 

W.OG sin0 = 4TP.a (1). 
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Also, resolving along the rod, and taking moments about G, for -the 
rod, we haVe 

TFcos0=.R (sin 0 - /i cos 0), 

and R(2acot6+it.2a)=zW. CG Bin 0 = 2JV. a, by(l); 

/. (cot0 + / 4 ) cos 0 = 2 (sin 0 - /4 cos 0). 

cos 2 0 + 8/4 sin 0 cos 0 - 2 sin 2 5= 0. 

(1 + cos 20) + 3/4 sin 20 - 2 (1 - cos 20) =0, 
or, if 20=0, 3/4 sin 0 + 3 cos 0 = 1. 


- cos X = cos 

O 


m\ 0=\ + COS -1 

0=i\+^co8-> 


-a). 

g c °8x), 

(ic° s x). 


39. Let AB be the rod pulled at C ( ACcCB ) wftli a horizontal 
force P perpendicular to AB, and G be the centre of gravity of the 
rod. Then C will begin to move perpendicular to AB ; therefore the 
rod’s centre of instantaneous rotation is some point O in its length. 
If O were in AB produced, all the frictions on the elements of the rod 
would act in the same sense perpendicular to AB ; 

P=nW, 

W being the weight of the rod ; also, moments about G would give 
P. OC=tiW.OG, 


whioh equations do not agree unless C be at G, arid then they leave 
0 indeterminate. Similarly, 0*cannot be in BA produced, and must 
therefore be in AB. Then for points in BO the frictions act in the 
same sense as P, and for points in OA in the opposite sense. Hence, 
resolving perpendicular to AB, and taking moments about O , we 
have, if 

OG-x, GC=a f and AB = 2c, 

u- p=^. x -. 


, c-x c-x , e+x e+x . . 

and , l W.- w .- r +rW.— .- ¥ =P(a+x). 

£ 2 + <5 2 . % 

A — (2 —=x{a+x). 

x 3 + 2aa; + a 2 = c 2 + a 3 , 

and a?= N /c 2 +a , -a, * 


since the other sign of the radical would place 0 in BA produced. 
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If P be Pi and P 3 when o=0, and a=c, respectively, and, there- 
fore, x=c, and x=c s /‘2 — c, respectively, 

we have P, =/iTT. 

and Pj=mTT . 2 - 1) ; 

hence P 3 : P, = l : N /2-l = v '2 + l : 1. 

40. If *4 and B be the particles, each of weight W t G and D the 
points of attachment of the strings, E the middle point of the rod, 
/i the coefficient of friction when the rod is on the point of turning 
round E , R the normal reaction at A or £, and if T be the tension of 
either string, then, resolving vertically, we have 
2£ + 2Tcos0 = 2fF, 

i.e . R=W-Tqob6 ; 

also, moments about E in the horizontal plane give 
2T sin0 . a = 2fill . c, 

since, the rod tending to turn round E , the frictions are perpendicular 
to AB. Thus we have 

T . a sin 0=fic (W - T cos 0). 

... T= ^ 

asm0 + /*cco8 0 # 



41, If A alone slip it must turn round B, so that the friotion at 
A is perpendicular to AB. 

Hence, resolving perpendicularly to AB, we have 

P sin 0 = ^TF (1). 

This requires that P should not be </jl W. But since B is not to be 
on the point of motion the tension of the string must be <ilW, and 
hence 

P cos 0<pW (2). 

Hence, from (1) and (2), we have, by squaring and adding, 

PcsJtyW. 

Next suppose P to be such that both A and B are on the point of 
motion so that P fe The friction at B is /iW in the direc- 

tion AB. 

Hence the tension T of the string equals n W. 
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Since the f notion fiW at A , the tension pIF, and P are in equi- 
librium, the first two must be equally inclined to the direction of P. 
Hence P = 2 p.W cos 0, 


so that cos 0=— — . 

2(j.W 

If Ps/^uJP, these two cases coincide and both particles are on 
the point of motion when 6 is 45°. 


42. If P and S be the normal reactions of tho other two beams 
on AB y at A and 0 respectively, sinoe B and S support tho weight W f 
they are given by 

_?- = - = -■ 
b-a~ a b * 

if P be the force applied at B perpendicular to BA , and the beam 
moves, it must move both at A and C or at one of those points. If it 
move at both, then all the friction possible is exerted, but less if only 
at one. Thus if the beam begin to move round A , moments about A 
give 

P.2a=pS.b=n.^.b, i.e. P=^. 

0 i 

If the beam begin to move round <7, moments about C give 
P(2a-b)= li R.b=^.^W.b,i.e. P= fi W~ i . 

Hence on the whole the least value of P must be the lesser of the 

fiW j b- a 
two \ and ^ 2a - h . 

l~The former is the lesser if 2a - 6 < 2b - 2a, i.e. if 6 > | a. 


43. Let R and S be the normal reactions at C and D and let AC 
be x . Since B and S support the weight W of the beam, we easily 
have 


JR S _ W 

b+x-a a-x b 


(!)• 


Since both C and D are on the point of motion at the same time, the 
rod must be on the point of turning about some point in CD ; the 
friction fiS at D acts therefore in a direction opposite to P, and the 
Motion /xR at C acts in the same direction as P. 

For the equilibrium of these parallel forces, we have 
# P + iJLR=nS t 

and P (2a -b-x) = fxlib. 


By (I), these two equations give 

P=^[2a-2a-6]. 


•( 2 ), 
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“ d p ^ w W^i <*>• 

Equating these two* values of P, we have easily the equation 

2** - 2x (3a - b) + 4a* - 3ab=0 (4). 

4a 

If & be not greater than -g- , f.c. if (4a - 8b) be positive, both roots 

of this equation are real and positive. 

The lesser root only iB admissible ; for the greater value of x would 
make S negative, which is impossible. 

. 44 . Let AB be the beam, A and B being its points of oontaot 
with planes inclined at a and /3 to the horizon respectively. Let the 
beam be on the point of slipping downwards at A on the steeper 
plane and upwards at B ; then the full amount of friction is exerted 
at each end. Let R and S be the reactions of the planes, and X and 
X' be the angles of friction respectively. Then taking moments about 
the centre of the beam, we have 

S oos (/J-f X')=i2 cos (a-X); 
also, resolving horizontally, we havo 

S sin (/3 + X^) = PC sin (a-X). 

Hence, by division, 

9 tan (0 + X') = tan (a-X ) ; 

all the angles are aoute, and /9 + X' is acute, so that 
/9+X' = a - x, 

i.e, X + X'=a-/3. 

Hence the equilibrium will be limiting if the difference of the 
inclinations be just equal to the sum of the angles of friction. 

Otherwise thus: Take the extreme case of equilibrium. The 
directions of 22, 8 and W (acting at G the centre of the beam) must 
pass through a point 0, and O is vertically below 0. Then we have 
the 

L 0AB=^-a+\, and the iOBA=Z- p-V; 

and since AG=GB, and OG is perpendioular to AB, the l CMP = the 
L OB A ; hence 

~«+X=g-0-V, i.e. \+\'=z*-pi 

and there will be equilibrium if a - /3 be not greater than X + X'. 

\ • 

45 . ' Lot AB be the rod, resting on the horizontal plane at A and 
on the inclined plane at B. Let R and S be the reactions at A and B 
respectively, and G be the centre of the rod of weight W, Then, 
resolving horizontally and taking moments about (2, we have (since 
/i=:tan X) 


nRxS (sin a- /lioos a), 
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i.e, R sinX=5 Bin (a-X) (i) 

and (2 a being the length of the rod), 

Ra (cos 0 - fi sin 0)^Sa [cos (a - 6) + /* sin (a - 0 )], 
i*e . i2cos(0 + X) = Scos(a-0-X). 

Hence we haye 

sinXcos (a-X-0) = Bin (a-XJ cos (0 + X) ; 

• tan 0= " si n - 008 ( tt “*) + flin ( a Z M 008 h -b _ 8 * n ( a ~ 2X) 

sin (a - X) sin X + sin X sin (a-X) 2 sinXsin (a-X)’ 

Also, resolving vertically, we have 

R + S (cos tt+ya sin a ) = JF, 

Le. R cosX + Scos(a-X) = W cosX; 

# R W cos X 

'* sin (a - X) “ sin X sin (a-X) cosX + sin X cos (a-X) 

__ W COB X 
sin a 

/. B = W oos X sin (a - X) coseo a, 
and S = W cos X Bin X coseo a. 

Otherwise thus : Let AO and BO be the directions of the resultant 
reactions at A and B\ then the vertical through G must pass 
through 0. Also sinoe the normal at A is vertical, the angle AOG 
is X ; and, since the normal at B makes an angle a with the vertical, 
the angle BOO is a - X. 

Hence Theorem (1) of Art. 79 gives 

2 cot OGB=6ob X - cot (a - X), 


i.e. 


2 tan 6 — 


sin (a - 2X) 
sin X sin (a - 




Also, if i? and S' be the resultant reactions at A and B , then 
Lami’s Theorem gives 


E' g W . 
Bin (a - X) “ sin X ” sin a * 

also the normal reaction at A 


IT sin (a - X) 

■ R> cos X — cosX; 


and the normal reaotion at B 




008 X = 


IF sin X cosX 
sin a * 


L.B. K. 


14 
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46. Let B be the pressure of the cylinder on one leg, S be the 
force at the joint (which must be horizontal, by symmetry) and 
k be the required couple. Then resolving vertically, for the leg, we 
have 

J2sin a= W\ 

and taking moments about the joint, we have 
k=R.c cot a- W. a Bin a 
. = W (c cot a coseo a - a sin a). 

47. Let A and B be the handles, C be the comer nearest to B , 
and D bo the back corner nearest to A, Then the effect of pulling A 
will be to turn the drawer slightly round its centre of gravity, so that 
there will be reactions upon it at C and D, but not at jfoe other 
comers ; and if the limiting coefficient of friction be and Q and R 
be the normal reactions at Z) and G respectively, then resolving 
parallel to the length a and tho breadth b of the drawer, we have 

P (tho pull) = nQ + /llR, 
and Q = B ; 

/. P=2nR. 

Hence pR = pQ + <?•«» 

i.e. a=fiC. 

If this condition be satisfied, any force, however small, would be 
just on the point of moving the drawer. 

If any force however small will move it. 




i.e. if a<fic, no force will move it. 


48. If the left-hand cord break, the window will tilt slightly so 
as to press against the frame at A and B , the top left-hand and lower 
right-hand coiners respectively; and if R and S be the normal 
reactions at A and B respectively, and W be the weight of the 

W 

window, the tension of the remaining cords--; also, if /t be the 

least coefficient of friction, the window will be on the point of sliding 
down both at A and B t and hence, for equilibrium, and 

W W 

nR+fiS + -£=W ; hence 2fiR = , i.e . W=4jiR. 

Also, taking moments about B, we have, if a and h be the width and 
the height of the sash respectively, 

W. | =fiR .a + R.h\ 

4/x + h, whence /*=-. 
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49. If C be the centre of the hoop, 0 be the bar, and M be the 
man’s hand, OM must be vertical, and clearly OM is least when CO 
makes the greatest possible angle with the vertical, which is X ; and 
since tan X =1-7-^, X = 30°. Then the L COM = the L CMO = \= 30°, 
and hence the L OCM=: 120°. Hence if CD be drawn perpendicular to 
OM y we have 

OM = 20D = 2 sin 60° = ^3 feet. 

50. If 0 be the requned inclination, and R and S be the normal 
reactions of the pegs, then resolving horizontally, we have 

R cos 0 = S sin 0. 

Also, taking moments about the centre of the square, we have 
R (e sin 0 - a) = S (c cos 0 - a) ; 

,\ sin 0 (c Bin 0 - a) = cos 0 (c cos 0 - a) 9 
c (sin 3 0 - cos 3 0) = a (sin 0 - cos 0) ; 
hence either sin 0 = cos 0, and then 0 = 45 ° ; 

or c (sin 0 + cos 0) = a, so that c 2 (1 + sin 20) — 

a 3 - c 3 1 a 2 - c 2 

and then sin 20= — r— , i.e. 0 = - sin^ 1 „ — . 

c* & c * 


Otherwise thus : One position of equilibrium, viz. when one of 
the edges of the square is inclined at an angle of 45° to the horizon, 
is obvious. For another position, let A BCD be the square (A being 
its lowest corner), G be its centre, and W be its weight. Let R and 
S be the reactions at the pegs P and Q respectively. The directions 
of JR, S and W must meet in a point O, and G is vertically above O. 
Let the vertical through G meet the line PQ in V. Then POQA is a 
rectangle, so that AO=PQ = c. We have 

AG _ sin AOG _ sin AOV • 

AO ~ sin AGO ~ cos GKV 


(E being the point where AG mbets PQ) 



sin (90° - 20) _ 
cos (46° + 0) ; 


oos 20 


v/2 


(oos 0 - sin 0) 


J2 (cos 9 0 - sin 2 0) 

" coaO-Binfl + *)• 


.*. -s=l + sin 2d. 
/»■ 


•*. sin 20 = 


a a -c* 


i.e. 



c a ‘ 


14—2 



212 


ELEMENTS OF STATICS 


Harder 


51. Let S be the mutual normal aotion between A and B (or C), 
and 22 be the normal reaotion of the wall on B (or (7). For the equi- 
librium of B , lesolvmg paiallel and perpendicular to the wall, we have 

fiR — 8 cos 60° - fiS cob 30°, 
and 22= S sin 60° + fiS Bin 30) ; 

>422=1(1-^3), and 22 = | (^3+/*); 


hence, by division, 




WV_3 

n/3+> ’ 


whence > 4 a + 2/^/3+ 3=4, 

t.e. >x+ x /3 = 2, and /u=2-^3; 

hence if the coefficient of friction be equal to, or greater than, 2-^/3 
no motion will ensue. 


52. Let G represent the ideal axis, ABB the axle on which the 
maohrne turns, b be the radius of ADB t and G be the centre of 
gravity of the machine. Draw a vertical line through G to meet 
the axle in a point D above G. The reaotion of the axle must there- 
fore aot in a vertical line through D. Now 0 is the greatest angle 
that the resultant reaction at D can make with CD. Hence the 
greatest value of GDG is <p. 

sin CGD _ CD _ b 
sin CDG ~ CG~~ a' 
b 

sin 0 = sin CGD=- sin 0 
a 

gives the greatest value of 0. 


But 

Henoe 


53. Let 22 and S be the normal reactions between the plane and 
the particle, and the plane and the table respectively, and fiR and F 
the corresponding frictional actions. For the particle, resolving 
perpendioular to the plane, we have 

22 = 11 ? cos a (1). 

Also, for the plane, resolving vertically and horizontally, we have 
S+jjlR sin a=22 cos a + W, 
and F= >*22 cos a +22 sin a; 

hence, by (1), we have 

8= W+ (cos a - >* sin a) w oosa, 
and F = (/4 cos a + sin a) ti7 oos a ; 

hence the particle will move up the plane before the plane slides on 
the table if F<p8, i.e. if 

(ftcosa + sina) U7Qosa</4ft r + pw oosa (cos a - /4 sin a), 
i.e. if woos a sin a. 
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54- The vertical through B must pass through the contre of 
gravity of TP' and W, and the resultant reaction at B 
= W+ W\ 

Let C be the centre of the seotion, and CA meet the vertical through 
B in E. Then we have 

CE W 
EA = W* * 


so that 


i.e. 


CE __ W __ CE 
CA “ W+~W'~ CB * 
sin a _ W 

TF sin [6 + a) = (TF+ TF') sin a. 


Otherwise time : Moments about C give 


(W+ W') BC Bin a=W . CA cos 


[*-(!-)]• 

(TP+ JV') sin a=W cos ^ - (0 + a)J = W sin (0 + a). 


* §5„ Let Q be the mutual normal action of the spheres; R and 
S be the normal reactions on them of the bowl respectively, and 
TP 1 >JP 1 . Then we have 


Wj = R cosa + AiIi sina + /iQ 

and W 3 = S cosa-pS sin a - fiQ 

Also, taking moments about the centre of each sphere, we have 


nR=fiQ, and fiQ=^.S t i.e. R=-Q = S. 
Hence (X) and (2) beoomo 

TPj = [cos a + fj. (1 + sin a)] R, 
and TP,=[cos«-/4 (1 + sin a)] JR ; 

hence, by division, 


Therefore 


cos a + /x (1 + sin a) __ IT, 
cos a - ft, (1 + sin a) " "N't 
M(l + Bin a ) __ - W 2 

cos a ~ W x + TF, * 


_W l -W i cos a 

008 a __ cos a (1 - sin a) 1 - sin a 
1 + sin a ~ 1 - sin* a cos a 


(1) . 

( 2 ) . 


s sec a - tan a = tan 


M= 


TPi-TP,, 

= — 1 3 tan 


w 1+ w, 


(«•-«)• 


also 
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56. Let <4 and B be the pegs, the angle ACB be the right angle, 
and the angle CAB be 0 when the point of contact of CB is on the 
point of moving in the direction BC . Then, if P and Q be the 
normal reactions at A and B respectively, moments about C give 
P.AC=Q.BC t 


i.c. 


P 

Q 


BC , .Bind 
: — = tan0 = — 
AC cos# 


Also, resolving horizontally, we have 

/*Pcos0 + P sin0 = Q cos 0-fi'Q sin 0. 
Hence, eliminating P and Q, we have 

(/* cos 0 + sin 0) sin 0 = (cos 0 - y! sin 0) cos 0, 
i.e. (/i+/i') sin 0cos0= cos 20, 

~ 2 ~ - 


cot 20=- 


In the symmetrical position 0 = ^; therefore the rods oan be turned 
from that position towards B through an angle ^ - 0, i.s. ^ ^ » 


*( 5 — *^=¥ 0 - 




Similarly, from the symmetry of this result as to /* and the system 
can be turned through an equal angle the other way. 


' 57. The sphere will not slide, since a is less than the angle of 
friction ; if W' be the weight required to keep it from rolling, moments 
about the point of contact of the sphere with the plane give, a being 
the radius, 

W . a sin a = W' (a cos a - a sin a). 

/. W'=W = — . 

cos a - sm a 

[Otherwise thus: Let C be the centre of the sphere, A be its 
point of contact with the plane, and B be the point from which the 
required weight W' is suspended ; also let CB cut the vertical through 
Ain D. The sphere will pot roll if the resultant of TV and W' act 
through A. We have, therefore, 

CD : DB= W' : W, 

i.e. a tana : a- a tan a = TP' : W, 

a being the radius, so that W ' (1 - tan a) = TV tan a, % 

... W‘=W taPa --=TF — e --°- .*] 

1 - tan a cos a - sin a J 

If W be slightly decreased, the sphere will commence to roll down 
the plane. If W ' be slightly increased, the sphere will oommenoe to 
roll up the plane. 
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58. Let 0 be the centre of the oircle, G be the centre of gravity 
of the rods, 2 W their weights, A the vertex, 2 a the length of each rod, 
r the radius of the circle, and let R and S be the normal reactions at 
D and E % the points of contaot of the upper and lower rods respectively 
with the oircle. Then, resolving vertically, we have 


(R- S) cos a -I- (jjR + fiS) sina = 2JF (1), 

and resolving horizontally, we have 

ji(-R-£)cosa = (.R + £)sina (2). 

Also, moments about 0 give 

/jlR . r+pS . r=2W. r, 


i.e. m.(R + S)=:2W 

Hence, by (1), we have 

(i2 - S) cos a= 2W - 2 W sin a, 
2W 

and, by (2), j*.2IF(l-sina) = — .sin a; 


p* - p? Bin a = sin c 


/* 2 tan 2 e . 
sin a= - , - — - = sin 2 

l+/i* 1 + tan 2 e 

sine= N /sina. 


(3). 


( 4 ). 


Again, we have A G + GO = A 0, 

i.e. acosa + r = r coseoa. 


a sin a cos a 

r =— z : ; 

^ 1 - sin a 

and the joining string will not meet the circle if AG>2r t 

2a sin a cos a 


i.e. if 
i.e. if 


a cos a > -- 


1 - sin a 


l-sina>2 sin a, i.e. if sina<g. 


If then T be the tension of the string, taking moments about A 
for the equilibrium of the upper rod, we have 

T . 2a cos a + W. a cos a = J2 (a + a sin a), 
i.e. 2Tcosa+W r cosa=J2 (1 + sina); 

and for the equilibrium of the lower rod, we have 
2 T cos a - W cos a = S (1 + sin a) ; 
hence, by addition, 


4Tcosa=(f2 + S) (1 + sin a) ; 


but, from (3) and (4), 


R + S. 


2 W 




-81D tt | 

sin a ’ 
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hence 


2T 


42\/l-sm 3 a=2TP 

, \ fll] 


'l + sin a 


= FVl + coseoa, i.e. T=^ */l + coseca. 
sin a 2 

Otherwise thus : Construct the figure as before. 

Let the directions of B, S and W meet in the point K ; then K is 
vertically below G. We have 

the L DKG = € -a, 
and the Zl?if(7 = e + a, 

sothat the L DEE = (g + a) - (g ~ a) = 2a ; 

hence a circle will go round DAKEO , diameter AO. Also, 
the L OJSTG = g -a + a=g, DOrrAOsina, 
and OK=AO sine; 

but DO=DG = OK sine. 

sin* g= Bin a, and sin e = aJbui a. 

As before, the joining string will not meet the circle if 

1 

Again, for the equilibrium of the upper rod, taking moments about 
A t we have IF. a sin a + T. 2a cos a=.R cost .root a, 

».«. (ir+2T)o=-^^; 

and for the equilibrium of the lower rod, we have 

/nr oTn jSrcose , , , W+2T B 

(W-2T)a hence, by dms.on, r _ 2T =-g- 

By Lami’s Theorem, we have 

B _ sin (g -f a) . 

S ~ sin (g - a) * 

2T+W_ sin(g + a) 

" 2T^W~ sin(«-a) * 

2T _ sin (g + a) + sin(c-a) __ 2 sin t cos a s in geos a 

IF ~~Bm(g+a)- -Bm (e-a)~2ooBg8ina~ N /i, Bm a €tS i lla * 

W j^/sma.CQBa 


/. T= 


2 Vi 
w 


Bin a . Bin a 
$Jl - sin* a 


® /v/sina(i-sina) 

if /,-r 

:-tt vl+coseca. 
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59. Let i be the slope of the plane, P be the required force,*and 
B be the normal reaction of the plane on the beam. Then, resolving 
vertically for the beam, and horizontally for the wedge, we have 
W=BcoBi f and JP= jRsini, so that P= W tani. 

Again, if there be friction between the floor and the plane, if S be 
their mutual normal action, and W ' be the weight of the wedge, then, 
resolving vertically, we have 

W'+ Boost = S, i.e. S=W'+W. 


Also, resolving horizontally, we have 

B Bin i=pS t i.e. W tan %=/j.S. 

Hence we have 


M=- 


TFtfini 


W 


w+w 


7 tan t. 


60. Let A, B, C be the points of the disc to which the strings 
are attached; AD the vertical string through A attached to a fixed 
point D. When the disc is turned horizontally through 0, let A go to 
A', and draw A'N perpendicular to DA ; then N is a point on the new 

0 

position of the circle vertically above A, so that A f N=2aein-. Let 

A 

<t> be the inclination of A’D to the vertical, so that 


sin0 


A'N 

~A’D 



Let T be the tension of each of the three strings so that, by resolving 
vertically, 3 T cos <f>= W. The horizontal component of T along 
A'N =T sin <f>, and its moment about the centre of the disc 

sTsin^.aco^grsTF.^tan <£cos^. 

Z o Z 

0 

Therefore required couple = W. a tan 0008^= given answer, on sub- 
stitution for <f>. 


61, Let A be the junction of the rods, B and C be the highest 
positions of the rings, B' and C' be the lowest positions, and Tand T' 
be the tensions of the string respectively. Consider one ring, at B 
and B'. By Lami’s Theorem we have, in the highest position, 

, si n (j + « + p) 

— sL — ^r =00t(a+ffl; 

T’ 

and in the lowest position, ^ =cot (a - p). 


Now r-x. 


AB sin a -a 


and T=\. 


AB' sin a -a 


r r 


BB'=Y' 1 aoos©Oa (T' - T) — JPX -, a ooseo a [oot (a - fi) - oot (a+ j9)]. 
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62. Resolving along the slant face of the wedge, we have W=T 
the tension of the string = 20 sin 60° = 10^/3. 

Let R be the normal reaction of the wedge on the weight. Then 

(1) when the ring is not attached to the wedge, the horizontal foroe 

=i2 oos 80°; but R = 20 cos 60° = 10, 
so that the force =10 cos 30°= 5^3 lbs. wt. 

(2) when the ring is attached to the wedge, we have the force 

=5/Ji-T oob60°=6«/3- 6 «/3=0. 

Again, when the slant face of the edge is rough, we have an additional 
force p.R along the wedges and therefore 

W + fjll — 20 sin 60°, 

and R = 20 cos 60°; 

= 10^3 -10/1=10^/3-10. = 2( V? . 

Also, for oase (1), the horizontal force 

=R cos 30° - fiR oos 60° 


-“’4 s - $ » r 1 5 (vs - £) - “ s • 


and for oase (2), the force 


- 5 --— 5 - 3 “ 


03. Let BOA be the crowbar, G being its point of contact with 
the cylinder, and B being the end at which the force P, applied at 
right angles to BA, would keep equilibrium. Let R be the action 
between the crowbar and the oy Under at C. Then, for the crowbar, 
taking moments about A (to avoid the action there), we have 

P .l=R .AC=R .rt&n-ti? (1). 

JO 

Also, for the qylinder, taking moments about D , the point of contact 
of the cylinder with the plane (to avoid the action there), we have 

R . r sin (a +p) = W . r sin a (2). 

EHminating R between (1) and (2), we have 

a & 

Wr sin a tan ^ Tir 

2 _ Wr Bin a _ Wr s ma 

isin(a+/3)” “ l " .a-f/S - ” l * l + cos(a+|8)’ 

Z COS — s— 


64. If U 7 oz. be f suspended from A , N be the corresponding 
division on the scale, G be the centre of gravity of the plate in CO, 
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where 0 is the middle point of AB> and the angle NGO=0, then, 
taking moments about C t we have 

W.AC sin (45° - 0) = 3 . GG sin 0, 

W.AO. J2 sin (45° - ff) = 3 . \ . CO sin 0. 

W (cos 6 - sin 0) = 2 sin 0. 

W( 1 - tan 0) = 2 tan 0, 

W 


also ON=GO tan 0= AO . ^fTjy 9 

and AN^AO-ON^AO^-^^AO.-^. 

Let W=0 t then AN =AO, and the zero graduation is at O 

W=l, then AN, = l AO = IaB; 

o o 

„ W=2, thenilW,=?ilO= 

„ W=S, then AN,=IaO=\aB; 

o u 

and so on ; hence the distances of the successive positions of N from 
A form a diminishing harmonic progression. 

05. If B support the ladder at the point C, if G be the centre of 
the ladder, 0 H the angle it makes with the horizon, and if AG be 
n feet, then * 

■ n d ' 

sin 0 n =-; 

" n 

• * d 

so Bm0 n - 1 =— i ? 

also the corresponding heights of G above the ground are 

l . A , l . n 
— Bin 0 n and -sm0 n _ 1 . 

Hence the work done by B in passing from the nth to the (n - l)th foot 
— ^ 5 ( fl i n 0»-l " Si 11 0n) 


m ( d d\ Wld 

“ 2 \n - 1 n) ~~ 2n (n - 1) # 

Also, the pressure on the ground at A =k W - P, where P is the force 
that B exerts ; and this changes sign when B passes Q ; therefore A 
must preBB his feet downwards when B has raised more than half the 
ladder. 
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' 60. Let ABCD be the horizontal section of the drawer, 0 the 
middle point of the edge AB in which are the handieB. Let E, F be 
the handles, so that 


EO=OF=^. 

Let F be the handle nearest to B. 

Let the drawer be on the point of motion when a force P is 
applied at F and the drawer has been pushed in a distance x. If 
points K , L be taken on CB, DA so that CK=DL—x, the action 8 of 
the side CB acts at K and the action 12 of the side AD acts at D. 
[Of. Ex. 47.] 

The frictions /jlR and pS at D and C act in the directions DA and 
CB. 

Resolving parallel and perpendicular to PC, we have 


P=fiR + fxS (1), 

R=S (2). 

Taking moments about F, we have 

+ (b+l'j+Sk-r) (3), 

where AB = 2b, BG=c. 

From (2) and (8), we have 

fia=x. 


Motion is thus just possible in the way required when the drawer 
has been previously pushed in a distance fw . 


67. Let R be the normal reaction of the cone at each of the 
points where it touches a side. Resolving vertically, we have 


i.e. 


8 R sina=8TF, 


r-JL 

sin a 


.( 1 ). 


The horizontal components, 12 cos a, of these reactions pass 
through the centre 0 of the equilateral triangle ABC. By symmetry, 
the reaction at each angular point is perpendicular to the line joining 
it to 0. 

Consider the horizontal forces acting on the side PC. They are 
R cos a acting through the middle point D along DO and two forces, 
each equal to X, aoting perpendicular to OB and OC, through P 
and & Resolving perpendicular to PC, we have 

R cos a=2X sin JCCP=2X sin BO^X^S. 
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68. When motion is just about to ensue let the thread be inclined 
at an angle 0 to the inclined plane. Let R be the normal reaction of 
the plane, nR the friction, acting downwards, and W the weight. 
Resolving along and perpendicular to the plane, we have 

Xcos0=/Li2i + TF8ina (1), 

R+Xjrin0=TTcosa (2). 

Also, taking moments abopluie central line of the spindle, we have 
Tc=fjiRa (3). 

(1) and (3) give T (a cos 0-c)=aW sin a, 

(2) and (3) give T(c sin 0) =/iaJV cos a. 

fia cos a (a cos 0 - c) = a sin a (c sin 0). 

/a [a cos (0 + a)-c cosa]= csina. 

__ c sin a 

cos (0 + a)-c cos o' 

The least value of /u is thus when the denominator is greatest, that 
is, when 6 + a is zero, that is, when the free part of the thread is 
horizontal, and then 

c sin a 

M — ■ • 

a-c cos a 


69. Let 0 be the middle jpoint of BD , so that X is on OA and 
1 l O 

OX=^OA ; and Y is on OC and and hence XY is parallel 

to AC. Let AC meet BD in O'. Then if G be the required c.o., 

YG _ area ABD _ perpendicu lar from A on BD _ AO' _ XU 
XQ ~~ area CBD perpendicular from C on BD O'C CJY' 

vv=v£> u - ™=XU. Henoeeto. 


70 Let a be the angle of the wedge, R the reaction of the floor 
on it, F the friotion, 8 the foroe exerted by the door on the inclined 
faoe ; this mast be normal to the face since the latter is smooth. 
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Resolving horizontally and vertically, we have 
S ain a = b\ 

and Scoaa=R . 

4 F 
tan a = - . 

if 

F 

Now the greatest value of — =the coefficient of friction fi , so that 

there will always be equilibrium provided that tan a < /x, i.e. if 
actan -1 /*, i.e . less than the angle of friction. 

71. Let 0 be the centre of the cylinder, A its highest point; 
when the man has walked to tho furthest possible point P let G be 
the point of contact and G the position of the centre of the plank, so 
that CG = arc GA=r . 0, where 0= i A OC = inclination of the plank to 
the horizon. 

Let JR be the normal reaction at G and fiR the friction. 

Since the plank is just on the point of slipping, 


JR = cos 0, 

fiR = ^ W + ^ sin 0. 


.\ tan 0=fi, so that 0 = e. 
Again, taking moments about G , we have 

CP. - = CG. W=reW. 
n 

CP = nre , and GP = (?i + 1 ) re. 


72. If T be tho tension of tho string, R the reaction of the plane, 
and pR the friction acting up the plane, then resolving along and per- 


pendicular to the plane 

Tcos0+/xfl=TFsin a (1), 

and R- Tsin 0 = fFcosa (‘2)-. 

Also, taking moments about the centre, we have 

• T=pR (3). 

By (3), we have from (1) and (2), 

fiR (cos 0 + 1) = W sin a, 

R (1 - fA sin 0) = W cos a. 


cos ap (cos 0 + 1) = sin a (1 - ji sin 0). 
H cos (0 - a) = sin a - fi cos a. 
'sin X oos (0 - a) * sin (a - X). 


and 
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Hence 0=a+cos _1 J~ 81 g ( a 

L sinX J 

11 6 be > this angle, the equilibrium will be broken; for it is easily 
shown that the ratio of the tangential to the normal reaction is thereby 
increased. 


73. Let 0 be the centre of the sphere, and A the point of eontaot 
with the wall. Draw AL making an angle e with JO (in a direction 
above AO) to meet the vertical through 0 in L. Then AL is the 
direction of the resultant reaction through A and hence the required 
force passes through L. Take OL to represent W in magnitude and 
draw OK perpendicular to AL. Then by the triangle of forces OK 
represents a force which would be in equilibrium with the weight LO 
and a force along AL, and it is the least such force, and 

= OL sin OLK= W cos e. 


Hence a force W cos e through L parallel to OK, if it meet the sphere 
at all, will be the least force required. It will meet the sphere if the 
perpendicular on it from 0 < radius of Bphere, 

i.e. if OL cos OLK<a t i.e. if a>a tan e. sin 

i.e. if sin 2 «< cose, i.e. if cos 3 e + cosol, 

• • . v/5-1 . .. lX /5-l 

i.e. il cos e > ^ — , i.e. if ecoos -1 ^-^ 


If e be greater than this angle the line through L, parallel to KO, 
does not meet the sphere and it is easily seen that L then lies outside 
the sphere. Hence the nearest direction to KO of a line through L 
which does meet it will be thart of the tangent LT to the sphere, and 
this will thus be the direction of the required force X. We then have, 
if OU be parallel to this tangent to meet AL in U 9 and 

lUOL= lOLT=0, 


sin 6= 


OT _ OA 
OL ” OL 


= cot e. 


X OV sin (90° -e) _ cose 
•" lF~OL”'sin(9O o -« + 0)'“oos(e-0) 

_1 = 1 

“ cosV+ian e sin 6 ~~ ~ cot 3 * 4- 1 

= * "cot 3 “ = tan e t tan e “ V^an 3 * - 1]. 

For the limiting value tsscos- 1 * , the two values above found 
will of oourse coincide. 
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74. Let 0 be the hinge, OA the rod, OB the perpendicular from 
0 upon the wall, BP the vertical through P, bo that I OAB=a. Let 
0 be the angle ABP so that, when the equilibrium is limiting, 20 is 
the angle required. The normal reaction R acts through A parallel 
to BO, and the friction fiR aots tangentially to a circle with B as 
centre, i.e . along a line in the wall through A perpendicular to BA . 

Taking moments about a hne through 0 parallel to BP, so that 
the weight and the reaction at 0 do not enter into the equation of 
moments, we have 

RxABun 6 =fiRQOQ 0 0 OB + jjlR sin 0 x 0 , 
i.e. Rx OA cos a sin 0 =/xPoos 0 . OA sin a, 

i-e. tan 0=^t tan a (1). 

Also, taking moments about OB, we have 
AB 

IKx — si nO=jiRxBA $ 


R= 



W tan 0 
2/a ^1 + tan a 0 


W t an a 
2 Jl+i? tan 5 ' a 


— . -j-. r , by equation (1). 

2 vW cot 3 W 


75. Let P and Q be two consecutive angular points of the» cube 
whioh are on the surface of the hemisphere. Let the plane which 
bisects PQ at right angles meet the plane base in AOB f O being the 
centre. Let perpendiculars from P, Q on the plane base meet it in 
R, S and let RS meet OA in N . Then if a be the radius of the sphere 
and x the side of the cube, 

u*=OP*=PR*+OR?=PR? + BN*+ON* 

=* 3+ © ,+ (I) >= ih 


so that 


*=J«s/6. 


Let K be the o.o. of the rest of the cube ; then K will lie on the 
radius OC perpendioular to the plane base, and 

1 , 


OKx 


3 ™*-**] 


, QK= 



£ » 2 . 3 a 

+ a x ^8 r ^ x I 3 


1 . 2a 4 

4 T ° " 9 


wa 9 - x 3 n ra 9 • 


■ T J6 


a 9 r -8 


I ‘ 
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Let the body be now placed with a point L of the spherical surface 
in contact with the plane ; then the limiting position of the body will 
be that in which K is vertically over L, and then, since L OLK=a t 
we have 

sin LKG _ OL __ a _ 8 (3ir - ^6) 
sin a “ OK ~ x~ 9tt - 8 * 

, . r m 8 (3t T-tJ§) . 

and sin LKC= --g— sm a. 

Also L LKC= l OC makes with the vertical 

= l the plane base makes with the horizon. 


76. Let the length l be divided into n equal parts wnere n is very 
large and ultimately will be made infinite. 

When a length haB been extracted, a length l- is left in, 
n n 

and the pressure is 

27 rr 

and therefore the friction iB 

2irpxlP 


K) 


i\ 


('-!)■ 


The* work done in extracting the cork a further distance - is 


2irnrPP 


\ n) n 


lienee the total work required is the limit, when n is infinite, of 


p-n 

2 27r i ur 3 Zi J 

p — i 


p— « / 1 

= 2t rfirHPx Lt 2 

I*—® P—1 


ri _ 

\n n 2 J 

(l _£\ 

\n »V 


= .r’iPx Lt 


n r l(n + i n 

-n ri ? J 




= 2 vfj.r 2 lP x xikrHP, 


lu B. S. 


15 
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Page 4, Art. 5. 

Bx. 1. The required speed 

=[2j r x 93000000] -f [365 x 24 x 60 x 60] miles per second 
=3875x4-657= about 18*5 miles per seoond. 

Bx. a. The distance from the sun to the earth being 98000000 
miles (as given in Ex. 1), the required speed 

=93000000+[8 x 60] miles per seoond 
=193750 miles per second. 


4. Art. 6. 


Bx. I. If the man walk 8 miles east from 4 to B, and then 
4 miles north from B to C, his displacement 

=40= n/8 1 f 4 J miles=5 miles, 
at an angle north of east equal to the L BAG, 

J 


, * -i BG ■ 

it. tan , t.e. 


n-i: 


Si 


Bx. a. Let 04 and AB be the two successive displacements, 
draw BN perpendioular to 04 produced, so tnat AN and NB are 
each equal to 1 mile. 

The displacement 

=OJB= >JoW+W= j2 r -»l 5 = N /5 miles ; 
also tanBOtf=^=g. 
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Page 10. Art. 14. 

Ex. l. The components are 4oos45° and 4sin45°, i.e, each 
component is 2^/2 mUes per hour. 

Bx. a. The required components (lQoos 30°) feet per second 
=6^/3 feet per second. 

Bx. a. If u be the velocity of the body, the required components 
respectively are u cos 60° and u sin 60°, 

u , *73 

♦ 2 and 


EXAMPLES. I. (Pages 13—16.) 


3. miles per hour 

= ^8j* r x feet per second = 12 feet per second. 

The component velocities arc therefore 9 feet per second and 12 feet 
per second, so that the resultant velocity 

= ,v/9 a + (12) a = 15 feet per second. 

Hence the ball passes over 45 feet in 3 seconds. Also its direction in 

g 

space is inclined at an angle tan” 1 ^ to the direction of the ship. 

t 

4. The boat is rowed three times as fast as the current flows. 
Henoe the required distance 

= ~ x 800 feet = 100 feet. /, 

5. Let v be the velooity of the current, O be the starting point, 
and C be the point to be reached. Let OA and OB represent in 
magnitude and direction v and 2 v respectively. Complete the parallelo- 
gram OACB : then the diagonal OC represents the resultant velocity 

“ __ j tt 7„ g 


in magnitude and direction. We have 

^ oc = 80 °. 

and therefore the required inclination = the lAOB = 120°. 


* 


r! > 

0 % 


6, Construct as in the last example. Here we have 

““ bo<7 =H- ■ 





15-2 


- r o" 
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7. Here Bin B0C=1J-^2$=|, 

0 

bo that L i OB =00° -Min ' 1 1 = cos"‘ (^~fj = 126° 5V. 

In order to cross in the shortest time, the swimmer should devote 
his whole energies to crossing, it being immaterial how far he may 
drift down; therefore he should swim, relatively to the stream, 
perpendicular to its direction. Thus the resultant direction of his 
motion makes with the current an angle 

tan” 1 i.e. tan- 1 ^, i.e. 69° 2'. 
o 

v 8. The northward displacement in one hour ^ 

= (8^/3 00 s 80°) miles = 12 miles ; 
also the westward displacement 

=(8s/S sin 30°) miles =4^3 miles. 

Hence the required answers are 4^/3 miles per hour, and 12 miles per 
hour. 



9. Let P be the point at which they strike in t hours ; then 
AP=10t, and PP=l<V3t. * 

sin ABP _ AP _ 1 
sin 60° = PP"“J3* 


We have 


so that sinJPP=~g x 7 ^ = ^ » lABP= 30°; 

therefore Y starts at an angle of 150° with AB produced. Also the 
^ APP=90°=the angle at whioh the ships strike. Again, 


AP = 5 cos 60°, i.e. 10t = r miles, > 
1 f* 




so that 


t=-r hour =15 minutos. < , • 

4 yf 

p $ 

7 


3 & 


10, B miles per hour 

f Q 1760 x 3\ . . , 

= ( 8X -60^60 ) feetperBe0Ond 


= — 41 feet pei second. 

ID 


Let OA and OB represent in magnitude and direction the velocities 

1 7ft 

~r feet per seoond and 16 feet per second respectively. Complete 
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the parallelogram OA CB\ then the diagonal 0(7 represents the 
resultant velocity in magnitude and diiection. We have 

cos AOB= -sin 50(7= - = ^ , 

15x16 15 

i.e. the required direction is at an angle 



with the direotidn of the car's motion. 

11. Lot OA and OB represent in magnitude and direction 
the velocity of the ship and the velocity of the current respectively. 
Complete the parallelogram OADB ; then the diagonal OD repre- 
sents the resultant velocity in magnitude and direction ; it is equal 
to ^4* + 3’, i.e. 5 feet per second ; also 

A 1) 4 

L DO A = tan- 1 ~ =tan" 1 7 , 

AO 4 

3 

i.e . the direction of OD is an angle tan -1 ^ east of north. Let OC 

represent the velocity of the sailor. The required velocity is the 
resultant velocity of OD and OC, and = J& + 2 2 = feet per 
2 

second, at an angle tan -1 - with OD. 

5 

12. If x and y be the required components, we have 

JL - y - u - hl*L- u i2 ( 

sin 45° sin 30° " sin 75° “ * {s/ ) * 

Hence x=u (Js - 1), and y = ^{jQ-*J2). 

£ 

13. As in Art. 13, since the velocity 13 is equal and opposite to 
the resultant of the velocities 7 and 8, if 0 be the required angle, 
we have 

(13) 2 = 7 s + 8* + 2 . 7 . 8 cos 0, 
whence cos0 = v, i.e . 0 = 60°. 


14. Velocities, each equal to 3, in the given directions destroy 
one another, so that we have to find the resultant of 16 and 6 at an 
angle of 120°. Henoe 

F 4 =(16) 9 +6‘ 2 + 2 . 16 . 6 cos 120°= 196, i.e . T=14. 

6 sin 120° __ 3^/3 

“16 + 6 cos 120°" 13 ’ 


Also 


tan 0= - 


- 13 
008 ®=i4- 


i.e. 0 = cos' 


i 1 ! 

14 - 


so that 
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15. Here 

V cos 0 = u + 2u cos 60° - 8 cos 30° + 4 u cos 60° = - ^ , 

and F sin 0=2 u sin 60° + 3 ^/3w sin 30° - 4u sin 60° = . 

u 9 

Hence F*=- (l + 3)=u 9 , bo that F=u. 

Also tan0=^~-i-^-^= -*/8, i.e. 0 = 120°. 

16. Let OA and OB be tho oiiginal velocities. Complete the 
parallelogram OADB , and let C be the middle point of AD. By the 
question the angle A OD is biseoted by OC, so that the angle OCA is 

T 1 a rij^it angle. Hence 




i.e. the LAOC is 30°, and therefore the LAOB is 120°. 

17. If AOB bo the diameter and P be the point on the circle, 
then, by Art. 16, Cor. 2, the velocities PA and PB are equivalent to 
2PO, where O is the centre, i.e. to a velocity represented by the/ 5 
diameter through P. X 


EXAMPLES. H. (Pages 21-24.) * ( & ~ J 

1, 30 miles per hour y, 

= ^30 x feet P er secon d=44 feet P er second. 

Hence tho lequired velocity is the resultant of 33 feet per second at 
right angles to the train and of 44 fe et per secon d in a direction 
opposite to that of the train, i.e. is ,s/(4i) 9 +(33) 9 , i.e. 55 feet per 

second, at an angle tan** 1 with the direction of the train’s 
motion. 

2. If u be the required velocity at an angle 0 west of north, u is • 
compounded, by the principle of Art. 22, of 16 miles per hour north 
and 12 miles per hour west, and 

= A/(16)*+(12) a =20 miles per hour; 


0=tan _1 jg = tan H j. 
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3. The apparent velocity (ti) of the second vessel, i.e. its velooity 
relative to the drat vessel, is compounded of 15 miles per hour sotfth- 
east, and 15^/2 miles per hour north ; hence it is u at some angle 0 
east of north, where 


Hence 


u cos 0= 15^/2--^ = , and tisin0= 

V 2 ij 2 


u * * 


1C 

V 2 


and henee u= 15 miles per hour. 

Also tan 0 = 1, so that 0=45°, 

i.e. the apparent velooity is 15 miles per hour north-east. 


*4. If u be the true velocity of the wind at an angle 0 east of 
south, then this velocity compounded with 10 miles per hour south- 
west is 10^/2 miles per hour south. Hence u=10 miles per hour, 
and 0=45°, i.e. the true velocity is 10 miles per hour towards the 
south-east. 


5. The required velocity is compounded of (30 + 6) miles per 
hour north, and 15 miles per hour east, and therefore 

= *J[ 36) a + (15) a =39 miles per hour, 

15 5 

in a direction cos -1 — , i.e. cos -1 — , north of east. 

«5y lo 


6. Let the velooity of the train be x feet per second. Then we 
24 1 

have ~ = 2» w ^ ence £ = 48. The velocity of the train is therefore 

43 x 60 x 60 . Q08 .. , 

17 60 x 3 * ** §m 32A 1 per * h ° Ur ‘ 

^ 7. Lot u be the speed of the rain, and 0 be its direction with the 
vertical; then (1) u compounded with 2 miles per hour in the opposite 
direction is vertical, so that u sin 0 = 2 ; and (2) 


u 4 

sm45° ~ sin (0 + 45°) ’ 

so that u (sin 0 + cos 0) = 4 = 2w ain0; 

sin 0= cos 0, i.e. 0 = 45°* 

also u = 2 coseo 0 = 2 */2 miles per hour. 

Otherwise thus: Let OB represent the real speed of the rain, 
and OC be vertical. Draw OA horizontal and opposite to the 
direction of the man, and let it represent in magnitude the speed, 
2 miles an hour, of the marr. Complete the parallelogram OBGA . 
Produce OA to A\ making AA*=sOA ; then OA ' represents in magni- 
tude the increased speed, 4 miles an hour. Complete the parallelo- 
gram OBG*A* , and join OC*. The jlOG*B= 45°; also CC*ssAA*= 2, 
bo that 0(7=2, and (721= 2; hence OB=z2J2 miles per hour, and the 
L 50(7=45°. 
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8. Let OA be drawn towards the east and be eqnal and opposite 
to the velocity of the steamer. Draw OB towards the south-east and 
equal to the apparent velooity of the wind. Complete the parallelo- 
gram OABC . Then OG represents the actual velocity of the wind. 

Also OC=AB= J(U)*+V - 2 . 14 . 7 cos 45° 

= 7^4 + 1 -2^/2 = lj5 -2„/2 miles per hour. 


3 4 

9. If sin 0 =-= , then cos 0 =-= . Let v be the velooity of the shot ; 

0 0 v 

then its components along and perpendicular to the train are 

4v 3u ~ 

and — respectively. Hence we have > vv 

oo 






whence v=80 miles per hour. Now 80 miles per houF 

80 x 1700 x 8 , , , 352 

= — — ^r— feet per seoond= — feet per second ; 
oU x uU o 

hence the required time = 8-r~ = ^ sec. 

5 do 2 44 


10. The relative velocity of each train with regard to the other, 
since they are moving in opposite directions, is (20 + 30) miles per 
hour, i.e. 50 miles per hour; and to clear eaoh other from the 
moment when they first meet either has to pass over a relative 
distance equal to tho sum of their lengths, i.e . 400 feet. Hence the 
required time is 

400x60 x60 . w , , 

60x1760x 1 Be00nd8 ’ 6 * Be0ondfl - 


11. The length of a steam track is proportional to the velooity of 
the trqin relatively to the wind. Hence, if u be the velocity of each 
train, and v be that of the wind, we have 

u+v : u-v = 2 : 1, i.e. u + r = 2 whence u=3r. 

12. Lot v denote the common speed, 15 miles per hour. 

If the first ship was at O at noon, the second ship was then at A , 

3 • 

where OA = 5 v miles. Let P and Q be simultaneous positions of the 

a 

ships at t hours past noon, so that OP=*vt and 
QO=v (*-§)• 

Henoe PQ=^/v* +v J ta=t> 

,= ^\/ 4ta ~ 6t + 5 = ^\/( a<_ I) + i ,/J 
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Hence the least value of PQ is when t=- hour, t.e. the required 


time is 12.45 p.m., and this value is then 
v 3 . 3tv/2 . 45^/2 

4~* 4 ' 


i.6. 15*9 milos. 


13. The ships being at 0 and A , OA = 10 miles. Let P and Q be 
simultaneous positions of the ships after t hours, so that OQ = 12f and 
i4P=16t. Hence 

PQ= V(12t)*+(10“l6t) J = «,/l00 - 320£ + 400i a 
= v /3(i + (8-20t)». 

0 

Hence the least value of PQ is when t = — hour =24 minutes, and 
this value is then six miles. 


14. The velocity ol the first is | feet per second, and that of the 

o 

second is 7 feet per second. The relative velocity of the second with 

4 

respect to the first is therefore the resultant of - perpendicular to BA 

and of | along BA , i.e. is ^(5) + (jj) » if » l - e - 2 A feet P er 

second at an angle tan -1 l * g * tan -1 ? with BA. Let P and 

Q be simultaneous positions of the points at the end of t seconds, so 
that i}P=|(3-t), and BQ = |t. 

Hence 

PQ= (3 -«)* + § V(25t-48)* + (36)». 

Hence the least value of PQ is when 
48 

S = 23=1H second, 

86 t 

and this value then = — = 3 feet. 


15. Let OA be drawn westward and be equal and opposite to the 
speed of the ship. Draw OB south-east and equal to the speed of the 
wind. Complete the parallelogram OBCA } so that OC is the direction 
of the vane. Now, since the apparent direction, OC, of the wind is 
towards the S.S.W., therefore the Z BOC= 67J°, and the z OBG= 45°, 
so that the z BCO =67i°. 

Hence OB = BO t and therefore the speed of the ship is equal to 
that of the wind. 
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^*18. Draw OA in a direction between south and east, to represent 
. the velooitr of the wind ; also draw OB westward and equal to 4 and 
' complete the parallelogram OACB. By the conditions of the question 
the direction OC is due south. Produce OB to D, so that DB is equal 
to 4, and complete the parallelogram OAED. By the question the 
l COE is 45°, and hence the L CEO is 46°. Henoe W ^ 

0C=CE = DB = i, and AC=OB= 4. 

Therefore 0A=4*J2, 

and the i AOO is 45° ; i.e. the required velocity is 4^/2 miles per hoff 1 ’ 
towards the south-east. 


' 17. Draw OA at an angle 0 with the south direction towards the 

east, to represent the velocity of the wind ; also draw OB south west 
to represent the velocity equal and opposite to the velocity of the 
person. Complete the parallelogiam OADB, so that OD is due south. 
Produce OB to C, so that OB equals BC, and aomplete the parallelo- 
gram OAEC. Then the L E OD is a (=cot -1 2). 


We have — — = 


=,J2 sin 0, 


and 


AD _ sm 0 
OA ~ sin 46° ” 

n AD _EA _ 8in(0 + a) _ ^2 (sin 0 cot a + cos 0j 
Z OA~<OA~ 810(45°- a) ~ cota - 1 

= ^2(2 sin 0 + cos 0). ^ 

Hence 2^2 sin 0=^2 (2 sin 0 + cos 0), so th < ttt-cos0^O. 

Therefore the L DOA is a right angle, and the true dir&ion of the 
wind is towards the east. 


' 18. When the line joining them passes through the centre, their 

relative velocity has its greatest value Sv or its least value v, acoordmg 
as the points are moving in the opposite or m the same sense. 


EXAMPLES. III. (Pages 26-28.) 



1, The angular velocity 
200 x 2 t 


20ir 


_ A — radianB per second = 

60 o 


radians per second. 


2. The angular velooity of any point on the wheel about the oentre 
is the angular velocity of the wheel and=4 x 2s-=8t radians per 
second. Hence the linear velocity of any point on the wheel 
* 22 

■8r x 2 feet per seconds 16 x y =* 60f feet per seoond. 
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3. The minute hand makes one revolution per hour ; henqp its 
angular velocity 

= 6^60 = d50 rfldianspersecoDi 

Also the velocity of the end 

=6x 60760 = 3^ feet perBecond - 


4. The respective angular velocities are as 
1 1 


1 


12 * 60 x 60 4 60 x 60 : 60 ’ aS 12 :l:C0; 


the velocities of the ends are as 
•48 


: -8: -24x60, i.e. as 1:20:360. 


. 5. The man’s rate is equal and opposite to the velooity of the 
point on which he is standing, and the angular velocity of the wheel 

*2 * 

= ^ radians per second ; 

hence the required rate 

2r 

m — x 20 feet per second =*■ feet per second 
22 

=3600t feet per hour= 1200 x y yards per hour 
= i760 X T mi es P 0r ^ our= 2f miles per hour. 

6. If O be the objeot, P and Q be any two consecutive positions 
of the point of observation in the tiain, and p and q be the corre- 
sponding positions of the carriage, then the fines Pp and Qq both 
pass through O; also during the time that the train moves from P 
to Q, the carriage moves from p to q. Hence the velocity of the 
oarriage is to that of the train, K, as pq : PQ, i.e., from similar 
triangles, as D-d : D; hence the required velocity 



7. Let A be the fixed point on the oiroumferenoe, O be the oentre, 
AOB be the diameter, and P be any point on the circumference. 

Since the point moves with uniform speed, the angle BOJP 
increases at a uniform rate. 

Hence the angle BAP, whioh is half of the angle BOP, must also 
increase uniformly. 
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8. Let ABCD be the board, the partiole being originally at A. 
The string has unwrapped itself when it has turned through a right 
angle about the points Z>, C and B respectively, i.e. when it has 
described one quarter of the ciroumference of 3 circles whose radii are 
a, 2a, and 3a, i.e. when it has described a distance 

£ . a + ^ . 2a + £ • 3a, i.e, 3ira. 

2 A J 

The required time therefore 

__ 37ra 
u 


•, U 60 x 1700 x 3 . . * 

10. 60 miles per hour = — - = 88 feet per seoond. 
bU x bU 

The velocity of the centre of the wheel is 88 feet per second, so 
that the angular velocity of the wheel 

88 

= -£-=44 radians per second. 

Taking the figure on p’. 27, we have 

cos 0 =~ , i.e. 0 = 60°, 

& 


0 

and hence the tangent at P makes an angle i.e. 30°, with the 
horizon. Also the velocity of P 


= AP . u = 4 cos 30° x 44 = 88^/3 feet per second 


88^ x60x60 

8x1760 


= C0^/3 miles per hour. 


11. 30 miles per hour =44 feet per seoond. 

The required angular velocity 

= 44-r-| = ~ radians per second. 

a o 

Also the highest point of the wheel moves twice as fast as the centre, 
so that the velocities of these two points are 88 feet per seoond aud 
44 feet per second respectively. Hence the relative velocity 

= 44 feet per second = 30 miles per hour. 


12. Proceed as in the last example. 


13. Take the figure on p. 27. The velocity of the highest point 
B=2v = 20 miles per hour. 
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Let P and P\ on opposite sides of BA , be points 8 feet abov$ the 
ground, and Q and vertically below P and P', be points 1 foot 
above the ground. 

The lBOP= the lBOP'= the aAOQ = the lAOQ'= 60°. 

The velocity of Q or Q ' is the resultant of v and v at 120°, 

i.e . is 2 x 10 cos 60°, i.e. 10 miles per hour, 

at =t 60° to the horizon. Tho velooity of P or P' is the resultant of v 
and v at 60°, 

i.e . is 2 x 10 cos 30°, i.e . 10^/3 miles per hour, 

at ±30° to the horizon. 


EXAMPLES. IV. (Page 30.) 

2. Let OA represent the original velocity, 3 miles per hour, and 
OB the final velocity, 4 miles per hour. Complete the parallelogram 
AOCB , with OB diagonal ; the required change of velocity is OC which 

= \/3 a + 4 a =5 miles per hour, 

4 » 

at an angle tan -1 - north of west, 
d 

3. If OA and OB represent the two velocities of 6 feet per second, 
then OA equals OB and tho triangle OAB is equilateral. Hence, if 
the parallelogram OABG be Completed, OC=AB y and the required 
change of velocity is 6 feet per second, at an angle COA, 

i.e. 60° + l OB A, 

i.e. 120° with OA. 

4. Let OA represent the original and OB the final velooity, 90 
that OA and OB each represent 20 feet per second, and the L A OB is 
45°. Hence 

AB =2 x 20 sin 22^=20^2 (1 - 00s 45 o )=20*/2T^2 ; 
and the L OAB = 90° - 22 J = 674°, 

so that AB is in a direction N.N.W. 

5. The speed=[2ir x 21]-*-ll feet per second = 12 feet per second. 
The final velooity OB is equal in magnitude to the original velooity 
OA t and is inclined at 60° to it. Hence AB is 12 feet per seoond, and 
the L OAB is 60°. Therefore the change is a velocity of 12 feet per 
second in a direction inolined at 120° to the direction of the original 
velocity. 
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1. (1) 

»=u+ /t=2+8 . 6=17 feet per second ; 


g=ut+i/t*=2.6 + i.3,26=474 feet. 

(2) 

e=u+/t = 7 + ( - 1) 7=0 ; 


. «=ut + |/t»=7 a -2-7 s =244 feet. 

(3) 

v a =u a +2/s f so that 3 9 =8 a + 18/, 

whence 

/= -3 ^ ft.-sec. units ; 


• f K 

v=u+/t, bo that 3 = 8- — *, 

whenoe 

t=l/ r second. 

(4) 

t7 2 =u 9 +2/«, so that (-6) a =u a + 27 f 

whence 

«= ±3 feet per sec. ; 


Q 

v=i i+ft, so that -6= ±3 -At, 

« 


whence t=6 seconds, or 2 seconds. 

*2. v —ft = 2 .20 = 40 feet per second ; 

« =5/0= 1-2. (20) J =400 feet. 

2 2 

3. 30 miles per hour =44 feet per second ; 

v=u+ft, i.e. 44 = 4 + t, 
whence t = 40 seconds. 

4 . « = §/(’, i-t. 1000 =^/( 10 )*, 

whence / = 20 ft.-sec. units. 

5. v=ft, i.e. 30=3 1, 

whence t = 10 seconds ; 

•=^/i a , i.e. *=^.8. (10) 9 = 150 centimetres. 

6. o=u+/t, i.e. 0=100- 2«, 

so that t= 50 seconds; 

•=ut + ^ /t 9 = 100 . 50 - g . 2 . (50)* = 2500 oentimetres 

=25 metres. 


EZ8. 
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7. Here 
bo that 

'■ g. As in Ex. 2, p. 89, we have 


/ = 18 ft. -sec. units. 


oi . 25 . 

8J = u + y/, and 7J=u + y/ 

u= 10 feet per second, 


whence 
and 

the negative value of / shews that it is a retardation. 


/= - - ft. -sec. units; 


9. If u be the initial velocity, and /be the acceleration, we have 

20i=«.l + i/.l* 


and 


By subtraction, 


20i + 23i = u.2 + */.2 a . 


23i = u + 2/.3., 


Again, from (3) subtract (I), and we have 


and therefore 


Again, 


3 = ^/. 2, i.V. /= 3 ft.-seo. units, 

9 47-9 

= 23J - - = — — - = 19 feet per second. 
2 2 

v a *2 fs\ where v = 19. 

19x19 3G1 . 

••*=-2^3-= c-= 6 °i feet - 


3io. Let the time of motion be t seconds, so that 




Hence 
so that 
Also 


16 

25 




£ t=t - 1, and t =6 seconds. 

6 

S = 5 / • 1 9 » 80 /=! ft.-sec. units j 

2 2 


hence the required distance 


6*=12J feet. 


(1) 

.( 2 ). 

.(3)- 
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11 . We hare 

and 

198=[«.U+^/.(ll)>] - [«.10 + |/. (10) a ]=u+^ (2). 

Solving (1) and (2), we have 

w=80 feet per seoond, and / = 16 ft.-seo. units. 

12. During the last 3 seconds the velocity v 

72 

= — =24 feet per second, 

3 

1 3 

and therefore u + 3/=24; also 81 = 3w + -/. 3 a , Le. u + -/=27; 
solving, we have 

u=30 feet per second, 

and /= - 2 ft.-scc. units (a retardation). 

_ 0 . n . , 40x1760x3 , . , 

13. 40 miles per hour = — — — ^ — feet per second 

60 x 60 

. = feet per second ; 
o 

44 

10 miles per hour= — feet per second; 

O 


160 yards =450 feet. 


The formula 


gives / = “ (y) 2 ]’*' 3,450. 


whence 


, 484 

/ = £gg ft.-seo. units ; 


and then, by the relation v a =2/*, 

( 44 \a 404 

-g- J = 2 . — . *, whence * = 30 feet. 

14. If , t, and t, be the required times respectively, we have 
1=^/. $ 1 a =9$ 1 a , so that tjsisec.; 

2=9 (<! + t 2 ) 2 » that tj + tg = f 

— sec.; 3= 9 (£j + f a + 


and 
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i.e. «i + f*+ t t = ^ • an( * therefore *»= see. 

15. Let £ be the number of seconds the second particle takes to 
overtake the first at a distance s from 0. Then 

* = 4 (f + 2) * also « = 5£ + i.3.£ a . 

Hence 8f + 16=10£ + 3f a , i.e. 3t a + 2t- 16 = 0. 

(3 1 + 8) (£ - 2) = 0, i.e. t = 2 seconds. 

Also *=4 (£ + 2) = 4 . 4= 16 feet. 


16. Assume that the point is moving with a constant acceleration 
/, and that at the commencement of the first second its velocity 1 b u. 

We then have 7 = u + ^ /, 


ll = (3« + ^/-3 2 )- (2u + lf.2^=u + lf, 

aud 17=^0u+l/.6»^- ^5tt + l/.5^ = it+y/. 

These equations aie satisfied by u — 6 and f—2. Ilcnce the 
equations are consistent. 

17. The initial velocity is 3^/2 both in a north and an east direc- 
tion. Hence, if x and y be the eaBt and north displacements, we have 


and 


Henoe 


and 


x=3*J2 . 1 +- . 6 = 3 (1 + ^/ 2 ), 
y= 3^2.1+^ .8=4 + 3^/2. 

tanS=» = 2 +^- 2 . 
x 8 


18. Let t be the time so that 1500=200£ - J . 10£ a . 

t a -40t + 300=0, so that t = 10 or 30. 


The value 10 secs, corresponds to the time when the particle first 
arrives at the given distance. It then goes on past this point and at 
the end of 20 secs, its velocity is just zero ; it then returns and at the 
end of 10 secs, more is again at the given distance from the starting 
point. 


0^19. Let x be the distance between the points at time t. Then 


US. I. 


16 
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Eenoe s is greatest when [-/]' is least, i.e. when it vanishes, and 

. u , u a 

then t= 7 and x=~.. 

J AJ 

20. It is assumed that during each minute the velocity alters 
uniformly from the value at the beginning to the value at the end of 
the minute. 

The average velocities during these minutes are thus: 

0 + 25 25 + 40 40 + 50 50 + 50 20 +0 

2 9 2 9 2 * 2 2 

miles per hour. 

The required average velooity 
= sum of these-+12 

= ^[2 (25 + 40 + 60 + 50 + 45 + 40 + 40 + 46 + 45 + 85 + 20)] 

= ^ =36| miles per hour. 

21. As in the last question the space described 

0 + 5 6 + 18 18 + 38 38 +62 62 + 78 78 +81 81 + 83 

S "IT” * 2 2 ^ 2"“ + 2 + 2~ + 2 

«=2£ + ll!+28 + 50 + 70 + 79j + 82=82s£. 

Also the increase of velooity is clearly greatest in the fourth second 
and then =24 ft. per sec. ; required greatest acceleration =24. 

22. The average velocities during the successive periods of 5 secs, 
are 2, 6*4, 18*9, 20*5, 18*85, and 12*85, and the distances described 
are therefore 10, 32, 69*5, 102*5, 94*25, and 64*25 feet, the sum of 
which = 372*5. Also from the 15th to the 20th sec. the increase in 
the velocity ia 3 and therefore the acceleration -j ft. -sec. units. 


EXAMPLES. VL (Pages 46-48.) 

1. (1) The required height h is given by (40) a =2 gK 
, 40 x 40 oe , . 

" h= 2782 =25 feet - 
(2) The required times t are given by 

9=40 t-gpt*. i.e. 16t a - 40i + 9=0, 

.1 j # 

t= 7 sec. and 7 secs. 

4 4 


whence 
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2. The required times t are given by * 

(i) 25 = 40 - gt % whence seo. 

(ii) 25 = 40 i.e. lG« , -40( + 26 = 0, 

i.«. (4f-6) a =0, whence $ = 1£ seo. ; 

the values of t in this case being equal, the particle is at its highest 

point. 

3. The velocity of 20 feet per second may be upwards or down- 
wards, hence ± 20 = 60 - gt, 

/. (60=p20) = li sec., or 2J secs. 

The corresponding heights are 

60x11 I p (I)* and 60x2 4-| » (I)** 

i.e. 50 feet, and 50 feet. This is as it should be, since the velocity 
the same in magnitude at the same height, whether the motion 
upwaids or downwards. 

4. (1) 8 = 1 3 t*=i . 32 . (10) a =lC00 feet, 

(2) 10=^ jt*. whence seconda. 

(3) ± 1000= lOu- (10) 1 , 

whence u = 160 ± 100 = 260 feet per second, 

or 60 feet per second, both upwards. 

5. If x feet be the required depth, we have 

*=96 x 3 + g g . (3)»= 288 + 144 =432 feel 

6. Measuring upwards from the bottom of the mine, since 

fasut-itf**, we have 88^=24^«-- </f a , 

i.e. t a -48t + 17G=0, i.t . (t-44)(t-4) = 0. 

Also the greater value of t is required, so that $=44 seconds. 

7. If u be the velocity of projection, and t seconds be the required 

time, u a = 2# x 225 = 64 x 225. 

u=8 x 15=120 feet per second, 

176=ttt-ift»=120t-16t*, 

i.e. (4$- 15) a = 225- 176=49, whence $=2 seconds or 5} seconds. 

16—2 


S' S’ 
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8. The initial velocity u is given by 

(436)*= u* - 2 . 981 . ^=u* - 981 x 109. 

«* = (109)* (4 a + 9) = (109)* . 6 s , 
bo that u= 546 centimetres per second. 

The required time 

436 4x109 4 , 

=T = "98r = 9 Becond - 

9. Suppose t seconds before, so that the velocity of 5000 centimetres 
per second upwards in time t has beoome 5000 centimetres per seoond 
downwards; hence - 6000=6000 -pt, 

10000 fAn . 

i.e, t = — = 10*2 seconds. 

981 

10. If it rise h centimetres, 

(6540)*= 2 gh. 

A =£^>ni = 2180 x - 75-= 21800 centimetres =218 metres. 

1 x 981 2 x 109 a 

Also the body moves upwards till its velocity is zero, and therefore for 
a time t seconds given by 
6540 

0 




6540 60 20 , 

: 98T= 9- = ¥ =6 * BeocmdB - 


11 . 

so that 
12 . 


Here we have 176-99 = ^ p (6* - 5 a ) = , 

2x176-99 0 1pr . Q ao1Q 
p = — =2 x 16-09 = 32-18. 


11 


Here we have 


224 = ^p [t*-(<-l) a ] = Hi (2t-l), 


whence t=7i seconds. 

Also the required height 


■gfft’-ie^y =900 feet. 


X 13. If * seconds be the time of falling, we have 

1 . 1 ,. _ 16 1 


so that 


i^-i*(‘-i) 2 =i-2^ 


i.e. tss 2J seconds. 

Hence the required height 
1 

= 2 « 


sY= 100 feet. 
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^14. Proceed as in the last example. 

1* 15. If h be the required height, we have (96) a =2 gh> so that 
A = 144 feet. If A overtake B in_t seconds more, B has fallen through 

a distance - g& % and therefore also A. Hence we have 

a 

96 (4 + t) - g 0 (4 + 1 )*= - ^ gt\ 
whence (=4 seconds. 


16. When at 960 feet from the ground, the body loses its velooity 
in 2 seconds, and its velocity then is 2 g t i.e. 64 feet por second. 
Hence we have 


(64)* = it* — 2<7 . 960, 

so that w a =(64) a xl6, 

i.e. u — 266 feet per second. 

Also the whole height ascended 

- 


17. We have 


and 


m=iit + ^gO, 

2240= u ,2t + lg. ( 2 f )*. 


•*. 2240 - 2gt»=2ut = 2 ^720 - 1 gt^j = 1440 - gt 1 . 

, .*. t= ijQ00-r-g = 6 seconds. 

Also, substituting for t, we have u = 64 feet per second. 

^ 18. * feet be the depth of the well, and t seconds be the time 

of fall, 

i.e. t= 




and the time after that taken by the sound to reach the surface 
x 


Hence we have 


"1120 


seconds. 


h X , * — 7 r f 77 

V 9 1120 1120 + 4 “ 10 * 

/. a? + 280^=77 x 112, 

(fjx- 28) (^/S^-308)=r0. 

•\ Jx= 28, and x= 784 feet; 


the seoond solution is inadmissible, since 


/2x 

V 7 


must be positive. 
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' 19, The depth of the well 

= {96) a 4-2? =144 feet. 

Hence, if v be the velocity of sonnd, we have 

7 V V 9 V 
70 

v=— x 144 = 1120 feet per second, 
y 

20. If Ji be the required height, we have 
a 32 

(40) a =2 • | whenoe A = 150 feet* 


EXAMPLES. VII. (Page 60.) 

1. If l be the length of the plane described, and t seoonds be the 
time of describing it, we have 

(80)* = 2p . sin 30° . I = 322, 
whenoe 1=200 feet. Also, 

80 =0 sin 30° . t = 16«, 

whenoe t=5 seconds. 

2. If v be the required velocity and t seconds be the required time, 

we have 

t7= >/2p . 12 = 16^/3 feet per second ; 
acceleration down the plane 

QO 12 128 
=0 sma=32x I g = - 1 -; 

128 6 /3 

hence we have 16^/3 = -g- t, i.e. t=-^ seconds. 

£or 16 = | ^ t* whence t=-^- seoonds. J 

3. If a be the required inclination, we have 

(16 N /2) 9 =2p sinax 16, so that 16 = 32 sin a 9 

1 i.e. sino=^, t.e. a = 30°. 


4, If a be the inclination of the plane, 
height h 
length l J 
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and the time t seconds of sliding down is given by 

l= 2 0sma. t a 

also the time in falling freely is given by 


1 


From (2) and (3) by division, we have 
h 1 


t\ s 


247 

••( 2 ); 

...(3). 


and therefore 


I = 16iir« ihen0eby(1) -1 = BA* 

£ = i,i.s.*:l= 1:4. 


5. If 3 be the required spaces, v bo the required velocities, and 

3 

sma=g, 

we have 

(1) < = 16x4-^ sina. 4*=64- 16 . 1. 16= -89f feet, 

3 

and t? = 16 - g sin a . 4= 16 - 128 . -= - 60| feet per second. 


and 


(2) 3 = 16x4 + ^ g Bin a. 4*=217f feet, 

v = 16 +g sin a . 4 = 92J feet per second. 


6. If a be the inclination of the plane, we have 
2207-25=^ sin o(5 1 -4 2 ), 


i.e. 

whence 


8829 981 x 9 . 

- 2 - sma, 

sina=^ f i.e, a =30°. 


7. If a be the diameter of the cirole, the time down AB 

(2a 

T 


Hence we have 


/2a 

~ V 9 ’ 


a=\g cos 9 (2^)* = 4a cos 9 t 
00 s 9=\, i fi=oos-i 7=75° SI'. 

4 4 


so that 
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EXAMPLES. VIII. (Pages 54-57.) 

1. Suppose at height ft feot ; then we have 

- h=ut - i gt *= 32 x 17 - 16 (17) J , 
i.e. h= 16x17 (17 - 2) = 4080 feet. 

2. If t bcconds be tho required time, then the distance descended 
by the first body when they meet 

-i ? t»=16t*i 

and the distance ascended by the second body 

= t/£ “ <7t a = 64t - 16£ 9 ; 

also the sum of theso distances =64 feet, i.e. 

64 = 16t 9 + 64£-16t 9 = 64t, 

so that t=l second. 

In the second case, tho first body will only descond a distance 
16 (t - l) 3 , so that we have * 

64 = 16 (t - 1) 8 + 64f - 16£ a = 32£ + 16 ; 
hence 32£ = 64 - 16 = 48, 

and £ = 1$ second. 

^ 3. Let t seconds be the time before they meet, and u be the 
required initial velocity. Then 

144=ut-jLt J , and 144 = ij?t«. 

Henoe t=3 seconds, and u=9G feet per second. 

Also the required velocity of the projected body 
= u-pf=96 - 32 x 3 = 0. 

i 4. Let ft be tho height of the tower, so that the initial velocity of 
the projected body is ft. Let t be the time that elapses before the 
bodies meet. Then ft = the sum of the distances described by the two 
bodies in time t 

= [jWi • * gfl'j + lgP= Jtgh . 1 1 



and the first body will have fallen through a distance 
1 „ , 1 ft , ft 

■ - u - 2 s -1 y u • 3 - 
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j, 5 . Let u be the velocity of projection of the second partiole, and 
let the particles meet at the end of time t. Then we have 
2,1, 

8 A= 2 9tl 

and g h=ut-^gt\ 

Hence, by addition, h=ut and therefore 

, 3 d g h* - s 3 

h=-j =7 -^- 5 - , so that u i =~ nh. 

4 * 4 u* 4 


Hence the height required 


u a 3 . 

~2g~S h ' 


6 , Let l be the length of the plane, a be its inclination to the 
horizon, u be the required velocity of projection, and t be the time 
that elapses before the bodies meet. Then 

if = ipsino.t* ( 1 ), 


1 J = ut - 1 p sin a . t* . 


Hence, adding, we have 


1= ut, i.e . t = 


Substituting in (1) we have 

u?=gl sin a=gh, 

where h is the height of the plane. Also the velocity of the first body 
at the instant when the bodies meet 


and the velocity of the second body 


= a J^-\=slgK 

the second body 
= kJ u*-2g .--Jgh^gh^O. 


7 . Let the bodies meet T seoonds after the first partiole starts, 
and at a height h ; then 

h=uT~gT\ and h=u (T-t)-\g(T-t)\ 
uT-^gT i =uT-ut-t^gT* + gtT-^gt‘ , t 
whence T=- + g t=- (u+ § gtj . 
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uso *=rur-ipr»=r^«-l^ 

= K“ + H[ u 'K tt+ M] = i(*-2® ni )' 

8. The height of the balloon at the end of 30 seconds 

' =| . 4 . (30)*= 1800 feet, 

and its velocity then is 4 x 30, i.e. 120 feet per seoond. 

Hence, if t seconds be the required time, we have 

- 1800=1201 - 1 gfi, 

whence t=15 seconds. 

0. The velocity on reaching the pane of glass 

=pt= 32 x 6 = 160 feet per second ; 

the velocity after passing through the glass =80 feet per seoond; 
henoe the height of the glass above the ground 

=ut+iyt*=80.1 + i.32.1=96 feet. 

10. If the body fall for t seconds, we have 

[(* - 1)*- (t - 2) a ]=3 : 2. 

.*. 2 (2t - 1) = 3 (2t - 3), whence t= 3J seconds 
Hence the required height 

■=§^=^32.Q’= 196 feet, 

and the required velocity 

7 

=pfs* 32. - = 112 feet per seoond. 

11. If a be the inclination of the plane, 

64 

sm fl — 288 1 

and the whole time t of descending the plane is given by 
288 =i g sina.t 2 , 

whence t=9 seconds, so that the equal times are each 3 seconds. 
Henoe the first part is described in 8 seconds, and 

a »in a . t*=16. ^.9=39 fwt; 
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the first two parts are described in 6 seconds, and 
=16. Ji. 86=128 feet, 

bo that the second part 

= (128-82) feet =96 feet, 
and therefore the third part 

= 288 -(32 + 96) = 160 feet. 

12. If AB be the ohord, AC be a horizontal radius, and 9 be the 
angle AB makes with the vertical, then the zUAC=90°- 0, and the 
l ACB=s26. Also if t be the time down AB, we have ' 

AB = ~g oos 6 . t*, 

also AB = 2AC sin0 ; 

hence ^ gt*=2AC tan 9, i.e. t varies as *Jt&n 0,. 

LA 13. If AB he an y one of the rods at an angle 0 to the vertical 
AO, and the ring on AB in time t reach B, and if BO be perpendicular 
to AB, then 

AB=^g oob$ ,t\ and AO=AB sec 0= 

so that AO is constant in magnitude and position; also OB A is a 
right angle so that B lies on the sphere described on AO as diameter; 

gt a 

thus the ring at B after a time t lies on a sphere of radius ; simi- 
larly for any other of the rings. 

v 14. Since the heights of the planes are the same, it follows, by 
Art 47, that the velocities acquired are the same. 

^ 15. Since the bodies have descended the same vertical distance, 
the velocities acquired are the same. Also, if h, l and 0 be respec- 
tively the height, length and inclination of the plane, and t, and t, be 
the times taken, we have 

h = toh* = 1_ ^ = j a 

I £ g Din $ . t, 3 sin 0 ' t a a h‘ t^ f 

so that ^ = 7 . 

h * 

16. If h be the given height and 0 be the inclination of the plane 
to the vertical, the length of the plane is , and the acceleration 
is g oos $ . 

Hen< * cos 0 = § 0 008 ® • C> 

t* oc sec 9 9 , i,e. t « seo 0, 


so that 



252 


ELEMENTS OF DYNAMICS 


Exs. 


17, If 2 a be the diameter of the circle, the length of the chord 
inclined at an angle 0 to the vertical is 2 a cos 0. Henoe, if v be the 
required velocity, we have 

v*= 2 g cos 0 . 2 a cos 0 =^ ( 2 a cos 0 ) a , 
so that vcc 2a cos 0 oc chord. 


TP* 18. If 2 a and 26 be the diameters of the two circles, and 0 be the 
inclination of the chord to the vertical, the length of the intercepted 
portion is ( 2 a - 26) cos 0. * 

Hence (2a -26) cos 0 = ^0 cos 0 . t # , 

a 


so that 


t=2 



and is therefore constant. 


19. If AB be the line of greatest slope, and AG be the groove, 
the component of gravity parallel to the plane is g sin a along AB ; 
therefore the component along AO 

=g sin a cos {$ ; 

also, if t be the required time, we have 

AC=^g sin a cos 0 . i a ; 

but AC=AB seo/3 ; 

hence h cosec a sec p = i g sin a cos /3 . t\ 

*2 



coseoa seep. 


20 . I^t r lf t> 2 , v n be the velocities of the point when it has 

described distances from rest equal to 

2 8 


— 8 

n n 


respectively. Then we have 

*.■«»•« 

Hence, by addition, 

"■’ =v ;[ 1+ ( lt ;) + ( lt l)' f n termB ] 
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,v n be the velocities at the ends of Buooessive 


21. Let v l9 v,, 
intervals t , so that 

v 1 =/t, t^iq + 2/*, v 8 =r,+3/£, u n ^ + n/t. 

Hence, by addition, 

»,=/t(l + 2 + + «)="-^A 

Also let «j, s n be the distances described in these successive 

intervals, so that 

<i = 5 / <a . *j - * + \ • 2 /f* ^ » a . 

* 3 =^-4/{ j *«=| 

Hence the total distance described 

-J* (l> + 2» + + n a )= W <*+^«+9 ./ t \ 

22. If / be the acceleration, and a, 6 and c be the respective 
distances, we have 

b=\fn‘, and c=i/(n + l) a . 

/. i + c=i/(2n a + 2n + l). 

Also a=i/[(n a + n + l) 2 - (7i a +n) a ] = i/(2n 1 +2n + l). 

Hence a=5 + c. 

23. Let h be the distance fallen through, and g y and g a be the 

numerical values of the acceleration due to gravity at the two plaoes. 
The times of falling are * __ 

/2 h , / 2 h 

v * aBd v * 5 

also the velocities acquired are 

Jtyjh and 



24. Let and -/ 9 be the acceleration and retardation respec- 
tively, and let v be the maximum velocity. 4 

Since the velocity whioh is acquired in the first part of the journey 
is lost in the seoond part, we have 

852(y l -l’=1760/, (1). 
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Also the sum of the times taken to oreate and destroy the velooity 
v is 8 minutes. 

- (2)> 

From (l),y s =2/ l . Hence, from (2), t? = 120 
Substituting in (1), we have 


22 


44 


/i“45» 


45 ' 


and 


176 . 


r= feet per second = 40 miles per hour. 


-\f, and 85=u-|/. 


25 . Let u be the initial velocity, and - / the acceleration, jbo that 
87 =u- 

Hence u=88 feet per second, and /= 2. 

The train will therefore come to rest in j , i.e. in 44, seconds ; the 

distance it will have described is — , i.e. 193G, feet. The time the 

Aj 

train will take to pass the spectator is the difference between the 
timos it takes to describe 1740 feet and 1452 feet. These times 
and t 9 are given by 

1740=88*!-^, and 1452 = 88* 9 -* a a . 

Hence, taking the smaller values, we have ^=80, and * 9 =22, so that 
the required time is 8 seconds. 

ft 28 . Let x be the distance described in time t before the brakes 
are applied and let v be the velocity then. 

2/r = v 2 = 2/' (a - x) (1), 

and ft=v =/' (T-t) (2), 

where T is the total time required. 

From (1), 
and, from (?), 


-(H)- 
(HH 


V 

T*_l 1 

2a“/V 5 


eto. 


27. Let 4a be the distance between the stations, / and / ' the 
acceleration and retardation, and v the greatest speed. Then 

= ( 1 ) 

and the time =^ + ^+j, = ^, from (1). 

/. avemgespeed-^^dan-®*^. 

time v 8 
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28. Let /= acceleration in the first part, x the distanoe described 
in time t before the upward force ceased, and v the mMimnm 
velocity. 

Then 2fx=v*=2g (600-s). 

and ft = v =£ (30- 1). 

ti 5 (i + i)=1200, and v (j+^)= 30 - 

. 80 a _1 1 . 1_8 1 23 , 32 

*■ 1200 f + g’ f~*~ 32 ~ 32’ ana " •'~23‘ 




29. 50 miles per hour =- 5 - ft. per sec. 5 
o 


acceleration 


retardation 


■V*— 8> 

.(¥)>.*, -g. 


Average speed dnring first and last portions = 25 miles per hoar. 
Also length of first portion 


= i.y.300>£t. = | miles. 


Therefore total time 


« MO-”.! i\ 

12 iU ° 12 2 2 I 1 

55 + + S-J hours =2 hrs. 8 TT mins. 


EXAMPLES. IX. (Pages 66 - 68.) 

4. (1) In the equation P=wi/, put P= 5 and m=10 ; then 
/=jj) = 2 tt.-sec. units. 

(2) The weight of 5 lbs. =5g poundals ; hence 5p = lQ/, and 


(3) Here 


/ =| ft.-sec. units. 
60p = 10 x 2240/, 
/=tjq ft.-sec. units. 


5, (1) P=(20 x 10) poundals =200 poundals. 
(2) y lb*. wt.=^ ) =6ilbs. wt. 
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0 . f=T =6 ’ 

bo that P= (160 x 3) ponndals = jv - ** lbs. wt, = 16 lbs. wt. 

Oa 

rt o i. 8x1760x8 22 , , 

7. 8 miles per hour= — - — — — = — feet per second ; hence 

60 x 60 5 ^ 

. 22 11 

f=---hl0=— ft.-sec. units, 

5 25 

and P= ^1120 x poundals= lbs. wt. =16$ lbs. wt. 

8. The moving force -the weight of 2 lbs. = 2^ poundals, and the 
mass moved =40 lbs. ; hence 

.2 g 8 . 

f = ~ = - ft.-sec. units ; 

40 o 

therefore the required velocity 

g 

=ft=-x 30=48 feet per second, 
and the required distance 

= i /t8= M- (80 > i=720feet 


9. We have 


700=- f. 102, 


whence /= 14 cm. -sec. units; 

also force : weight = f: g = li : 981 ; 

and the required velocity 

=/£ = 14 x 10 = 140 cms. per second. 


10, If / be the acceleration, then g = 18/, 

. x 32 16 

^ - 18~ 9 5 

hence, if t be the required time and v be the required velooity, we have 

whence t=74 seconds, and 

16 16 

v=ft=-Q X y=13$ feet per second. 
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11. We have 112000 = 200 x 2240 xf, so that 


/ = T ft.-seo. units. 

Now 30 miles per hour =44 feet per second, so that 

w=/t=J, 

i.e. t = (44 x 4) seconds = 176 seconds = 2 minutes 66 seconds, 

10tf 1 


Hence 


12. We have f = _ - . 

x*. j 224Q 7 - 

1 t a 

14 = -/t 2 = so that t=14 seoonds. 


13. The acceleration / is given by 

50 = i/.6», i.e./=4. 

Hence tlie required pressure P 

224 x 4 

=m/=224x 4 poundals= — — lbs. wt =28 lbs. wt. 
«J2 

14. Here we have 

1 


1120 = 16 x 2240/, whence /= — . 

Hence the required distances \ (60) 2 feet = 180 feet. 

a 

15. P= 100 = 10 x 981 = 27/, i.e. /=^° o.o.s. units. 

o 

Honce the required velocity 
1090 


3 


x 1 = 863^ centimetres per second ; 


and the distance travelled in the first second 

1 * 

= -/. l 2 *=181f centimetres. 

Also with velocity o.g.b. units the body will travel in the next 
o 

minute a distance 

= 60 x ^^ = 21800 centimetres = 218 motres. 

3 


16. The acceleration is given by 

1000=1/. (10)9, 

bo that /=20. Hence 10000 = m . 20, so that 

98*1 * 
m= (50x981) grammes = ^ kilogrammes =49 '05 kilogrammes. 

l . a k. 17 
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17. Here 
Hence 

18. Here 
Hence 


(10) 9 =2 25, so that /=2. 
9$ = 7n. 2, i.e. 171=144 lbs. 
48 = 3/, i.e. /= 16. 

6 o=m . 16, i.e. m=12 lbs. 


^ 19. (1) We have 100 = 2/, so that the retardation /= 50. Hence 
the required force P=( 3 x 60) poundals+the weight of the body 


= Ilja - wt. = 7H lbs - wt 


(2) Since t? 2 =2 /s, we have 

Hence the required force 

P= (8 x 2500) poundals + the weight of the body 

= ^-^“+3) ^ s ' wfc - = 23 71 lbs. wt. 

20. If P and P * be the forces in poundals, and / and f be the 
accelerations they produce, we have 

5 = 1 /, i.e. f =55 ■, 

132 

and, since 18 miles per hour=— feet per seoond, 

132 -60r f’- U 

~5 60/, t.«. / _2g. 

Therefore P = 6/= 6 x 66, 

and 1*= 625/' =626 x £1 = 5 x 66 ; hence P=P*. 

^ J 21' Let P be the pressure of the sand in poundals, so that tho 
total force on the mass is P - 100. Also the acceleration produced 
being /, we have P - 100 = 10/; and also since the velocity of the mass 
on first touching the sand is \/ 640, 640=2/. 1. Hence /«820, and 
therefore 

P= 1100 = 110 lbs. wt. 

22. We have (45000)* = 2/. 200, so that 
(45) 9 x(10) 4 
/- 4^ 

Hence the mean force 

= 1000/= (10) y x ?~^=6'0625 x (10) p dynes. 



IX SOLUTIONS . 259 


23. If * feet be the length of the bore, / be the acceleration, and 
P be the total pressure in poundals, we have 

(1490)*= 2/«, and (1330)* =2/ (a -1); 
hence, by subtraction, we have /=1410 x 160, and 

P= 100/= (1410 x 160 x 100) poundals = 316 tons wt. nearly. 
j v 24. The retardation / produced by the resistance is given by 

(200)»=2./.|. 

Hence, if v be the required velocity of emergence, we have 
t>* = (200)* - 2/ . ~ = (200)* ^1 - , so that v = 133 J feet per second. 

25. The acceleration = t7 t = ^-f-4 = ^ , and therefore 

oU x oU oo 


*=£/i*=i.~ x 16 cms. =22f metreB. 


10 4 


2600 


Also Force _/_ _ 

M Weight ”p“ 36x981“ 8829“ 283 "* 

and if the incline be 1 in x, so that sin o = - , then 

x 


l = f_ 10 4 
x g 36 x 981 


, i.e. * = 3-63. ... 


y Page 71, Art. 70. 

^ Bz. a. What appears to be 3224 lbs. at A only appears to weigh 
3212 lbs. at P. Hence, since, what costs £10 must sell for £12, the 
selling price 

= ~x fl2=£12 - 0*. 10fd. 


EXAMPLES. X. (Pages 81, 82.) 

1, Let T poundals be the tension of the string, and / be the 
magnitude of the common acceleration. Then we have 

9/=90-T (1), 

and 6f=sT-6g (2). 


From (1) and (2), by addition, we have /=|. 

Also, from (2), 

T=Q(f+g) = g ^6 + |^ = y <7 poundals = 7 J lbs wt. 


Otherwise! by direct substitution in the formulas 
/s-^LL^ and T= g. 




nh+m,' 


17 — 2 
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9-7 2 

2 Here (1) /=g^y=jgj=4 ft.-sec. units, 

(2) r = y^= lbs. wt.=71 Its. wt., 

(3) The velocity =/« = 4 x 5 = 20 feet per second ; 

and (4) The distance described = \ . 4 . 5 a = 50 feet. 

3. If T poundals be the tension of the string, and / be the 
common acceleration, we have 

lfy-ZV-lQf, and T-llg = Uf. 

Hence, by addition / = ^ • Thus 

(1) The common velocity at the ond of 4 seconds 

= ft=^ x 4= - feet per second. 

(2) The distance described in 4 seconds 

=2-r2- 4,=8x S= 21 ‘ feet - 

If the string be now cut the distance described downwards by the 
larger mass in the next 6 seconds 

= 1O}x6+^X0x6 s = 64O feet; 
and the distance described upwards by the smaller mass 
=lO|x6-gX0x6 J = -612 feet, 
t.e. 512 feet downwards . 

4, If / be the oommon acceleration, we have 

550 - 450 = £_981. 

/- 550 + 450 S- 10~ 10 ! 

hence the masses go in the first 8 seconds of the motion distances 
=2 . -jq- • 3 2 cms. =4-41 metres. 


Also the tension 


U1 Olio I 


2ml nu 2 . 450 . 550 , 

J W gyn6S= 4S T + M0- gdyneB 
=495 grammes’ wt. 
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5. Let the tension of the cord be T poundals. Then 
T= - 5 ' - ^ 7 lbs. wi-?? lbs. wt. j 
henoe the pull on the hook 


=2T=^ lbs. wt.*llf lbs. wt. 

O 


6. The pressure originally was (3 + 3) lbs. wt., i.e. 6 lbs. wt. 
When the additional mass o£ 3 lbs. is placed on one of the masseB, 
the tension of the string 


2.3.6 
= 3 + 6 


g ponndals = 4 lbs. wt. 


Hence the new pressure=2r=8 lbs. wt., and the increase is therefore 
(8-6) lbs. wt., i.e. 2 lbs. wt. 


7. The pressure originally was 

(P + P) lbs. wt., i.e. 2 P lbs. wt. 

When the additional weight P is placed on one of the weights, the 
tension of the string 

2.P.2P 4P 

= P + 2P 9 P° undaIs = -8 lb8 - wt - 
Hence the new pressure 

n,n 8P 

= 2T=— lbs. wt M 
and the increase is therefore 

0? - 2P^ lbs. wt., i.e . ~ lbs. wi 


8. Let x be the required mass, so that the masses are now m + x 
and m - x . The acceleration 


Hence 


(m + x) - (m- x) _ * 
(m + x) + (m - ac) m 


(Art. 74.) 


9. The acceleration of the system 
- 8 - 2 

” 8 + 2 * g ~“ 5* 

therefore after 5 seconds the velocity of the system =g. Hence, if h 
be the height afterwards asoended by the mass of 2 lbs. , we have 

p*=2 gh, i.e. ;.=|=16fe«*. 
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10. (1) By Art. 75, the common acceleration 


S 9 + 1 P “10‘ 

(2) The required time t is given by 

8=5. ~.t*, so that t=,J5 seconds. 

A XU 

(3) The required velocity 

=/t = ig feet per second. 

11. The acceleration of the system 

60 y_9 81. 

*850 + 60 9 ~ 8 8 5 

hence, if t seconds be the required time, we have 
1 981 

246* 25 = 2 • -g- **» whence ( = 2 seconds. 

12. By Art. 76, 

3 -6 sin 30° 

f= 5 — - — g = 2 ft.-sec. units. 

0 + 0 

and y= 3 » 5 (1 + sin 30 ) y p QUD dal 8 =^ lbs. wt. = 2f| lbs. wt. 

O-f-0 10 

Also the required velocity =/J=2 x 3 = 6 feet per Becond, and the 
required space 

.2. 8 a =9 feet. 


13. The common acceleration 

3-4 sin 45° 8-2 J% 

3T4- —O' 

Hence, if t seconds be the required time, we have 

7 _i 

,2' 7 9A ' 

7 2 8 + 2^2 _ 7* 8 + 2^2 

- 16* (8 + 2^2) (8 -2„/2)“ 16" 9-8 * 

A t=j /s/3 + 2^/2= j (s/2 + 1) seoonda, 

14. The inclination of the plane to the horizon 


(Art. 76.) 
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bo that the acceleration 

8 -12 Bin a 8-6 16 

= 8+12~ 9 ~ 20 9 ~ ft * 


and the required distance 


= i • t • 61=40 fee *’ 


15. We have 


^0Bino-r= °g/, T=mf, and 3=i/.6 a , 

••• 1 (!+■•)/- (§+*) 


25 8 g 3 

m= -e *8-2-r 


'( 26 -|) lbg - = 


24 lbs. 10 oz. 


10, Let the mam* be x oz., so that 
x-4 

/= r+i- 9 - 

The velocity at the end of 8 seconds is 3/ ; 
hence we have 

0-(8/)*-2.<r. 1 |, «othat/= 3 |. 
x-4 1 

Hence — = - , i.e. x=6 oz. 

x+4 9 

17. Let x lbs. be put into one soalepan, and (12 -a) lbs. into the 
other, so that the masses on the two sides of the pulley are now 
(*+8) lbs. and (15- s) lbs. 

rp , , 'lx — 12 x-6 

Then f „-—- gm --. g . 

But 60=^/.5 J , bo that /= 4. 

(*- 6 ) .. 57 

" — 9=4 ‘ *=T • 


Hence the required ratio = 


x _ 57 _ 57 _ 19 

12 - x 96-57 89 ~ 13 ’ 


18. Let 2\ and T ^ poundals be the tensions of the strings, and / 
be the common acceleration. Then 

— 7^= 3/ , 4^-2j=4/, and Ti + Tj — 5y~5f» 

Hence, by addition, /= |. 

Also, by substitution, 

T l =lhg == ~h lbs. wt. # 
and T f = tyg =* lbs. wt. 
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19. The original acceleration 

8 + 4-10 n 
= 8 + 4 + 10' ? ~Il* 
and the final acceleration 

10 + 8 ' "9 

in the opposite direction. After 5 seconds the velocity is ^ , aid 
henoe the required distance is given by the equation 




a?= 242 ’ 9 feet=a ^ oufc 29 i feet * 


20. If wij and be the masses, and T poundals be the tension 
of the Btring, then the pressure on the axis 


= 2r = 2x 2 ^%=2x^\ 

+ w x + Wi 

if w^m^g and w 2 =m 2 g\ hence the pressure 
_( M’i + «’a) a -K-«’a) i ‘ _ tf +w 

tOj + M?2 "" 1 2 W x + W^ 9 

which is less than Wj + itq. 

21. The moving force is equal to the difference of the Weights 
Pg and Qg , i.e, to (P- Q)g, if P>Q. The mass moved is equal to > 
P+Q + M. Hence the required acceleration 

= P-Q a 

P+Q + M 9 ' 

Otherwise thus: If / be the required acceleration, ( P>Q ) and if 
T and 1\ be the tensions of the strings joining P and Jlf, and M and 
Q, respectively, we havo 

Pf-Pg-T, Mf=T-T l% and QJ^-Qg. 

Henoe^ by addition, we have 

(P+M+Q)f=(P-Q)g t 

gothat 
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EXAMPLES. XI. (Pages 86-83.) 

J l. Let /be the acceleration, and T poundala be the tension of the 
string. The friction is 5/i lbs. wt. ; for the motion of tho mass of 
8 lbs. we have 8/=8p - T ; and for the motion of the mass of 6 lbs., 
6 /fT- 5^ ; therefore, by addition, 13/=8g - 5, ng. Hence 

(1) if m=^, we have 

and (2) if /=|, we have A = -3. 


2. The original acceleration 

“ 3<2 + Q s/ 3 4 )- 

The distance described in 4 seconds 

= ^.8(3-V3)x4 2 =64 (3-^/3) feet. 

The velocity acquired = 32 (3 - JS). Also the new acceleration 
= -n/8<7. 

The distance described before the mass Q is at rest is, therefore, 

[82(8-^ . i ( 32 (2^/3 - 8) feet. 

2/s/S g 

Hence the required distance 

*= 64 (3 - s/8) + 32 (2*/3 - 3) = 96 feet. 


3. Jf / be the acceleration apd be the coefficient of friction, we 
have 40/= 40# - T , and 200/= T- 200 m 0 ; therefore, by addition, . 

24/= (4- 20m) 0. 

Also the acceleration would be doubled if the table were smooth, 
i.e. if m= 0; hence 

i.e. 1 = 2(1 -6m), whence m=^=*1» 

4. If J2 be the normal reaotion of the plane in poundals, 

R=10g cos SQ°=5gJ3 ; 

hence, resolving up the plane, / being the upward acceleration of the 
mass of 10 lbs., we have 

10/* 150 - 100 sin 30° - m • 60^3 = I60 - 60 - 5g = 5g % 
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bo that /= 16 ; henoe, if t and v be the required time and velocity, 
4=^/t a =8t a , whence second, 

and *=/t=16x ^=8^2 feet per second. 


5. In this oase the force of 15 lbs. wt. is replaoed by T the 
tension of the string, and for the motion of the hanging mass we 
have 

15/= 15g - T ; 

hence 10/= 15 (j -/) - 5g - 5g = 5g - 15/, 


and henoe 
also 


•*. 25/= 5g t and /=f , 
o 

• 4 — - ^ 

- “Io» 

t= \/i = \/i = ^ 4600114 5 

v-ft- g - y = j\/5 feet per second. 


6. If a=sin- l g, 

the acceleration / down the plane 

/3 1 4\ g 

=pBina-^0OSa = ^^-^.^= g ; 
hence the body slides down in time t given by 

100=|.f.f, 

* 1000 125 , , 5*J5 , 

t.«. t*=-^- = -j- , and t=--’- seconds. 

Also the velocity at the lowest point 

=a/C±=| . ^^=16^/5 feet per second. 
o 2 


If the body were projected up the plane with velocity u, the retarda- 
tion would be 


g sin a + fig cos a, i.e. 



%•€• g$ 


u*=2g x 100 = 64 x 100, 
u=80 feet per seoond. 


so that 
and 
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7. The acceleration down the rough plane 

/ . t 8 v\ g 

= 9 [ Bin z-i eo n) = iji i 

also the acceleration down the smooth plane 

• 9 

■»“ 4 =^; 

hence, using the formula < = ^ /t*, 
if t and t' be the respeotive times, we have 


^d t'=. 


8. If /be the acceleration, T be the tension of the string, and R 
and S be the normal reactions of the planes respectively, we have 

R = 5g cos 30°, and S = 10 g cos 60° ; 
also, for the motions of the masses of 5 lbs. and 10 lbs. respectively, 
5f=T-5g (sin 30° + p cos 30°), 
and 10/= 10$ (sin 60° - fi cos 60°) - T. 

Hence, by addition, 

so that 

The direction of motion is down the more elevated plane, as the 
mass on the other plane cannot slide down it, since /t=tan 30°. 

9. Since the mass of 10 lbs. cannot slide down the plane of 
inclination 30°, the motion, if any, is in the same direction as before, 
and with the same notation, for the motion of the two masses, we have 

10/= T - lOp (sin 30° + /i cos 80°) = T - 10g 9 
and 5/= 6 g (sin 60° - n cos 60°) - T ; 

whence /=g^g(5-V 8 ). 

which is negative; this shews that the motion in the direction 
supposed is impossible, and therefore there can be no motion at alL 
It might be supposed that / equal 4o a negative quantity implied 
motion in the opposite direction, but for such motion the equations 
have to be altered, and the result does not hold. This is an example 
of the discontinuity which often arises in problems with friction. 
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10. 1(5 miles per hour =22 feet per second. 

If the train be a mass of m lbs., and / be the retardation, the equation 
8 TflQ 4 

P=mf gives — =7n/, whence /=— ft.-seo. units; the formula 
z24U oo 

4 

t>*=2/* gives (22)*=2 

00 

whence the required distances* = 21174 feet. 


11. 30 miles per hour =44 feet per second. 

We have (44)* = 2/. 60 . 3, 


242 

f=~rr ft.-seo. units; 
4o 


whence 

henoe y if the friction be x lbs. per ton, and m be the mass of the train, 

m/= H poundal8 - 

A * : 2240=/: g=^ : 32 = 121 : 720. 

4o 

Hence the whole friction on the train 

200x121 . 605 A 

= - ij Q Q tons wt. = yg tons wt. ; 

i e . the whole friction : 1 ton wt. = 605 : 18. 

12. Here the velocity =44 feet per second, and the retardation 

10ff _ 1 
2240 7 * 

Hence (1) the time t is such that 

44= it, 

i.e. t= 808 seconds = 6 minutes 8 seconds; 

and (2) the distance * is such that 

(44)* =2 . ^ . s, whence * = 6776 feet. 

13. Heie the retardation is increased by psina, i.e. byg. 

2 3 

i.e. by and therefore is equal to Henoe we have 

44 =?*, 

so that t * 102J seconds = 1 minute 42} seconds ; 

also (44)* ae §»i t whence * = 2258} feet. 
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14. 40 miles per hour=— feet per seoond. 

O 

Let /be the retardation caused by the resistance to the motion, so 
that 


(x) a=2 (^~ilo) x880 x 3s 


nee feJL + “. 

J 120 + 185 

The required resistance therefore 


= wt. of 200 (ig + 32 ^ 35 ) tons wt. 

15. The acceleration down the inoline 

_J7 _ «)0_ 

"100 2240 “1400' 

The velocity v at the bottom of the incline is therefore given by 

w * =2 ' iioo xl760x3. 

On the level the acceleration is - —j . Hence, assuming the velocity 

to be unalteied as the train passes from the incline to the level, the 
train will be at rest after describing a distance x % where 

Equating these two values of v , we have 

*=(27 x 352) feet=3168 yards = 1 mile 1408 yards. 

10. The inoline is at an angle a to the horizon, where 


The moving force down the incline = the resolved part of the weight 
- the resistance due to friction, etc. 

= ( l40x lk -14ftx 25ib) l ° I1Bwt ' 

3 3 

therefore the acceleration down the incline = . g = — . 
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The velocity at the top of the inoline U 15 miles per hour, i.e. 22 feet 
per seoond ; hence the velocity v at the foot of the inoline is given by 

* o 

»*= u , + 2 /*=( 22)*+2 . i . 880.8 


■ (np+— (ll + y). 


Along the horizontal line the retarding foree 

=140X 2-So =140X 2l4 t0n8Wt - J 

bo that the retardation = — . g = ~ . 

224 7 

Hence, if x feet be the required distance, the equation 

v*=u* - 2fx gives 0=44 ^11+ y^ - ^ x, 
so that x=^ x 44 ^11 + y^ =3674 feet = 1224$ yards. 

17. Hero the retarding force along the horizontal line 

= x 130+ -5 x 10) tons wt. tons wt., 

, . . « . . .. 625 g 125 

bo that the retardation = r x — : = — - . 

112 140 9o 

Also the velocity at the foot of the incline 


-X“ + t)-‘/v ! ' 


as in the last example. Hence the required distance x feet is given by 

A 7348 250 ... . 11 gl . . 

0= x, so that x=411^ feet. 

7 9o 

18. 45 miles per hour = 66 feet per second ; 

33 

thus we have (66) 9 = 2 . / . 1760 . 3, bo that /= ^ . 

Let F tons wt. be the force exerted by the engine ; then, since the 
resistance 

1 16 
= -(130 + 30) = -tons, 

we have, by the equation P=mf> 

16 _ 160 SB 
F ~1 ~ ~g •§ 0 - 2lV ‘ 

F=2A + 3i=5|itons wt 
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Again, if the incline be at an angle a to the horizon, then if were 
just equal to 


16 


+ 160 Bin a, 

u 

the train would not move, and this gives 

B1DB= 160- = 77’ nearly * 


i.f. the inoline rises 1 in 77 nearly. 


EXAMPLES. Xn. (Pages 93—97.) 

1, There is no pressure, since the weight and the hand are both 
descending with the same acceleration g. 

Otherwise thus: Let R denote the pressure; then since the 
system is moving downwards with acceleration g , we have ' 

200 = 200 -P, i.e. R=0. 


2. (1) The velocity being constant, the acceleration of the plane 
is zero ; hence, if R poundals be the pressure on the mass upwards, 

R - 20g=0. 

.\ R = 20^ poundals = 20 lbs. wt. 

(2) R- 20g = 20x1, so that P=20£ lbs. wt. 

3. (1) If P be the required pressuie, then 

P- 1120 = 112x12; 

hence P=112(j + 12)=ll2 (l + j^ wt. = 1541ba. wt. 

(2) In this case 1120 - P, = 112 x 12, 


so that 

4 . 




lbs. wt. =70 lbs. wt 


The resultant vertical force on the coal 

= (126-112) lbs. wt. = 14 lbs. wt. = 140. 
140 g 

Hence the acceleration = = | . 


5, If / be the acceleration of the balloon, then 

1X63-1125=112/, bo that/=i = ®. 
Hence the required height 
1 , 
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6, On one side the total mass is 830 grammes, and on the other 
side is 270 grammes. The acceleration / of the system is therefore 


830 + 270 

Also the tension of the string 


830-270 . g 

9, 


10 * 


2m, m, 2 . 880 . 270 . 

* 9 " - 880 + 270 - • 9 = mg dyneS=297 ^ Wt - 

If P 1 and P a be the pressures on the scale-pans respectively, we 
have 

8000 -P 1= 300/, and P a - 240$ = 240/. 

.\ Pj= 2700 = 270 grammes’ wt., and P a =2640 = 264 grammes’ wt. 

7. On one Bide the total mass is 3 oz and on the other side is 
5 oz. The acceleration / of the system is therefore 
5-3 . g 

5 + 3^’ *"*" 4‘ 

Also the tension of the string 

a.A.JL 

2)71, to. 16 16 15 . , 

= — L - 1 . g =-^——-0 = ^-0 poundals = 3 | oz. wt. 


rn^ + in^ 


_3 

16 + 16 


If P t and P a be the pressures on the scale-pans respectively, we 
have 

_ 2 2 . „ 4 4 . 

^ 16^~ 16^’ ttn ^ 


16 


whence 

and 


(^ + |) poundala = 2J oz. wt., 

^ poundals=3oz. wt. 


8, On each square foot there fell per second 

(§ • 12 • 3.60. 60) ° Ubl ° fe6t ’ *'*• 32.86.36 lbS> 

Henoe the impulsive pressure per square foot 

. 10 poundals. 


10 


“32.36.36* 
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The impulsive pressure in tons wt. per square mile therefore 

= ( 32 3 ~ 6 ~' 36 x ® x 4840 x 640 ] +32 x 2240 =*938, nearly. 

9. On each square foot there fell per second 

(j • 24 Jreo) 0ubi0 feet - U - 96 1U 
Also the final velooity 

*zj2g. 400 = 160 feet per second; 
hence the pressure per square foot 

5x160 100 . . 

" 96 x 36 x 8 “ 96 x 86 P oundttls > 
bo that tho pressure per acre 


= 9 x 4840 x — - = 1260^ poundals. 

9 o x 00 

10. The momentum destroyed by the wall per second 


300 x 277J 1000 


1728 

hence the required pressure 
1500000x1109 
= 32x4x1728 


i\ „ 1500000 x 1109 

J lbs 471728- lba » 


lbs. wt. =7521 lbs. wt., nearly. 


11. If / be the acceleration, we have 

10 metres = 1000 centimotres = i . / . 100, 
whenoe/=20o.G.s. units; but 

240 + 10-240 __ g 

240 + 10 + 240 ‘ ^ — 49 ’ 

so that p=49/=49 x 20 = 980. 

12. Take the notation of Art. 82. So long as P and <} are 
constant we have to prove that / is constant. 

But t- , 

■Jw 

so that 

We have therefore to shew, for different positions of the platform 

h 9 

E t that is constant, so long as P and Q remain the same. 


18 
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9 - 


13. Suppose that originally » balls hung vertically. We then 
have 

g _ x - (16 - x) sin a _ 4x - 16 _ 3 - 4 
2 x + (16-i) 9 48 9 ~ 12 

Henoe x = 10. 

14. The aooeleration / 

P-Q sin 30° _ 2 P-Q g 
~ P+Q~ 9 ~ T+Q '2* 


Since 


the time of describing » is equal to >y/y » and the time of falling 
freely is equal to ; therefore, by hypothesis, 

whence f= h- 

Thus we have 
hence 


W-Q g_g_, 
P+Q * 2“” 16* 
P : «= 3 : 5. 


15. When P drags Q t the acceleration 

9-6 Bin 80° 2 

9 = 


5 


9 + 6 

When Q drags P, the acceleration 

_ 6 - 9 sin 30° 

“ 6 + 9 

Hence, if t x and t, be the respective times, we have 


9 ~ 10 ’ 


BO that 


' 2*10 


16. The length of the inclined plane =20 feet j therefore if a be 
the inclination of the plane to the horizon, 

12 3 , 4 

sina= 7777 = -z , and cos a=£. 

20 5 o 


The acceleration down the plane 
1 


= £7 sin a - g </ cos a = p ( 


/3 1 4 \ g 

\5 8 * 5 / ~ 2 ' 

so that, if v be the acquired velocity at the foot of the inclined plane, 


v a =2.|. 20 = 20$. 
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Henoe, if x feet be the required distance along the horizontal 

plane, the retardation being - .g, we have 
o 

20^ = 2 . f . and therefore x =80 feet, 
o 

17. If mg be the weight of the train, the retarding force 
3 


so that 


= *16 x 7 x mg=mf, 

4 

,16 3 96 

■^ - 100 X 4 xS2- 25‘ 


Hence, since 30 miles per hour = 44 feet per second, the train will 
be brought to rest after traversing a distance s feet given by 

< 44 >’= 2 -S-*- 

« = 252 feet, nearly =84 yards, nearly. 

18. 30 miles per hour = 44 feet per second. 

Since a velocity of 44 feot per second is destroyed by an accelera- 
tion / in 1320 feet, we have 

J44£_ = ll 
J 2x1320 15* 

Hence, if m be the mass of the brake-van in tons, we have 

, A H g 110 6 _ . 

50 x jg=#ixm0=!*m, t.«. tn = — x 82 = 61tons 


19. The acceleration /at first 

__ rri - m sin a _ lm' - hm g 
~ m'+m ' m + m' ‘I* 

If w! be detached when a distance x has been described, we have 
n* =2 fx. 

With the new acceleration - gj the velocity v is destroyed in a 
distance l-x, so that 


Equating these values of v, we have 

ghl _ m + m / hi 
lf+gh~ m* h+l * 




18—2 
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20. Let m, and m, be the masses, % > to, , T be the tension, and 
We have 


/=— — -g, and T= — 3 g. 
m 1 +m i n^ + m, 

. a.- 1 (nh+ro^-^-mJV 

•• 1 — 2 ’ 9 

= y , i.e. Z 1 is greater the less / is. 

whence fn 1 = 2wi a , i.e. m a = 2:1. 

22. The accelerations are | and ^ lespectively; the distanoes 4 
moved in time t are 

- - and - — « a • 

2 . 9 . t and 2 . 16 . t , 

Iftf* 

hence — ^ — h t a = 10, 

g 

t.e. t=- J10 second** 1-9 second, nearly. 


23. Sinoe P>-^-» P descends Let / be the acceleration of P 

downwards ; then ~ is the acceleration of W upwards. The equations 
of motion are 

P-T=-.f, and 2T-W=-.{-, 

9 9 2* 


P-T 2T-W 


, whence T= 


JP + 4P* 


24. By Statics (third system of pulleys), originally 
Jtf=(2 2 -l)ro = 3m 

Since M+m moves through one* third of the distance that m does, let 
/ and 8/ be the accelerations respectively. For m, we have 
T l -mg=m . 3/; 

and for M +m, we have 

(M+m) g - Tj - P,= (Af + m)/, 

[T, and T t being as in the figuie p. 190, Statios, where also Pam 
and JT=M]; also 
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Hence the equations are 

T 1 = m(3f+g), and 8T,*4ro(p-/)5 

whence /=ts, and therefore S/=j§. 

lo Id 

25. [Cf. the figure p. 182, Statics, with three movable pulleys, and 
string T d passing over a fixed pulley.] If the body rise a height x t so 
does the lowest pulley ; the middle pulley rises 2x, and the highest 
pulley 4x ; therefore the length of the vertical string attached to the 
body of mass 15 lbs. is increased by 8z, i.e. the power descends through 
a distance 8&. Hence if the body move with acceleration /, the 
acceleration of the power is 8/; and we have for the body of mass 
lcwt., 112 (/+ 0 )= 22 \ ; for the body of mass 16 lbs., 16 . 8/=150 - T # ; 
also for the middle pulley, 2r a = T x , and for the upper pulley, 22 1 1 = T a . 
Thus we have 

r,=f (/+*), and X, = ”(/+*). 

14 (/+ g) = 15 (g- 8/), so that /= jgj. 


26. The tension T is the same throughout, and since each pulley 
M is at rest, 2T= Mg ; also the pulleys being smooth, the string will 
slide round them with acceleration /, where 


mf=mg-T , and m'f=T- m'g, 


so that 

. m-m 

m + in' ‘ 

and 

_ /„ m - m'\ 

T = m 9[ l -nr+m') = 

Hence the required condition is that 


2m’ 

m-t-w'* 


Mg = 


4 mm! 
m + m! 


. 9 , i.«. M=z 


4mm f 
m + m '* 


27. The tension of the rope on each side must be the same, and 
equal to the force exerted by eaoh man ; hence if the man of 11) stone 
rise with acceleration /, we have 

11) xl4/=r- 114x14^, 
and 12 x 14 x 1 * 12 x 14g - T. 

From these equations we have 

101/ + 168=1680 - 1610 = 224, 

, 224-168 8 

*=— I6l 23 ft.-seo. units. 


so that 
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28. list 7 be the tendon of the rope when the man polls at it. 
Since the acceleration of the man. if he did not poll the rope! woold 

, 12-10 .p 

12+10 %g ’ n* 


we have 


168y-r=168. J^, and T - HOg = 140/, 


where / is the required acceleration. Hence, by addition, we have 

- 8 

f~55 9 ' 

Also the acceleration upwards of the man relative to the rope 

1L = L 

55 22 10* 

29. The force exerted by the engine may be measured by 
(16 x 112) lbs. wt., 

and is equal to the resistance overcome ; therefore when the mass is 
detached, the acceleration of the remaining 100 tons becomes/, where 
10 x 112^= 100 x 224 0/+ 16 x 100ff, 


so that 


/= 


7000’ 

110 


hence, since 25 miles per hour=-^- feet per second, in 50 seconds 
the train will have travelled a distance x lt say, 

110 pa , 1 6 g r5500 240-1, . 

* X x 60+ 2 • 7000 • (6 °) + Tj feet 
Also the detached mass has a retardation 

- 16 ? _ £ 

2240 35 * 

and therefore in 50 seconds it travels a distance x 3 , say, 


110 *n 1 8 

- a * w a'M 




hence the distance gained on it by the trains^ — jp a =* 320 feet. 
Also the detached p&r.t comes to rest in 


/no 8 \ 

- \ s “*"» b ) 


, . . 55 x 35 

seconds, i.e . m — ^5— seconds, 


12 


and then the velocity of the train is 
6 g 55 x 35 

7000 * 12” 


/llO 

V 8 


^ feet per second, 


i.e. 

i.e. 


616 f . 

jg- feet per second, 
28 miles per hour. 



xn 


SOLUTIONS 


279 


30. Let /, , /,, f % be the accelerations of the masses m, 2pi t and 
3m along the table and vertically. Let T be the tension of the string. 


Then mf x = T = 2 m/ a (1), 

and ‘dmg - 2T 1 = 3mf t (2). 


Also, since the length of the string is constant, the acceleration of 
the mass 3m relative to the mass 2m is equal and opposite to the 
acceleration of the mass 3 m relative to the mass m. 

••• 

2 !/,=/,+/, (3). 

Now (1) gives / a = ^/i, 

and (1) and (2) give 3 g - 4/ a = 3/ 8 . 

/i = j [9 ~fs) ? 

/. (3) give. 2/,=2/ s +/,=3/ J =|fe-/ s ); 



31. Let /. and / a be the accelerations of the mass m along the 
face downwards, and perpendicular to the face ; and let / 8 be the 
acceleration of M . Since the particle and wedge remain in contact, 
the acceleration of eaoh perpendioular to the face of the wedge is the 
same. 

/,=/»™ a (1). 

Let 7? be the normal aotion between the particle and the face of 
the wedge. 

Then R - mg cos a = mf n (2) , 

and mpsina = m/ l (8). 

Also the horizontal component of R causes the acceleration / B in M . 

-JR sin a = Affj (4). 

(1) and (2) give JR = m/ a sin a + mg cos a, 

and then (4) gives 

- m/ 8 sin a a -mg cos o sin o= Mf %% 

. _ mg oos a sin a 

lm€u ' * ~ ” Af + m sin 3 a 

The negative sign shews that the acceleration of the wedge is in 
an opposite direction to that in whioh we have assumed it to be. ThiB 
would be expected a priori. 
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Page 100. Art. 8& 

88 

Ex, 1. The velooity is changed from — to 44 feet per Beeond. 

o 

Hence the impulse 

= «t ^44 - ) = 396 - 264 = 132 units. 

Ex. 2. We have P x ^=the change in the momentum =2 x 10. 
Hence the average value of the force =2000 poundals. 

Ex. 3. On hitting the floor the velocity of the marble 
= a/2 g x 25=40 feet per seoond ; 

and on leaving it the velocity = x 16 = 82 feet per second in the 
opposite direction. 

The change is therefore 72 feet per second. 

Hence the impulse 

x 72=41 unitB. 

Aiso *4 = T6* 72 ’ 

so that the average force causing the destruction of the motion is 
46 poundals. 

In addition the pressure of the floor supports the weight of the 
marble, whioh is about 2 poundals. 


EXAMPLES. Xni. (Page 102.) 


1. We have 
so that 


(7+20) F=7x 10 + 20x2 = 110, 
F=^ = 4W feet per seoond. 


- 2. Here 
so that 


(1) (8 + 24) F=8x 6 + 24x2=96, 
96 

F=— =8 feet per seoond. 


(2) (8 + 24) F=8 x 6 - 24 x 2=0, 
i .e. the compound body is at rest. 

^3. Here (10 + 12) F=10x 4-12x7= -44, 
44 

F= -55= - 2 feet per seoond. 


so that 
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xra 

/ • / ^ 

^ 4. We have 

so that 

' 6. We have 
so that 


i x 1000= 10 K, 
lo 

F=6J feet per second, 

40 x 2240 x V= 800 x 2000, 
F=17? feet per second. 


6. Let V be the initial velocity of the gun. Since the momentutn 
generated in the shot is equal to that generated in the gun, we have 


t.e. 


38x2240x7=700x1700, 
^ 17000 . . . 

r= 38^82 feetper be00nd - 


Let -/ be the acceleration produced in the gun by the pressure 
acting on it ; then 88/= 17g, so that 

17x32 
88 * 


The required distanoe t is given by 

0= 7* - 2/j, 


(17000) 9 88 

(38 x 82)* * 2 x 17 x 32 


feet=G-8 feet, nearly. 


7. Let V be the initial velocity of the gun. Since the momentum 
generated in the shot is equal to that generated in the gun, we have 


so that 


81 x 2240 x V= 800x1400; 

Tr 500 . A , 

V = feet per second. 


Let -/ be the acceleration produced in the gun by the pressure 

acting on it. Then 

n xra o/ a * , 25000 

0- V - 2/. 5 , t.e. /_ 1Q - ( 81 j, • 

Let P he the magnitude of the pressure ; then 

P=m/= 81 x 2240 x poundals=9|#f tons wt. 


8. The velocity of the gun 

= *J%gh= \A>4x 6=8^5 feet per second ; 
so that, if V be the velocity of the shot, we have 
28 7= 2240 x 7^5, 

7=1481 feet per second, nearly. 


whence 
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1, The force to resist the motion 

= (40x50) lbs. wt. = 2000 lbs. \\t 

also 30 miles per hour - 44 feet per second ; henoe if H bo the required 
horse-power, we have 

flx 550 = 2000 x 44, so that 71=160. 


2. 40 miles per hour = -g- feet per second. Hence we have 

ffx660 = 2000x^, so that H=2131. 
o 


3. 40 miles per hour = — feet per second ; and the resistance 

u 

due to gravity 

= —^o x 1Q 0 X 2240 = 1120 lbs. wt. 

Henoe H x 560<= 1120 x ^5, so that H = 1 19 46. 

4. If the required resistance be x lbs. wt. per ion, then the total 
resistance 

= ^200$ + x 200 x 2240^ lbs. wi = (200a; + 2688) lbs. wt. 

176 

Also 40 miles per hour = -g- feet per second. 

Henoe 600 x 560= (200x + 2688) x , 

so that *= 20 Q = 14*685 lbs. v t. 

5. The total resistance to the motion 

= ^ ton wl + 100 lbs. wt. = 324 lbs. wt. 

Also 25 miles per hour = feet per second. 

Hence the horse-power H is given by 

Hx660=824x^, so that ff = l88 =21S. 

9 O 
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88 

0. Since a velocity of ~ feet per second (i.e. 20 miles per hour) is 
o 

acquired in (3 x 60) seconds, the acceleration / 

QQ no 

= 87180 = ITS ft - Be0 - UDitB - 

Hence, if P be the force exerted by the engine, in poundals, we have 
P - 60 x I0g = 60 x 2240 x /, 

" x224 » 


so that 


Now the engine must at least be able to exert this force through 

88 

feet per second. Hence if 11 be the horse-power, we have 
o 

„ ... 40x9248 88 , „ 

H x 5500 = 5 x -r- , whence H=68J,\. 

y 8 

7, The height of the plane = (330 sin 30°) feet = 165 feet, 
and the base of the plane = 330 cos 30° feet= 165^/3 feet ; 
hence [of. Statics, Art. 197] the work expended 

= 10 x 2240 ^165+^.165^3^ = 7392000 ; 


also the h. 


22400 x330 
P, “ 30 x 83000 


S. The distance described during the tedth second 
= f [(10) a - 9*] = 16 x 19 ; 

hence the work done = ^ x 16 x 19=sl62 ft.-lbs. 

88 

9. 20 miles per hour= y ft. per seo. ; hence, if x tons wt be the 
resistance, 

88 

(2240a;) x = work done per seo. = 26000 x 660, 
o 

so that *=209*2. 


EXAMPLES. XV. (Pages 111, 112.) 

1, (1) ^ x 10 x (32) a , i.e, 6120 nnits of kinetic energy. 

(2) The velooity after half a seoond 

» 82 -g. 0 = 16 , so that the kinetic energj=^x 10 x (16)*=1280. 

(3) The velooity after one second =32-0=0, so that the 
kinetio energy is zero. 
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2. The kinetic energy in foot-poonds 

= i ^ mv’=i x 26 x (200)*= 1 5625. 

3. The klnetio energy =i x 10000 x (5000)’= 126 x 10’ erge. 

4. The kmetio energy of the ball 

= | X 5000 x (60000)’= 625 x 10” ergs. 

If V be the velocity of the cannon, then 5000 x 50000 100000 x V $ 
so that V- 2500. Hence the energy of the cannon 

= | x 100000 x (2500)’= 3125 x 10 6 ergs. 

12 1 

5. The original kinetic energy =- x^x (1280) 3 x -=3200 ft. -lbs. 
Let V be the velocity of the target and bullet, so that 

Jxl280=(l0 + f 6 )K it hen 7= X -g2. 

1 162 xr9 1 3200 . .. 

The final kmetio energy = - x -r^- x V* x - = ft.-lba. 

Z lo g ol 

Hence the loss of energy = 3200 = 3160 ft.-lba. 


* B { ■ 1200 1 

6. Ratio of momenta = * ^ s ; 

lO . 4U & 

_ „ . . i.i.i2oo> ,, 

Ratio of energies = = 15. 

J.15.40’ 

If P,, P, be the foroes in poundals and # a the distances 
described, then 

P 1 .l= momentum of shot = J x 1200, 

P 2 . 1 = momentum of cannon-ball = 15 x 40, 

P x s 1 = k.e. of shot=£ . J . 1200 2 , 
and P a . s 2 = k-e- of cannon-ball = \ . 15 . 40 a 

P 2 = 300, P 8 -600, *! = 600, and * a =20. 
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EXAMPLES. XVI. (Pages 114-117.) 

1, Let v and V be the actual velocities of the shot and the gun 
respectively. Since the momentum of the one is equal and opposite 


to that of the other, we have 

mv—MV (1). 

Also u = v+V (2). 


Hence, solving, , and so V= T = . 

° M+m M+m 

Also : ±MV* :: - : -i . 

2 2 m M 

2. Let u be the velocity of the shot relative to the gun; this 
velocity will be in the direction of the bore of the gun. Let V be the 
horizontal backward velocity of the gun and shot. The total hori- 
zontal velocity of the shot is (u cos a - V), and its vertical velocity is 
u sin a. Now the impulse of the explosion of the powder on the Bhot 
is equal and opposite to its impulse on the gun. Hence the horizontal 
components of these impulses are the same. Therefore 

nV=l (u cos a - K), and so ^ =1 ~^y * 
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henoe the horizontal velooity of the shot 

nu oos a 


=u 008 a - V=- 


n + 1 


and therefore 

tfln g _ vertical velooity of the shot _tisina(n+l) 
“horizontal velocity of the shot “ 


nu cos a 
=tan a I 


■H)- 


3, If P be the resistance, we have 

V x ^ = momentum destroyed = * x 800 x 2240 

= 896000 units of impulse. 

The kinetic energy 

= 1 x 1120 X (800)> ft.-poundftls 

Therefore, if s feet be the distance in which this is destroyed by 
P, we have 

1 


Pa^x 1120 x (800)*, 


i.e. 


660 x (800)* 

= 896000x100 5 


=4 feet. 


4. The velocity of the mass on hitting pile=*/2tf 10=*/640 
If v be the velocity of the pile and mass just after the blow, and x be 
the distance required and t the time, then 

(4 + 12)11 = 4^/640, whence v=,j4Q. 


(S 16\ 116 . , 

V2-2o) fl^= 2•25• , ’ ’ Wh6n0e 

(I ~ §5) whenoe t= u^ 


Also required fractions 


1 4 AJA 

20 . 640 - 


116. 

2 ' 20 '* 


i 040 

a 20*°* U 


8 

4* 


5. If V bo the requued velooity, we have 

20 x 20000= 7 (20 + 50000), 

bo that Vss 7*997 centimetres per Beoond, nearly. 

Also if/ be the average acceleration of the bullet in the barrel, 
(20000)*= Vx 100; 

and if P be the required foroe in dynes, P=m/= 2000000 x 20 
« *9*^99? grammes wt.= 40776 grammes wt., nearly. 
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6. The velocity of the hammer on striking the iron 

= kj2y . 4 = 16 feet per second, 

so that the momentum =4 x 112 x 16 =Pt. 

Hence P=( 4 x 112 x 16 x 50) poundals + wt. of hammer 

/4xll2xl6x50 urAiu i i/m 
= ( +4 x 112 Jibs. wt.=104cwt. 

7. The acceleration at first 

_g ' 

~ 2m + wi ^ ~ 3 ’ 

therefore the common velocity at the end of 3 seconds =g. Also on 
m picking up a mass in, the acceleration becomes zero; and the 
common velocity V and the impulse T on the string are given by the 
ohanges of momentum on oach side; henoe 

2’= - mg + 2m V y and T = 2 m (g - V), 
whence K=24 feet per Beoond. 


8. Until A beginB to move the acceleration 

= g (Art. 75) = §. 
m + m 2 

Hence, if t7j be tho velocity just before A moves, then 

If v a *be the velocity just after A moves, we have, since the total 
momentum is not altered by the jerk, 

8 ^= 2 ^. 

2 2 8 

,\ t>-= - V% = 5>/96 = o n/ 6 feet per second. 

O o o 

When A is in motion, the common acceleration is ? . Henoe, if n, bo 

i) 

the velocity when B reaches the edge of the table, we have 

e,*=V+2.|.i; 

, 64 . 32 

" V=n- X6.+ X 


so that 


3 ’ 

feet per second, 
o 
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9. At first the acceleration = 7 ^ 5 • 9 — if '> therefore at the end of 

3 seconds the velocity of the mass of 5 lbs. is 16 feet per second 
upwards, and the velocity of the mass of 7 lbs. is zero ; hence if the 
mass of 6 lbs. rise and return to its position in t seconds more, we 
have 

so that t=l second. The string then becomes tight with a jerk, no 
momentum being lost, and the system starts (the mass of 7 lbs. upwards 
and the mass of 5 lbs. downwards) with velocity u given by 

20 

(6 + 7)u=5 x 16, t.e. feet per seoond, 

o 

16 

and the retardation is — as above ; hence 

n . 20 16 tl 
0=u - ft gives t= — = 1J second, 

o o 

when the system is for an instant at rest ; thus the required time 
= 1 + 1J = 2J seconds. 

10. Before the string becomes taut the acceleration 

3 *JL 

— 6 + 3 ‘ ^ 4‘ 

Hence the required time t is given by 
1=1. f.t*. bo that 

The common velocity just before the string becomes taut 
= ~ . |=4 feet per second. 

Hence the oommon velocity just after the string becomes taut 

g 

= — x 4 = 8-2 feet per second. 

After the string is taut, there is no acceleration, and the system will 
move uniformly with the velocity of 3*2 feet per second 

11. Let u be the common velocity at the instant when P is 
stopped. The mass Q continues to move with velocity u and accele- 
ration - g\ also the mass P falls freely. The string becomos taut 
when both masses have described the same distance, i.e. after a time 
t given by 

ut-^gt % =^gt 2 , {.«. when 
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12. Let u be tbe velocity of the mass M just before the string 
becomes tight, so that u a = 2 ga. Immediately after the string becomes 
tight, let v be the oommon velocity of the two masses. The impulsive 
tension is equal to M (u-v) t and also to mv. Hence 

M [u-v)—mv, so that -• 

' 1 M+m 

The acceleration /of m is ^ . g . 

Hence the required time is twice the time in which v will be destroyed 


. , . H 2t> 2 Mu 2 M /2a 

by/, it = = _ 

Also required fraction 

\ (M+m) i; 2 M + m v 2 
\Mv? ~ ~ M u 2 “ 


M _ m 
M + m~ M + m* 


13. When the bar is on, the acceleration of the 9 o z. mass is 
16-12 . g 

16 + 12^’ 7” 

The velocity acquired in descending 7 feet 




2. ^ . 7= n / 2^ = 8 feet per second. 


After the removal of the bar, the retardation is 
12-9 . g 

ia+5* ^ 7 * 

as before; thus the velocity will be destroyed in the next 7 feet. Also 
« = gives 7 = i. |.t s , 


so that 


. 7 

t=^ sec. 


7 

Therefore the mass of 9 oz. returns to the ring in 3 x j , t.e . 5J seconds 

after start. Then a jerk takes place, and if v be the resulting velocity 
of the system, we have 

(12 + 7 + 9 ) v = (12 + 9 ) 8 , 

so that v = 6 feet per second. Also 

. _ o 21 

v=ft gives f=6-r-| = jg seo. 

Therefore the mass of 9 oz. with the bar ascends through the ring a 
second time after 

4x^, i.e, , {.«. 6J seconds. 


l. a k. 


19 
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On the second jerk, the velocity is diminished to 

g 

- x 6 , i.e. 4J feet per second ; 

3 21 

and v=ft gives t=^ x -j- seconds. 

Hence the whole time 

B1 /21 3 21 3* 21 , . , \ 

= 51 + (t + 4-T + P-T + •• adlnf -j- 

21 21 1 21 21 . 

= 4 + -4 • — 3 = 4 + 4 -. 4=26} seconds. 

1- 4 

14. If the masses of the carriages and of the two loads of 
passengers be the same and they have no acceleiation, then the 
passengers in each caniage have the same velocity as that carriage; 
hence an interchange of passengers increases the momentum of the 
slower carnage, and diminishes the momentum of the faster carriage. 
Thus the effect of each interchange is to increase the velocity of the 
slower and diminish the velocity of the faster carriage. If this continue, 
either the velocities become equal at some interchange or the slower 
becomes the faster carnage, and then the process is reversed, so that 
the carriages tend to have the same velocity. 

15. The man raises 210 lbs. through 11000 feet in 7 hours. 
Hence the amount of work he does per minute 

210 x 11000 Kr/vw . .. 

* - — =5500 ft. lbs. 

7 x60 

Also the horse raises 168 lbs. thiough 11000 feet in 56 minutes. 
Hence the amount of work it does per minute 

168x11000 oonnn ,4 

= =88000 ft.-lbs 

00 

Hence in the same time the horse does six times as much work as the 


16. The velooity of the sledge would be acquired by falling 
through 16 feet. 

Hence the work done per minute 

= (25x14x16) ft.-lbs. 

Hence the rate of working 

25x11x16 

33000 0 • ‘ 
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17, The total force on the hammer is equal to the weight of SO 
tone, so that its acceleration is 

9 + ^ 9 , 

Hence, if v be the required velocity, we have 

u*=2 . ~ . 6, so that v= 20 v /2 feet per seoond. 

JL 

Also the work done on it 

= (5 x 50) ft.-tons= 660000 ft.-lbs. 


18. 50 miles per hour = Q x 44^ feet per second. 
Hence, if /be the retardation, 

^|x44y = 2/x 363x3, so that /■???, 

henoe the resistances x tons wt.=*li}i tons vt. 
The work done 

= (1111x2240x863x3) ft. -lbs.= 28233333 J ft.-lbs. 


19. The acceleration / with which the train muht move so that a 
velocity of 44 feet per second is destroyed in a quarter of a mile is 
given by 

44* =2/ x 1320, i.e. /=y. 

Let x tons be the weight of the brake van. 

Then the total force on the train in poundals 

= 200 x 2240 x ifo + af X x | + (20° - •*) 8</. 

But this force must equal 

, 200 x 2240 x /> i.e. 200 x 2240 x ^ poundals. 

Equating these two quantities and solving, we have x = 1 1 -fff tons. 


20. 12 miles per hour= -g* feet per second. 

Let the resistance be x lbs. wt. 

QQ 1 

Then x x -=- = ^ x 660, so that g=3'125 lbs. wt. 
o 10 

Up the incline the total resistance 

= ^8-125 + lbs. wt. 


19—8 
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Hence, if v be the velooity up the incline, we have 
6^0 xv = ^x550 t 

so that t; = — — - feet per second ; 

and the velooity of the man 

= V 1297 " x 176 0x3/ rai ^ es P er hour = about 6*8 miles per hour. 

21. At each stroke the driving-wheel turns half round, and it 

, 12x1760x3 . .. _ 1760x3 . . 

makes ^ revolutions per hour, i.e . — per minute, i.e. 

88 per minute ; therefore the man makes 176 strokes per minute, and 
therefore the work he does = 20 x 1 x 176 = 3520 ft. lbs. per minute. 

22. If rn bo the mass of the bullet and u be its initial velocity, 

19 

then after passing through one plank the velocity = — u ; therefore the 

20 

kinetic energy lost 




39 a 
2 ‘ 400 * M 


and an equal quantity of kinetic energy being lost on passing through 
each plank, the numbei x of them required is given by 

^ mu 2 = ^ 7?i . ^ . u 2 . x, whence x = 10£# . 


23. The velocity feet per minute; hence the 

work done by the resistance = 22 x 88n ft. -lbs. per minute; hence, if the 
man take x strokes per minute, Ex=18nR , whence 

88hJ2 
E * 

24. If 22 be the resistance and P the thrust on the pedal, we 
have 

70 

22= work done in one revolution of the pedals 


n 13i D 1 1 33 

= 2.— r x ^H.P.=-7 


12 


10 60 


33000 

600 


ft. -lbs. 


.*. 22=8 lbs. wt. and P= 24^ lbs. wt. 



XVI 


SOLUTIONS 


293 


25. If P be tho frictional resistance, then 

f*— jrr x 180 lbs. wt. = 8 lbs. wt., 
oU 

since there is no acceleration on the incline. 

176 

Also in going up the incline at 8 miles per hour, i.e. -jg- ft. per 

sec., the work done per sec. 

176 r„ 18CT| #1> „ 176 480 „ 

- 15 L P+ 100 J - 15 * 100 ft- ' b 

176 480 1 .... 

•' n t ^l^ X 100 X 560=' 1024 - 

26. In each second the momentum destroyed 

200 1A aal 
= -g 0 -x 10 = 33$ units. 

33 1 

.\ Force = 33^ poundals = -^ lbs. wt. = l^\ lbs. wt. 

Energy delivered per second 

l 200 1A2 .. , 1000 f|i .. 

= 2* CO ' 10 umts 0t ener 8 J= 0^-30 ft. -lbs. 

* , 1000 5 

••• Rate= 6lT32^656 fl - P - = 628 HP - 

27. If V be the velocity of the hammer and nail just after the 
impact, the principle of Conservation of Momentum gives 

8*8=(s 4)r,u. r=g. 

If 12 bo the resistance in poundals, then 

x> 1 i , . 1 25 /192\» 

R x 2 j = work done by resistance = - x - x f -g- J . 

.*• R =| • poundals = | x — | g X 6 lbs. wt. =6912 lbs. wt. 


Page 119. Art. 99. 

Bx. 2. Tho acceleration of 3m downwards and of m upwards 

_ 3m - m g 

= 3m + m ^ ~ 2 ’ 

hence the acceleration of their centre of inertia downward# 

H- S . 

* 8 m+m 4* 
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Bs. 8. (1) The velocity is in the direction in whioh both masses 
are moving and 

6x3+4x8 c , 

= — — - - =6 feet per second. 

(2) The velocity 

6 x 8-4x8 82-18 i _ . 

= — - — - — = — — = 1 J feet per second 
0 + 4 1U 

in the direction in whioh the second body is moving. 

Ex. 4. If the masses start from the point 0, and P and Q be the 
positions of mn and m respectively after any time t, then 
OP=vt and OQ=nvt; 
also, if G be their centre of inertia, 

PG : GQ = m : mn= 1 : n — OP : OQ , 
i.e. G always lies on the straight line bisecting the angle between the 
two given straight lines. 

Ex. 6. Since the velooity in any direction of the centre of inertia 
of any system is equal to the total momentum in that direction 
divided by the total mass, it follows that in one case the velooity of 
the centre of inertia along each of the given straight lines is constant. 
Compounding therefore these two component velocities we have a 
constant velocity in a constant direction. 


EXAMPLES. XVH. (Pages 127, 128.) 

, (1) 
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(2) fc= 

t = 


(80) a 

2x32 

2x80 

32 


■( 

•(f)- 


^-)’=75 feet; 


33 seconds ; 


B =W-(T 3 ) =m - 2feet - 

< 3 > * = S • C0S> 15 ° = 144 x 1 ~2— ^ 72 ( j + f) 

= 134*34 feet, nearly; 

2 v Qfi 

*=^~ x- 9 6502 = 5'795 seconds; 


M V . . (200 ) a 

™ ft- 2x32'V5 
2x200 


= 225 feet $ 


t= 


32 


= seconds; 


iJ= (2W) 1 x 2 x 8 * l200 fcot . 

5 O 

2 - < l > JJ= 7 = ^ =72fcet - 

(2) B=^ )3 =U24feet. 

(3) B=®=3121feet. 

3. The angle o! projection Is 45°, since the horizontal range is a 
maximum. 

distance =— (Art. 106) = ( -^^! cms. 


981 

2560000 . ofino _ Q 

s — a6T~ metres = 2609 -.58 , 
yyi 


, metres. 


V 9 sin* 45° 1 V 9 

Also greatest height= ^ = - . — = 652*39 . . . metres. 

4 . 8000=^- , so that V= s/8000 x 981 cms. per see. 

2 . Fsin 45° >/2.F /I6000 a m AnAm ^ 

Tune= = vL__ = N /_ secs. =4 04 sees. 

Height = — 8 !. n 4 - =1 . — =2000 oms. =20 metres. 

^ 8g 4 g 
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tan” 1 3 = a, 

siua= Vl6 and coaa =Jio- 


The required height 


(80)* /9\ 

8 x 32 ' \10/ ~ 


90 feet. 


Also, if 0 bo the inclination to the horizon at a height of 60 feet, 
we have, by Art. 3 03, 


>=A /(*>)*■ 


i - 2 . 82 . 60-5-80 . ^5=^3, i.t. 0 = 60°. 


Agejn, the required time 


_ 2 x 80 3 _lfyi0_ 


32 ' JlO' 


= 4| seconds, nearly. 


6. If t be the time of flight, then 


1 3 

9=-</i 2 , so that f = - second. 

Hence 1000— Mt, so that 
4 

u = 1000 x — = 13S3 J- feet per second 

7. The vertical velocity of the stone on reaching the ground 
being due to the height h is *]2 gh; henco if t be the time of flight, 

gt=j2yh, so that t= 

and the range =*/2 ghx > y/^=27i, 

the horizontal velocity being constant ; also the required velocity 
= J2 gh + 2gh=2*Jgh. 


8. The vertical velocity of the stone due to falling through the 
height 9 feet 

= J2g .9 = 24 feet per second ; 

and the horizontal velocity of the stone is the same as that of the 
carriage,* ue. 44 feet per second ; hence the resultant velocity of the 
stone 

= tj (24)*+ (44)*= 60*1 feet per second ; 

24 6 

and the direction of the stone’s motion is tan” 1 ^ , i.c. tan" 1 jy , 
i.e. 28° 86' to the horizon. 
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9. (1) The vertical velooity of the body 

= 64 feet per second ; 

hence the required velooity 

= iS /(64j*+(16)*=sl6 > /i7=66-97 feet per second, 

64 

at an anglo tan ” 1 — , i.e. tan ” 1 4, i.e. 75° 58' with the horizon. 


(2) The vertical velocity 

= J2g . 144 - 96 feet per second ; 
hence the required velooity 

= J{ 96) a + (16)“ = 16^/37 = 97-31 feet per second, 

96 

at an angle tan ” 1 — , i.e. tan* 1 6 , i.e . 80° 82' with the horizon, 
lb 


10. The initial vertical velocity 

= 768 sin 30°= 384 feet per second. 

Hence the tirao t that elapses beforo the shot hits tho water ia given 
by 

-400=384t-|st a , 

i.e. by t a - 24t - 25 =0, i.e. t = 25 seoonds. 

ITenco the required distance 

= (25 x 768 cos 30°) feet =25 x 38L/3 feet = 5543 yards, nearly. 


11. If t seconds be the time of flight, and x feet.be the required 
distance, then 

13 1 , 

~Y 9=6g,t ~2 Bt ' 


so that t = 13 seconds. Also x = 8g . 13 = 3328 feet. 

12 . Let u be the velocity of projection. Since the shot !s moving 
horizontally at the height of 14100 oxns., that ia its greatest height ; 
and if 


Hence we have 


a=oot“ 1 5, then sin a =^3 • 


. u’flin , a_ 1 4 100> I.e. u*=2x 981x26x14100, 
ig 


u= 26800 cms. per second, nearly. 


so that 
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13. The horizontal range is 300 feet, and the greatest height is 
76 feet, so that 

2u a sin a cos a _ AA , ti a sm 9 a _ r 

' =300, and — =76. 

9 % 9 

Hence, by division, tan a = l,*t.e. a = 45°, and u a =4 x 32 x 75 = 9600, 
i.e. 14=40^6 feet per second = 97*98 feet per second, nearly. 


14. If u be the velocity of projection, we have 

4k™.,..*,*.;, • 


whence tt= 80^/110=839 *04 feet per second ; 

and the velocity at the highest point = the horizontal velocity 


=uoosa=a x^ = 48 */ll0= 603*4 feet per second. 


15. If i*! and Uf be the velocities of projection and h be the 
greatest height attained by each ball, then 

lij 3 sin 3 G0°=2gh t and 14 3 sin 2 30° = 2g h t 
so that 3V- V» i.e. ttj : Wj=l : ^3. 

If they have the same horizontal range R , then 


o 2 

- sin 60° . Mi cos 60°=i2=- . it* sin 30° . u* cos 30°, 


and so 


1^=^. 


16. If u be the velocity of projection at an elevation a, and h be 
the greatest height, then u a sin 9 a = 2 gh, 

H 

and the velocity at height h is u cos a ; also the velooity at height - 

a 

■ MCOB « = 

C0B ’ ° = E ( X " B T) = E (1 + 0081 o) - 

4 cos 3 a = 1, i.e. a = 60°. 


17 . 


If a be the angle of projection, then 


(1) 


w 9 sin 2a 4u* sin 3 a 


i.e. cos a = sin a. 


.*. cota=l, i.e. a =45°. 
u 9 sin 2a __ ^s/Su 3 sin 9 a 
9 “ 2 g ' 


cota=*/8, i.e. a =80°. 


( 2 ) 
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i.«. 


18. Here 


u* sin 2o _ u* 

sin 2a = ^ = Bin 80°, or sin ISO 9 , 

a * 

a = 16°, or 75°. 


EXAMPLES. XVm. (Page 133.) 


i mu n (^00) 2 coa60° sin 30° . . otnn , 

1. The range = 2 . x — A — feet = 2500 yards. 

The time of flight = 2 . — . B ^?L a 2H seconds. 


2. The range = 


g * cos 30° 

2F a cos 75° sin 45° F a 


0 


cos 3 30° 


= 75(V3-1). 


48 

K a 


mu V 2 1 

The maximum range = — . „ — . = — . 

6 g 1 + Bin 30° 48 

o mu 4- u 2x64 am 15° , J3-1 2 

3. The tune of fl,ght=--- . x 

= § (3*/2 - ^/6) = 1‘2 second, nearly, 
o 

2 x (64) 3 cos 45° sin 16° „„ _ , t . 
The ranges — ^ — ~ 62 ' 6 feet ’ nearl y- 

(64)2 1 

Tho greatest range=L^- . -—-—sgSi feet. 

4. Let p be the inclination of the plane, so that 

3 , 4 

Bin/9=£ and Qosp=-. 

... mu o (1280) a cos 45° sin (45° -fi) 

w ° g cos 3 p 


1 f± 4 1 3\ 

(1280) 3 ^2Vx/ 2 ‘6 */2’5j 

16 ' / 16 \ 

\ 25 / 


16000 feel 


(u) The range =2 . . ??? - 5 ° 6111 ( ^ 5 ° + ^ s; 112000 feet. 

0 008* p 
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5. The groatest range = - . ^ + gfcp > an ^ corresponding time 


2 u 

" U 


of flight 

sin(45» + f-^) 2u sin(46«-|) 

cos/S g ’ cos/9 

Hence (1) the greatest range 

= [ ( ^T- lT y feet = 20000 (2 - ^2) = 11716 feet, nearly. 
The time of flight 

F x 800 sin(45°-22i°n . „ ,, . „ 010 

~32~ ’ — ^ 5Si 3^ y Jsecond 8 = 50V2xBm22J« 

= 50^/2 x -3826834 = 27 seconds, nearly. 


(2) The greatest range = [ ( ^ a . rjr ^- 6 - 0 - 

= 40000 (2 -V3) = 40000 (2 -1-73205) = 10718 feet, nearly. 
. h r2x_800 sin (4 5° -30 °)-] 

Lg t_ L 32 ’ cos 60° 

= 60 x 2 x sin 16° -100 x -2588190 = 25-9 seconds, neaily. 

(3) The greatest range 

800 a 1 


The time 


o 


feet 


seconds 


32 


, 1 
1 + 20 


20 
21 = 


Also 


cos 0 = " 4^0 = 1 - 850 neariy - 


••• Bin ^= (! - ooe ^ i^o neariy = 1 nearly, 

\~\J 2 (* + OO8 0)= sj 1- i600 =1 " 8200 n6 * rly ‘ 


and cos 

Hence the time 


ATi-.L-II 

_ 2 x 800 J2 L 3200 40 J 

1- 800 

“^(^iSo) ( 1+ s5o) nfftTly ‘ 

=26 .^2.^1- ^34-4 seconds, nearly. 
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(4) The greatest range 


Also 


QAA2 1 IQ 

= ^ = 20000 x =£=14444* feet. 

o« „ o lo 

1+ I3 

r 25" 12 


• • Bin I = \!\ (1 - 000 ttnd 008 2 = • 

ence the time 

±r jl_ i_i 

_ 2x800 s/2 Ln/26 J26 J 100 


12 

13 


s/13 = 30 seconds, nearly. 


6. By Art. 106 we have 

-=15000 feet. 

9 

Hence the greatest range np the plane 

s= 15000 x J— feet 

1 + Bin 45° 

= 15000 (2 - s/2) feet = 2929 yards, nearly. 
Also the greatest range down the plane 


= f~^46 oSS 15000 (2 + s/2) feet =17071 yards, nearly 

7. Here - = 1000; 

9 

hence the greatest ranges are 

1000 . „ 
s metres, 


1 ± sin 30° 
i.e. 666f and 2000 metres respectively. 

8. (1) The range 

2u* oos (90° + 30°) sin 90° 4 

= — ^77— metres 

g cos a 30° 

= -84*95 metres, i.e. 84-95 metres down the plane. 

(2) The range = - ^ | metres, 

i.e . 441*4 metres down the plane. 
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EXAMPLES. XIX. (Pages 138-141.) 

1, The gpaoe of country is a oirole of whioh the radme is the 
greatest range of the guns on a horizontal plane, i.e. — ' , 
where g' is the acceleration of the moon’s attraction ; hence this radius 


= Jjl600)»-s-|J feet =90}} miles. 


2. Let u be the velocity and a be the angle of projection ; then 
ucosa is the horizontal velocity; and, if t seconds be the time of 
reaching the net, we have 

39 

89=uoosa.t, so that t= - 


u cos a 


also 


t-8 = u sin a. t - gt' 2 , 


i.e. - -15=39tana-16f— 9 - V 

\wcosa/ 

Similarly, up to tho time of reaching the service-line, 

- 8=60 tan a- 16 ( — Y 

\ucos a/ 

Thus we have two equations for u cos a and tan a. 
Eliminating tan a, we have 

8x39-19x16=16x60x39 (60-39) ( — — V, 
' \u cos aj 

u cos a = 171 feet per second, neaily. 

Also, from ( l), we have 

, 39 x 3 19 39 . 

39tftna = 2077-T=-l0- nearly - 

tan o= -i, nearly, 
i.e. a =5° 43' below the horizontal. 

3, The velocity on leaving the plane 

= (16)* - 2g . 8 sin 30° = 8 feet per second, 

at an elevation of 30° ; therefore the vertioal velocity then 
=8 sin 30° =4 feet per second ; 
hence the greatest height attained 
4 a 1 

= — = - foot above the top of the plane, 

6 sin 30° + j , 


t.e. 

i.e. 


..( 1 ). 


....( 2 ). 


'3J feet above the foot of the plane. 
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Also, if I? be the required range, and T be the time of flight frqm the 
top of the plane, the horizontal velocity being 8 cos 30°, we have 

12 = 6 cos 80° + 8 cos 30° . T = ^3 (3 + 4T) ; 

and in time T the particle descends a distance of (6 sin 30°) feet, (.e. 
3 feet, below the top of the plane ; henoe 

- 8=8 Bin 30°. T- 3 (/T*. i.t. 16r J -47’ - 3=0, 

a 

whence T= -^- — . 

O 

it=^ (7 + ^13) = 9185... feet. 

a 

4. Whilst in the sling, the stone in 2 seconds describes a distance 
of (21 x 2w x 3) feet ; therefore its velocity when it leaves the sling 
=63*-= 198 feet per second, in a horizontal direction; hence the 
required range =198t, where 

6 = ^0t a , so that second; 

thus the range 

*198x^=121 feet, nearly. 

5. If there were no gravity the two charges would meet, since the 
guns are pointing straight at one another. But the only effect of 
gravity is to pull each charge through the same vertical distance, so 
that they meet at a point vertically below where they would have met 
had there been no gravity. 

Also the time is the same as if there had been no gravity and 
100 1 
as 1100 + 900 = 20 Se °” 

The horizontal distance of the meeting point from lower gun 

= 1100 COB 80° X ~ = 17 68 feet. 

The vertioal distance 

=1100 Bin 80° . 1 - \ .g . ^=27-46 feet. 

6. If u be the velocity of projection, 0 be the proper elevation, 
and R be the distance of the mark supposed on the same level, then 

2 . u* 

12= - x a cos 0 x u sm 0= — sin 20. 

9 9 

R~a=— sin 2a, and R + 6= -sin 2d. 

9 9 


Also 
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Henoe 


a + 6 = — (sin 2/3 -sin 5 


and R (sin 2/3 - sin 2a) = a sin 2/3 + b sin 2a. 

• oa r» u2 a 8 * n 2 £ + 6 sin 2a sin 2/8 - sin 2a 
8111 ~ T = ZT' - • TTT • 


. a bid 2/3 + 6 sin 2a A x . 

sin 29=: - — , i.e. 0 = - sin 

a + b 2 


sin 2/3 -sin 2a " a+b 

1 . ^ a sin 2/3 + b sin 2a 
a + b 


n TT AU u-11 AT, 2a 9 cos 45° sin 15° 

7. Up the hill the range = — . s-^ — . 

r ° g cos 9 30° 

Down the hill the range is that with elevation 45° on a hill whose 
inclination to the horizon is - 30°, and therefore 
2u 3 oos 45° bin 75° 


9 

sin 75° 


and 


cos 3 30° 

Hence the ratio = ° = tan 75° = 2 + = 3f nearly. 

8. We have 

2m 9 co b 60° sin (60° - /3) _ 1 r2u sin(60°-/3 n a 
g ’ cos 8 /3 — 2 ^ ’ L 9 ' cos/3 J ' 

Hence sin (60° - /3) = cos 60°, so that /3=30°. 

mu 2u* oos a sin (a - 13) 

9. The ranges are 

2 u 2 cos (90° - a) sin (90° - a + /3) 
g * C0B a /3~ 

2l4 8 

Their difference = [sin a cos (a - /3) - cos a sin (a - J5)l 

0 COB* p ' ' 

__ 2u 9 sin /3 


g oos 2 /3 * 

which is constant for all values of a. 

10. The greatest range in the direction joining the point of pro- 
jection to the top pf the hill 


2u 9 


'{<**& »■ * 


"cos 8 ^ 


__ u 1 sin 90° - s in /8 
~g ’ oos a /3 


— p ‘ 1 + sin p 9 

and this must at least be equal to -J^-z . Henoe the least value of u 
n sin/8 

must be given by 
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tt? 1 

11. The greatest range = - . — T . 

g 1 + sin p 

Also the corresponding time of flight 

2a 8iP ( 45 ° + f-* ) ) 2u 8iD ( 45 °-f) 

g * cob/3 g cos /3 

The distance through which a particle would fall in this time 

1 4a» gin* ( 45 °- 

35 2 0 * * cos^/3 

_ u* 1 - cob (90° - /3) u* 1 - Bin /3 u* 1 , 
g ‘ cob* /ST - = 7 * cos* p l + sin/3’ 


12. If a be the angle of projection, we have (p. 132, K x 3) 

cot/3=2 tan (a - /3). 

, 1 + 2 tan 2 /3 

tan a = — — — _ . 


Hence 
This gives 
bo that 


tan p 


1 + sin* p sin /3 cos /3 ^/l + 38^/3* 

• / m coa 0 

sin (a - /3) = - 7 T - — . 

>/ 1 + 3 sin* p 
Hence the height of the point struck 

_2w* cos a sin (a - p) , 0 _2u* sin*/3 
~ g * cos*/3 l + 3sin*0* 

The time of flight 


- ( a ~ £) 2a 

~ 9 ' “^iTSem 5 #' 

Also what would be the horizontal range 


2u* ti a sin 2/3 

= — . sin a cos a= - 

9 9 


1 + sin 9 /3 
1 + 3 sin 2 /?' 


13. Four times the square in the number of seconds 
. /2vsina\* I6u a sin*a v a sin 2 a 

- ,x (— )“ -f w , 

= the greatest height in the trajectoiy. y 


14. If u be the initial velocity, and the projectile be at a height 
h sin* a at time t,, and again at time t %} we have 

u* siu*a = 2p/i ; 


9n 


L. 8, K. 
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also £j and t % are the roots of the equation 

h sin*a=u sin a. f- s gt 7 t 

i>e. gt* - 2u sin a . t + 2h sin 2 a=0 ; 

hence the required time 

-S 


r 8- - 8~ sin* a = 2 A / — cos a. 

9 9 

15. The attraction of the earth will draw both the bullet and the 
body through the Bame distance in the same time. The rifle must 
therefore be pointed at the balloon. The horizontal distance of the 
balloon is (660 cot 30°) feet, and tho honzontal velocity of the bullet 
is (1320 cos 30°) feet per second. Hence the time that elapses before 
the bullet hits the body 

660 cot 30° , 

= 13Wcoi~30° = 1 8eoond- 
In this time the body will have fallen through 

| gt a , i.e . 16 feet. 

2V 

16. At the end of time seconds, the horizontal and vertical 

3 0 

velocities of the second particle are 

oy oy oy y y 

cob 60°, and ain 60° - 5 , .... ^ and 

2V 

Henoe its velocity then is — at an angle of 30° to the horizon. The 
o 

velocity of the first paiticle at this instant 

The particles at this instant are therefore relatively at rest. 

17. If u be the velocity of the carriage, the initial velocity of the 
dust is 2 u, and hence the initial velocity of the dust relative to the 
front wheel is u. Hence, if t be the time of flight, we have ufs hori- 
zontal distance between the centres of the wheels 

Also - gt 8 = the vertical distance described = 2 (6 - a). 

4, ,3 

A e*-(a-6)*=u*f*=y (6 -a), 

/ (c + b-a){c + a-b) g 

' “"V 476^T) 




so that 
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If v bo the requisite velocity, we have 


9000 = 


v % sin* 30° 


9 


_ v% 

“or 


Hence, if P be the required quantity of powder, we have, since the 
kinetic energy generated will be proportional to the powder consumed, 


i* : 10= ^ roi> 8 : i m (lGOO)*. 
£ £ 

. p_ 64x90000 

• (1600)*“ 2560000 


19. The initial horizontal velocity of the centre of in^itia 

_ 2 x 20 cos 60° -|- 3 x 40 cos 30° A /0 /D t x 
* - !Tf3 -4(<Vd + l). 

The initial vertical velocity 

2 x 20 sin 60° + 3 x 40 sin 30° . . . 

* 2 + 3 = * W" + ")• 

Also the acceleration of the centre of iueitia is always g. 
The required height therefore 

= {4(3 + V3)) » = (3 + ££ m 

2 g 4 1 4 

The required distance 

32 fee . 


20. 45 miles per hour = 66 feet per second ; and the latus rectum 
2 

= - . (horizontal velocity) 3 . Hence if the ball be thrown up vertically, 
we have the latus rectum 

= ?x(C6) J =272J feet. 

(1) The horizontal velocity 

= 66 + 12 cos 60° = 72 feet per second; 

2 

so that the latus rectum = - x (72) a =324 feet. 

(2) The horizontal velocity 

=66-12 cos 60° = GO feet per second ; 

2 

so that the latus rectum = - x (60) a = 225 feet. 


20-2 
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21. The ends of the latus rectum are (Art. 118, Cor. II.) at a 

|£<l 

height - oos 2a. 

Henoe the required times are given by 

M* 1 

- cos2a=usin a.t- 5 yt a , 

* 9 A 


i.e . by 


t 3 -- 


A u* . 0 u a „ 

, t + -: Bin a a= 9 cos 2 a. 


Henoe 


t= - (sin a ±oob a). 


22. Let l be the length of the tube, and u and u ' be the velocities 
of the particle on entering and leaving the tube, so that 

u' a =u a - 2g . I sin 45° = u* - tjvi.gl* 

The required difference in the latera recta 

^ u 3 ooa a 45° ^ u * oos a 45° _ - i / 3 _ 

n ft ft V * * 


23. Sinoe the particle is projected horizontally, the foous is at 
the foot of the tower, and therefore the directrix is at a height of 
100 feet above the top of the tower. 

Henoe u= J%g x 100=80 feet per second. 


24. Let P be the point of projection, and Q and R be the highest 
points of the walls. Since 

tt=2 N /pa= N /2p. 2a, 

the height of the direotrix above P is 2a. Henoe the distances of Q 
and R from the direotrix are eaoh a. If S be the middle point of QR, 
we have SQ=SR = the distance of both Q and R from the directrix 
=a. Hence S is the foous of the path, and the latus rectum is equal 
to QR , i.e. 2a. The distance of the vertex of the path from the 

directrix therefore equate ^ . 

Hence the constant horizontal velocity 

* v^S- 

Therefore the required time 
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25. Let P and Q be the two points through which the tr&Jpotory 
is to pass, and let 8 be the focus of one of the paths. Draw PK and 
QK f vertically to meet the directrix of the pathB in K and K\ and 
draw QM horizontally to meet PK in M . Then 
SP-SQ = PK-QK'=PM 

=the constant vertical distance between P and Q. Hence the differ- 
ence of the distances of S from P and Q is constant, so that tho loons 
of S is a hyperbola whose foci are P and Q. 


26. If P' be the second point of the trajectory which is at the 
same height as P above the horizontal, the time from the starting 
point to P' is equal to t\ Hence, if h be the vertical height of P, 
then t and V are the roots of the equation 


so that 


h=v sin0. T 




tf' = — , and hence h=\gtt’. 
9 * 


27. Consider the motions in directions along and perpendicular 
to the direction of motion at the given point. The acceleration in 
this direction is - g Bin 0, and hence the velocity in this direction is 

destroyed in time — . so that at the end of this time the particle 
g sin Q 9 * 

is moving at right angles to its original direction. 


EXAMPLES. XX. (Page 148.) 


1. The velocity with which the marble strikes the floor = »j2g . 9 
feet per seoond; therefore thp velocity of rebound = *9 x ^2^79 feet 
per second. Hence the required height h is given by 

2?A = (jjj) x 2j7 x 9, 

whence h = 7*29 feet. 


2. Let e be the coefficient of restitution. The velocity of the ball 
when it reaohes the slab = *j2g . 25 feet per Becond ; hence 
2p x 16 = e* x 2g x 25, 

whenoe 




3. If h be the height of the room, the velocity i* when the ball 
hits the floor =>J'2glu The velocity after the second impaot=< 1 u J 

and since the ball then rises to a height - , we have 




• 


so that e 


-#■ 
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4. If v be the velocity of projection, the ball reaches the opposite 
wall with the velocity v unaltered, and the velocity of rebound 

1 

= ** = 2 ”’ 

i.e. tho ball takes twice as long in returning as it took in gojng. 


5. The ball reaches the ceiling with the velocity equal to 
^(32 ^3)* - 2g . 16 = 32*/2 feet per second ; 
and the velocity of rebound from the ceiling 

= ^xS2 v /2, 

i.e. 32, feet per second; therefore the velocity with which the ball 
reaches the floor 

= */(32) s + 2 g . 16 = 32^/2 feet per second ; 
therefore the velocity of the rebound upwards 


= 82^/2, 

i.e. 82, feet per second; hence the height then attained by the ball 

*-16 feet. 


i.e. the ball just reaches the coiling again. 

6. If the ball move at an angle 0 to the plane after tho impact 
\s ith velocity t>, then 


and 


t; cos 9 = 8 cos 30° = 4^/3, 
v sin 0 = 2 . 8 sin 30° = 2. 


Hence, by squaring and adding, t> 2 =52, so that 
t?=72 feet per second. 

2 J'd 

Also, by division, tan 0 = t 

so that, by the tables, 0 = 16° 6', nearly. 


7, If v be the require^ velocity at an angle 0 to the plane, and 
a = 36° 52', then 

4 

t> cos 0 = 5 cos a = 5 x £ = 4, 

. _ 2 _ . 
r sin 0 = g x 5 sin a = 2. 


and 
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Henco, by squaring and adding, v a =20, so that v = 4-47 feet per 
second. Also 

tanfl=| = £, i.e. 0 = 2G° 34', 

nearly. 


8. If the plane were at an angle a to the horizon, and v the 
velocity after impact in direction making an angle 0 with the plane, 
then the velocity on sti iking the plane 

= . 16 = 32 feet per second. 

g 

i> cos 0 = 32 sin a and sin 0 = 7x32 cos a. 

4 


also 

Hence 

and 

and 

and 


/. v = J (32 sin a) a + (24 cos a) 1 = 8^9 + 7 Bin’* 1 a; 


tan 0= rcot a. 
4 


(1) v = 8 9 + ^ = 26-2 feet per second ; 

tan0 = jX N /3, i.e. 6 = 52° 25'. 

(2) v = 8 9 + ~ = 20 J2 = 28-3 feet per second ; 

tan0=5, i.e. 0=30° 52'. 

(3) » = 8/^/9 + ^= 30 '2 feet per second; 

tan 0 = j •-,o = ^ri ».«• 0 = 23° 25'. 

* x/3 4 


EXAMPLES. XXI. (Pages 154-156.^ 

1. Let v and v f be the required velocities. Since the total 
momentum is unaltered, 

4v + 3v' = 4 x 5 + 3 x 4=32. 

By Newton’s Law, 

Hence, solving, v = 4^ feet per second, and t/=4$ feet per second. 

2. Here 10v + 8t/ = 10x6 + 8x3=84, 

and t>-t7'= - j(6-8)= - 1; 

hence v=8f feet per second, and v'=5H feet per second. 
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3. If v and v* be the required velocities, and m be the mass of 
either sphere, we have 

mv + mv'=m x 12+ro x ( -6), 
i.e. v + v' = 6; 

and c-v'=-|[12-(-6)]=-6; 

hence v=0, and i>' = 6 feet per second ; thus the first sphere comes to 
rest, and the second turns back with a velocity of 6 feet per seoond. 

4, The equations determining the impact are 

_ , _ u 9 u 

mv + 2mv =mu + 2m . - = m . — , 

- , 3 f u\ 9u 

and = 

Qu 

Solving, we have v’= , and v = 0 ; 

so that the first ball remains at rest. 


5, The equations are 

2mv + mv' = 2m . u + m( - 2u) = 0, 


and 


, 5 r / o \i 

*-» = -gI>-(- 2u )]=-y 


Hence, solving, we have 

5u , lOu 5 

u = - -g, and v = *g.2t*, 

so that each ball turns back with jjths of its original velocity. 


6. If v and v' be the velocities after impact, m be the mass of each 
sphere, and ti be the velocity of the first sphere before impact, then 
we have 

mv +mv' = mu, i.e. t? + v' = u, 
and v - v' = - c {u - 0) = - eu. 

Hence, by eliminating u, 

hence «(l + «)=»'(l-e), i.e. v : v’=l-e : 1 +«. 

7. If v and v' be the velocities after impact, then 

mv + emv f =mu-em. eu, 
i.e. t? + et>'*su(l-s 9 ); 

and v-v*= -e[u + eu)= ~eu{l +•*}; 

(1 + e) =u (1 -« 9 ) + eu(l + e); 
r'£u(l -s + r)=w, and t?=it (1 


so that 
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8. Here 


2v + u = 2ti, 
v - u** - eu. 
u = 2v, and « = - . 


0. We have 


m . c u + m'v = mu, 
o 


and 

o o 

g 

Hence v=gu, 

bo that the ratio of the velocities after the impact is 1 : 2. 

Also, from the first equation, tn=3/7i'. 

10. If v and v ' be the velocities of the first and second spheres 
respectively after impact, then 

2r + 6v'=2x 12 + 6x4 = 48, 
i.e. r + 3r' = 24; 

and v-i/= - (12 - 4) = - 8; 

hence v = 0, and t/=8 feet per second, 

i.e. the first sphere is brought to rest, and the second goes on with a 
velocity of 8 feet per second. Now let V and V* be the velocities of 
the second and third spheres respectively after impact ; then 

„ 6F+12F' = 6x 8 + 12x2 = 72, 

i.e. F+2F'*12; 

and V- V'= -(8-2)= - 6; 

hence F=0, and F'=6 feet per second, 

i.e, the seoond sphere is brought to rest, and the third goes on with a 
velocity of 6 feet per second. 

11. If the balls meet after t seconds, the first has fallen a distance 

1 


and the second has ascended a distance 

henoe ^ jt*+ 128t - | gt t = 64, • bo that t=| second, 


and thus 


2^*= 4 f « et » 
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i.e. impact takes place at a height of 60 feet above the ground. Also 
the velocities are gt t i.e. 16 feet per second, downwards, and 128 -pt, 
i.e. 112 feet per second, upwards. Hence, if v and v f be the velocities 
upwards after impact, we have v + v' = - 16 + 112= 96, 

and t? - »'= _ 1 ( _ 16 - 112) =64 ; 

whence r = 80 feet per second, and v' = 16 feet per second. 

Also the required times t 1 seconds and t 2 seconds are given by 

- 60 = 80^ - £<7*1* 

Z 

and -6O = 16f a -"0* a a ; 

z 

whence fj = 6-66 seconds and * a = 2 5 seconds. 

12. If u be the velocity of the first sphere before impact, v and v ' 
be the velocities of the two spheres after impact, and v make an angle 
0 with the line of centres, then the impulse being along this line, the 
velocity perpendicular to it is unaltered, bo that v sin 0=u sin 30°. 

Also, the spheres being inelastic (e = 0), their velocities along the 
line of centres are equal, so that 

V COS0 = v\ 

Also the momentum along the line of centres is unaltered ; hence 
1 . u oos30° = l . v cos 0 + 2r'=9v cos 0. 

A ^ tan 0=tan 30°= , i.e. 0=60°, 

o , 

so that the direction of motion is turned through an angle equal to 
60° -30°, i.e . 30°. 

13. If u be the common velocity before impact, and v and v ' be 
the velocities after impact at angles 0 and <f> to the line of centres, then, 
for the motion perpendicular to this line, we have 

v sin0=u sin30° = ~ , and v' sin 0 = u sin 60° = 

a * Z 

Also, the momentum along the line of centres being unaltered, 

v cos 0 + y' cos <p = u (cos 30° + cos 60°), 

and also v cos 6 -v' cos0= - u (cos 30° - cos 60°). 

Therefore 

v cos 0=14 cos 60°=^, and t/ cos0=u cos 30°=^pt 
z z 

hence tan 0=^ -7-^=1, i.e. 0=45°, 

J#n0= , -^ + ^ = l, i.e. 0=46°. 


and 
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11. If u be the velocity before impact, and v and v f be the velocities 
after impact at angles 0 and 0 respectively to the line of centre#, then 
u 

v sin 0 = u sin 30° = - , and v f sin 0=u sin 90°=u ; 

also 


v cos 0 + v' cos <f>=u coa 30°, and v cos 0 - v' cos <f>= - - u cos 30°. 

o 


2 u 2 u 

v cos 0=^ u cos 80° = -^ * arid v cos 0- ; 

hence 

* . . u u JS , , 2u 

J tan6? = - + — = v 2 - , and tan 0 =u-t- = *^-=tan 

so that 0 = 0. 

Also, since v # cos 0 = 2t> cos 0, We have i/= 2v. 


15. If the velocities before impact be u and u' f at angles a and 
^ +a to the line of centres, and if they be v and v' at angles 0 and 0 


to that line after impact, then 

v sin 0 = u sin a (1), 

and v' Bin 0 = u' cos a (2) ; 

also vcob 0 + v'cos 0=ticosa-u' sin a (3), 

and v cos 0 - t/ cos 0 = - u cos a - u' sin a (1) ; 

adding and subtracting (3) and (4), we have 


v cob 6= -u’ sin a, and r'cos0=ucosa; 
hence, from (1) and (2), we have 

tan 0 = - ■ , *and tan 0 = — = - tan 0, 
u M u 

^=^ + 0 - 


16. If v and t>' be the velocities after impact at angles 0 and 0 to 
the line of contres, then 

v Bin 0=sit*y3 sin 30°=^^ , and v' sin 0 = usin6O°» t ~? ; 

also v cos 0 + v f cos 0 = u*J 3 cos 80° + w cos 60° = 2 w, 

and r cos 0 - v' cos 0 = -- (u^/3 cos 30° — u cos 60°) = — u. 

„ u , , J 3w 

.*• v cos 0 = o> and v cos0 = — ; 

i U 

henoe tan 0 = -f- ^ => , i.c . 0 = 60°, 

and tan <p = + -y = 0 = 3Of. 
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17, If v and v' be the velocities after impact at angles 0 and 0 to 
the line of centres, and 

5 . 0 8 

Bm = 13 ’ 0m ^ = 6 ' 

we have 


and 


• v sin 0=13u sina=6u (1), 

v' sin 0 = 5u sin 0 = 3u .. .. w ... (2); 


also 


rcos0-i/cos0- - - (13a oos a - 6u cos /5) 


- ~l( 13ux E~ 5u *t) = ~ 4u; 

and 5m . v cos 0 + m . v f cos <f>= bm . 13u oos a + m . 5u oos /3, 

or 5v cos 0 + v’ cos 0 = u (60 + 4)= 64u. 

v cos 0 = 10m. 

Hence, by (1), 

t; a =u 2 * * * [6 9 + (10) 2 ], so that v=ux 11*180, 

and tan 8 = ^ = £ , i.e. 0 = 26° 34'. 

10 u 2 


Also v f cos 0 = 64m - 5v cos 0 = 14m. 

•*. » /a = M a [8 i + (14) a ], so that i/=ux 14*318, 
3u 3 

and tan 0 = 77 - =tt» 0 = 12° 6'. 

14u 14 


EXAMPLES. XXII. (Pages 162-164.) 

1, If w be the velocity of projection, and v be the velocity of 
return, then the horizontal component ucosa is by the impact 
reduced to euoosa, 

i.e. v cos /9 = tu cos a ; 

also the vortioal component of the velocity is unaltered by the impact, 
so that 

v sin/3=Msin a, 

numerically; hence 

tan tan a, i.e. tana = etan/9. 

2, The velooity of the sphere when it first hits the table 

= J2g . 16« 82 feet per second ; 

therefore the velooity of the first rebound =* 82s feet per second, and 

the height then ascended 
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and bo on. Hence the distance described 

f 7\ a 


= 16+2 (16«*+I6e 4 + 16 + 




l + 


l- 


^=65 feet. 


32c 


Also the time in which the velocity 32c is destroyed = — = d and 
so on. Thus the sphere will come to rest in time 


9 + 7 
= 9- 7 


™ +2(e+ ^ + ’- )= i + i^ = ^ 


= 8 seconds. 


3. The velocity u of the ball on first striking the plane 
= ^20.48 = 32^/3 feet per second ; 

the successive velocities of impact are eu, e 5 u ; the successive 

heights ascended and again descended are 

~W ’ 

hence the total distance described 

qa*i 1 + #* 

= 48 + 2 (48e a + 48« 4 + ) = 48 + = 48 . 

= 48.g±i=60fcet. 

Also the time of descending 48 feet 

= /y/ 2 = y/3 second, 

and the time in whioh the velocity eu is destroyed=^, and bo on. 
Thus the required time 



=2^/3=8*464 seconds. 


4 . The horizontal velocity throughout 

= 64 cob B0°=32 n /8 feet per second ; 
and the vertical velocities at the successive rebounds are 
6 . 64 sin 80°, U. 82c, 32<’ a , 
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and so on. Hence the sum of the horizontal trajectories until re- 
bounding ceases 

= - [(32)* + (32) a . . « + ]= 64 ^8 • x l _ - 

=443*4 feet, nearly. Also the time elapsed 

4x64^3 4x64^3 0 , 

= r — : tti — vT - = - =8 seconds. 

horizontal velocity 82 ^3 

5. The velooity of the ball on hitting the plane = 2 g ; therefore 
the component peipendicular to the plane 
= 2 g sin 60°=p s /3, 

3 

which becomes -p^/3 after the impact. Also the acceleration per- 
pendicular to the plane 

=g cos 80° = v ^ 3 g. 

Hence the requited time t is given by 


whence t=3 seconds. 

0. The velocity of the ball on striking the stone 
/7 h /— 


= 2c/ . -= ; 

, 1 

and immediately afteiwards the velocity is made up of sfgh. -77 

v 2 

parallel to the stone, and sfgh . perpendicular to the stone up- 

_v — 

wards; therefore the velocity = Jgh horizontally. Hence, if the ball 
reach the ground in time t at a distance x from the foot of the tower, 
we have 

* = whence t= 


x — vt = sjgh .^^=K 


7, If v and v' be the velocities after the first collision, then 

r + t>' = 3, and v -v'= - 5 (3 - 0) = -1, 

0 

so that v*=2 feet per second, and the second boll reaches the wall in 
3 1 

2 second ; v' then becomes - x 2 in the opposite direction ; also sinoe 

*= 5*2 = 1 , 
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Q 

the first ball has moved - feet towards the tfall, and is, therefore, 

a 

3 

^ feet from the second ball ; and the relative velocity of the two balls 


1 , , 2 
= V+ 3 V=1+ 3 


5 t 

3’ 


therefore the additional time before they meet 
3 5 9 , 

= 2-3 = i0 8eCOnd - 

Hence the whole time between the fitst and second collisions between 
them 

9 

= 14+ =2’4 seconds. 


8. If t* be the velocity of A originally and r be the radius of the 
gioove, the time t = — . After the impact the relative velocity = - eu . 
Hence the time that elapses before the second impact 


2wr _ 2t 
eu ~~ e ' 


0. If the marbles be projected from A with equal velocities u, 
they will meet at B the other end of the diameter through A ; 
and if v and v' be their velocities measured in the same direction 
as that of the first marble after the first impact, we have 
10m. v + 11m. v' = 1077i. u- 11m. u, 


i.e. 10u + llt> # = -u; 

also •-»'=-! [“-(-“)]= 

whence v= ~\u, and v'=^~ . 

0 o 


Therefore each marble returns, and the portions of the whole 
circumference which they describe before meeting again are as v : v\ 
i.e. as 6 : 4. Hence the marble of mass 10m will describe a distance 

5 • 

equal to - ths of the circumference from B t i.e . to a point which is 
y 

™ th of the circumference beyond A. 


10. The equations for the impact are (since the sphere M 
necessarily proceeds to move along, the line of centres and therefore 
$ is zero) 

eMv cos $ + Mv r = eM .u cos a, 
and v 00 s 6 - v* = - eu cos a. 



320 


ELEMENTS OF DYNAMICS 


Exs. 

Hence (l + «) vcos0=O, so that 0 is a right angle. 

Hence, after the impact, the spheres are moving in perpendicular 
directions. 

( 1 ). 
<2) f 
(3). 


(1), 

( 2 ). 

( 3 ). 


13, The equations are 

mvooB0+mv cos <p=mu cos a + wt(-tiOOBa) = 0 (1), 

vcos0-v'cos0= -e[ucosa- (-ucos a)]= -2eucos a (2), 

vein 0 = ttsina (3), 

v'sin^rrusina (4), 

and a = tan -1 Je (5). 


From (1) and (2), • 

v cos $ = - eu cos a= - v' cos <p. 

Hence, from (3) and (4), 

tan 0= - tan d>= - - tan a= - = -cot a- 

t tan* a 

Hence d=^ + a, and 0 = - - a. 

Therefore the directions of motion are both turned through a right 
angle. 


11. Here we have a =30°, and 0=60°, so that 

mv cos 60° + mv'= mu cos 30° .... 
v cos 60° - v' = - e . u oos 30° 

and v sin 60 ° =u sin 80° 

From the first two equations, we have 

2v cos 60° = (1 - e) cos 30°. 
Hence, from the third equation, 

2 cot 60°=(l-<)cot 30°, 

1 


12. The equations are 

mv + mv'cos0 = mu 

v- v'cos0= -eu 

and v'sin0 = u 

From the first two equations, we have 

2v' cob0=(1 + c) u . 

Hence, from the third equation, 

2 cot 0 — (1 + $). 

Hence the required angle 

r ir 1 + e , , 1 + e 

= 2- 9= 2- oot "“^ =tan a— 
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14. Lot u be the initial velocity ol the striking ball, v be its 

velocity after the impact, and V be the velocity of each of the two 
balls in directions inclined respectively at 30° to the direction of u. 
We then have mu=mv + 2mVooa 30°=mr + mV>JS (1), 

- eu cos 30° = v cos 30° -V (2). 

But v is zero ; hence 

u=Vjn=j3.eucOB30°='Ui, . 
o 

so that « = - . 

15. For the first impact, we have mv + 2mv f 3*mu t 

and v - v r = - eu = -- \ u. 

A 

Hence 3v' = jju, so that 

The velocity of the third ball after the impact, similarly, 

-H5)'* 

and bo on, 

so that the velocity of the last ball — u. 

16. The velocity u of the ball on hitting the horizontal plane 

= a. 

Immediately after the impact the velocities of the ball are ucosa 
horizontally, and enema vertically. Hence the range 

2 . u cos a . eu sin a . . . „ 

= = 4ei cos asm 2 a. 

ff 

17. Tlio velocity u of the ball on hitting the plane is Jlgn. 
After the impact, the velocity perpendicular to the inclined plane is 

ana • eu 

eucos60°, i.e . • 

Also the velocity down the inclined plane then 
= u sin 

d 

The acceleration perpendicular to the inclined plane is g cos 60°, , 
2^ 

so that the time of flight is — . Also the acceleration down the 
plane 

*0 BID 60° = ?^p . 


It* B. K. 


21 
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Hence the required distance 

w^/3 2 eu 1 4e*w* 

_ ~F‘T + 2 T 

={e+e , ) U -i-«) feet. 

18. Since the height of the rail above the gronnd is half the 
radius, the radius from the rail to the oentre makes an angle of 60° 
with the vertical. The velocity along this radius is destroyed, and 
the velocity, 16 oos 60°, peipendicular to it is unaltered. Hence,. after 
leaving the rail, the initial velocity is 8 feet per second at an angle of 
60° with the horizontal. Hence the latus rectum 


8 2 oos* 60° 1# , 

= 4 — = 1 foot. 

2 g 


19. Diaw AM and BN perpendicular to the vertical plane, and 
let P be the point of impact on this plane, so that 
tan BPN = t tan APM . 

Let AP meet BN in C. Then we have tan BPN=e tan GPN , so that 
BN=e . NC. Hence the required construction. 


20. Let ABC A be the path of the ball, O being the centre of the 
circular table, and let 

lOAB= lOBA = e, L OBO— L OCB = <f> t 
and l OGA = iOAG=\l/» 

We have then cot <p t= e cot 0, 

and cot0 = e cot 0 = «*cot 0. 

Also 0 + 0 + 0=90°, 

so that 

l = tan0 tan0 + tan 0 tan 0 + tan 0 tan 0 = tan J 0 Q + ~ + . 

Hence tan 0= . / - — - — * . 

'V 1 + 6 + tf* 

Also, let u, v and w be the successive velocities of the ball, bo that 
v 3 = u 1 (sin* 0 + e* cos* 0) , 
and w a =v*(sm*0+«*coB*0). 

= (sm* 0 + e* oos* 0) (sin* 0 + e % cos* 0). 
sin* 0 cos* 0 1 


Hence 

Now 

Also, since 


l + s + 6* (l + e)(l+$*)* 
tan 0 = - tan 0, 


fiin*0 cos*0 1 


we have 
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ts lo* _ + + «+«*) e + e a (l + e + e a ) 

- 5 - (1 + e)(1 + eS) • (1 + e) , 

_ e a (1 + e) a . e (1 f «) (1 + e a ) 

(I + «) a (1 + e 2 J 

Therefore to = u . «*. 

For the second part of the question, let ABCDA be the path of the 
ball and let 

l OAB= L OB A = 0 t 
lOBC= lOGB=:<f> t 
L OCD= L 

and lODA = lOAD=x* 

As above, we have 

Cot 0 — Cot 0, cot0=ecot0=:c a cot0, 
and cotx = e cot 0 = g 3 cot 8. 

Now, since ABCD is a quadrilateral in a circle we have 
0 + 0 + 0 + X='*’. 
tan 0 + tan 0 + tan 0 + tan x 

= tan $ tan 0 tan 0 + tan 0 tan 0 tan x + tan 9 tan 0 tan x 
+ tan 0 tan 0 tan x- 

+ J + + p + J + 

= tan* fl .I[l + i + i + i]. 
fcan0=e*. 

21. As in Ex. 19, page 140, the initial vertical and horizontal 
velocities of the centre of inertia may be found. The latter is un- 
altered by the impacts. Hence the latus rectum of the path described 
by the centre of inertia which, by Art. 113, Cor. I., depends only on 
the horizontal velocity remains unaltered. The size therefore of the 
parabolae, portions of which are described, remains the same, i.e. the 
aros are all portions of the same parabola. 


EXAMPLES. XXIII. (Pa«e 172.) 

1 . The required tension 

mv 2 5 x 6 s , . 

* — = — 5 — = 00 poundals. 

T O 

* 

2. Let n be the required number of revolutions, so that the 
velocity of the mass 


: (J?q x2rx4) feet per second. 


21—2 
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Then 9^=the tension of the string 

_8 /2?i7r\ a 

) ■ 


Hence a = 28 6, neai ly, 

3. Hero 


%- s(t5 x2 ' xli 


)•' 


whence ?i=48*3, nearly, i.e, the greatest number of complete revolu- 
tions is 48. 

4. If n be the required numbei of revolutions, the velocity of the 
mass 

= ^ y 2jt x feet per second = ^ icet pei second. 

Huuce 

so that n=77, nearly. 

5. It v be the velocity of the ma^s m, we have 


hence t>=24 feet per second. 


mv* 

Om.g= ; 


6. We have 1 . <7 = 10 . — , so that the required number of turns 

5U 

JOv e 6^-xM 4j 

27T.50 lOir T 

7, 30 miles per houi = 44 feet per second; hence the requued 
force 


= — =2240x10 x^ poundals 
r 000 


10 (44) a 

s 32 X G00 t0n8 wt ‘ 3Bll *» tonb vvL 


8. Here the required force 


= 2240 x 12 x poundals 



XXIV 


SOLUTIONS 


326 


EXAMPLES. XXIV. (Pages 178 181.) 


1, Let T poundals be the tension of the string, and v be the 
velocity of the paiticle; then, since the particle has no vertical 
acceleration, we have 

T cos 46° =4^, i.e. T=-4J2 lbs. wt. = 5*66 lbs. wt. 

Also, resolving the tension horizontally, r being the radiuB of the 
circle described by the particle, we have 

v a 

rsin45° = 4 x— ; 

r 

hence 9=— =v a -r- , i.e . v a = ^ = 48^2, 

T V a a 

and therefore t? = 8*24 feet per second, nearly. 


2. Let a be the required inclination, T poundals be the tension 
of the string, and v be the velocity of the mass m in feet per second. 


Then 

Also 

and 


Hence 


i.e. 


200 _ 20 . IOOt . sin a 

60 x2T *l2 8mo= 9 • 


T sin a = 


mv J 


T coBa = mg\ 
12 ni 
20 sin a 

4/mjt 1 . 600 8iu a 


20 

B 8ini 


^IOOtt . sin 


27 


. m 2000 n 

. T= ~w mir • 


■nrg 27 {j 
cos a- T - 20 q 0 - xa 


54 

: 125ir a ' 


1=008 l HSP 


, i.e . about 87°30 / . 


3. Let T be the tension of the string, a be its inclination to the 
vertical, and v be the velocity of the mass. 

30 

Then v= 7>7 r x 2ir x 4 sina = 47r sin a. 

00 


Also 

so that 
Also 

hence 

Hence 


40v a 

T sin a = — r — = 160 tt 2 . sin a, 
4 sin a 

T=1607T“ poundals. 

T cos a =40^ ; 

40 *32 8 


cosa~' 
8 


160t* "J 1 * 


a^cos" -1 -^, i.e. about 35° 51*. 
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4. Here 


and 


I 7 cos G0°=mp, 
Tain 60°= , mV% 


‘ 8sin60° * 

Hence 0* = 3 Bin 60° . g tan 60° = 144, 

bo that t?=12 feet per second . 

5. Here 0=88 feet per second, r=770 feet, and m = 2 x 2240 lbs. 
Henco the lateral pressure on the raiis 

= — =2x2240 

r 


c2 x 2240 x ponndals= 1408 lbs. wt. 


176 

0. Here 0= -- g - feet per second, and r=1320 feet. 

Hence, if 0 be the inclination of the floor of the oarriage to the 
horizon, we have 


0 a 

tan 0=— - 

rg 


(176)* _ 11 
■ 9 x 1820 x 32 ~ 135 * 


Hence the required height =5 sin 0=5 tan 0, nearly (since 0 is 
Bmall) = ^ feet =4-9 inches. 

7. Here 0=44 feet per second, and r=1200 feet. 

Hence, if 0 be the inclination of the floor of the carriage to the 
horizon, we have 

9 _t^__J44) 2 _!2! 


tan 0= 


rg 1200x32 "2400' 


Hence the required height = 5 sin 0 = 5 tan 0 nearly (since 0 is 
121 

small)=jgQ feet= 302... inches. 

. „ . . •* (66)* 33 

8. Here tantf- r^~i320x82~320 ; 

and the required height 

38 

= feet = 6*18 ... inches. 


9. Here 0 = 44 feet per second, and r = 300 feet. 

Hence, if 0 be the inclination of the string to the vertical, we have 
4 „ 0*_ (44)* 121 

^ ff ~rg “ 300 x 82 “ 600 * 

Hence sin 6 = , nearly, 


and the required distance 
121 


120^26 


■6 sin^arra feet = about 1 foot 24 inohes. 
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10. In equation (3) of Art. 143, put a=^ , and 0=60°. tfhen we 
have 

1 w a 

, so that ur=ig, t.e. 


But 


n o 

« = g 5 x2T, 


n being the required number of revolutions ; hence 

60w 60 lno . 

n= _ ^ = 108, nearly. 

11. Let v be the velocity of the body mass m t r bo its distance 
from the axis of the oone, and R be the normal reaotiou of the cone. 
Then we have 

_ mv* _ _ . _ 

R cos $= — , and R sin d=mg. 

T 


Hence 
so that 


v 2 

cotd = — ; but t? = n.2*T, 
rg 

r a =(r^cot0)-^4ir 3 n a I i.e. r =j^* 


12. The velocity of the mass 


10 29t 

= gg x ‘2ir x 29 = - — feet per second ; 

hence, at the highest point, we have 
v a (29ir) a 

7 =5 9x 29 =P ’ n " ar,y - 

13. Let T lf T a and T, be the three tensions, and v be the velocity. 


Then 

and 


600 

v = -jrjy x 2 t x 3 =s 60ir feet per second ; 

m mv2 Ton (COtt) 2 *! 

T 1 = mg+ r =w| 32+i-yi-J, 

mv* r( 60?r )* qoI i 'v W» a (GOt ) 2 

T a = — - wy= m I — - 32 J , and T 9 =— = m . v ^ 

Hence T t : T a : T,= (60jr) a + 96 : (60*) a - 96 : (60ir)> 

= 75r a + 2:76# a -2;76T a ; 
whence Tj : r 9 : T,=B 7J. : 369 : 370. 

14. Let O be the fixed end of the string, and P and Q be the 
particles at the middle point and extremity respectively. Then if v 
be the velocity of P, the velooity of Q is 2v, the angular velocity of P 
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and Q round 0 being the same. Hence, if 21 be the length of the 
string, the tension in PQ 

__ m (2v) a _ 2mv Q 

~ 21 F ; 

and the tension in OP 


mv * 

=— + 


2mi; a __ 3 nit? 2 


i.e. the tensions are as 3 : 2. 


15. 


As in Art. 143, 
v- 


tan0 = — , i.e. 0 = tan _1 - in either case. 
rg rg 


16. Lot P be the pressure on the table, v be the velocity of the 
particle, T bo the tension of the string, and a be its inclination to the 
vertical. Then we have 

V = 2irnl sin a, 

Tcosa + P— ma, and T sin a — r^- . 

* l sin a 

_ _ mv 2 cos a (27rni) 2 

Hence P=mg- - = - - ~mg -m . — ' cos a 

* l bin 2 a l 

= mg - 4wMr 2 n a b, ^since cosa= , =m{g - 4ir a n 2 b). 

The particle will not remain in contact with the table if P become 
negative; for then the table would have to pull the paiticle, which is 
impossible. 

Also, P will be negative if n> 

17. The angulai velocity w of the umbrella 

14 x 2w 14x2 22 8 , 

= — - xyr- radians per second. 

The velocity of the drops on leaving the umbrella 
3 8 

= - x =4 feet per second. 

Z o 

The time that elapses before they reach the ground 

2x4 1 , 

— = - second. 

9 2 

so that the horizontal range =4 x |=2 feet. 


Hence the required diameter 




+ 2 a =6 feet. 
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32 


The normal acceleration of the drop= ^ x = -g- , 

//32V 32 — 

so that the resultant accelerations: * / ( — J +^ 2 = ^10 

at an angle tan -1 5 with the vertical. 

o 

Hence the requiied force 

Vro=^J 0 =-021 of a poundal. 

18. The tenbion of the string must be equal to 2 mg, and also 


equal to 
hence 


v a 

— =2 g, so that v = ,j2gc. 


19. If x and y be the lengths of the portions of the strings, we 
have 

* jtivP 

— = the tension of the string = . 

x y 

Hence x : y=mv ‘ i : mV a . 

20. As in Art. 110, the tension of the string 

= 4mW ( c-a ). 

Since tho string suppot ts the mass m hanging freely, the tension 
must be m'g. 

Hence 


1 

2ir \ m c-a 


21. If * be the radius of the circle described, and v be the 
velocity, we have (equating the tensions) 

mV 

= mg. 
x 

When v beoomes ^ , let the lower mass become M, so that 
mV 

Hence so that the lower mass must be diminished in the 

ratio 1 : 4. 
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22. Let the masses be m and m', v be their common velocity, T 
be the tension of the string, AP=r and AQ=r'. Then we have 

mv * , T m*v l m'v 2 

2 =r ,ftnd v r;‘ 

mv % 

•• i — — — i 

r r 

so that 

Also -rr=W0, sothatwp= . 

^ J r 

Hence v=^s/gr\ alBO r (1 + ^/2) =4, t.e. r=4(*/2-l). 

The time of a revolution 

= ? T =2,r \/^ =2 ' ^ | ^2^2 seconds. 

23. Here X - — - = the tension of the string a — . 

.. ... /i.Jfcd. 

V w « 

24. When the motion is steady, let the inclination of the string 
to the vertical be a, so that 

_ n l Bee a- l _ 1-cosa 

T=2mg =2 mg . 

* i * cos a 

Hence mg = T oob u=2mg (1 -cob a), so that cosa=^, 


l tana 

l sin* a A 1 - cos a 


=b T sin a. 


„ l sin 1 a 1-cosa 0 . ... /r-r- 

... t)a = .2 g. = 3 gl, so that vssJdgl. 

cos a u 008 CL ^ v 

25. As in Art. 148 the thrust towards the inner rail 


= 771008 0 - 


m=10x2240, v=66, r= 1320, 
83 1 

• tan(,= 320 = l0 Ileally - 

. 10 /. l \-i . 1 


io / i \-i 1 

and hence «x»«=^ f = (l+ i5 o) =l~ m nearly 

(1) Here Fa 30 miles per hour =44 ft. per sea. 
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Therefore thrust towards inner rail 

=!0x i! 240x(l-4) 44 ^ poundals 

10/, 1 \ 66 2 - 44 a . 

= - 32 ( l * 200j "1820- toDB = “ * 67 40118 Wt * 

Therefore thrust is *57 tons wt. outwards and is thus caused by the 
inner rail. 

(2) Here F=60 miles per hour. 

Therefore thrust towards inner rail 

= 10x2240 (l-^) M ~J- 6 Vundal. 

= *80 tons wt. neorJy, and it is caused by the outer rail. 


EXAMPLES. XXY. (Pages 190—193.) 

If the velocity and the tension be (1) v, and T, , and (2) r, and 
v, 3 =(25) 3 - 20.3 = 483, so that w 1 *=20 , 8 feet per second, 

poundals lbs. wt.=22*6 lbs. wt. 

4 o OX Oa 

vf = (25) a - 2p . 8 = 241, 
r,=15-5 feet* per second, 

T t +5g=^- t so that T s =7’6 lbs.wt. 


T a , then 
and 

Also 
so that 


and 
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2. Let v be the required velocity, and W lbs. be the required 
weight; then the velocity at the highest point will be *Jv 2 - 2 . 6 g % 
and the tension of the string theie being zero, we have 

6 g=— — £ — - , so that ti a =15^=16x30, 

and v = 4 ^30 =21 9 teet per second. Also the tension at the lowest 

6v a 

point is greatest, being equal to 5g + -r- ; hence 

o 

+ lbs. wt. = 30 lba. wt. 

3. If T be the requued tension, and v be the required velooity, 
we have i> 2 =2 g . 3, so that v = 13*8 feet per second ; and 

m mv 1 6 mg n , . 

T=mp+ —mg + = 3m0 poundals. 

o o 


4. (1) The velocity = ^2^ .9 = 24 feet per second 

(2) The velocity = ,y/ 2^ . jj=12,/2 foet per second. 


(3) The velocity = ^ 2g . -=8a/3 feet per second. 

(4) The velocity = ^ 2g ^5 - | cos 60°^ = 12 feet per second. 


5. Let u be the velocity at the lowest point, so that the velocity 
at the highest point is Ju A - 2 g 20. At the highest point the tension 
of the string must not become negative, so that the minimum value 
of u is given by 

«*- 2p.20 

Jo = m 9, 


m being the mass of the partiole. Hence 

50# = 1600, if. u=40 feet per second. 

Also, if T be the tension at the lowest point, then 
u 2 

w l0 =r ” mp ' 

Hence T = mg -\-5mg= Bin times the weight of the particle. 


6. If the velocity communicated to the ball be v, and the velocity 
of recoil be v', then the momentum commumcated 
= 36v = 12xll2t>'; 

but t>'= ,fig x 2-25, 

hence e = ^ ^16 x 9 = 448 feet per seoond. 
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Also, if T x and T 2 be the tonsions of either rope at the instant of 
discharge and when the cannon oomes to rest respectively, and 6 be 
the angle through which the ropes swing, we have 


12 2a x 2-25 

2Z\ = wt. of 12 cwt. + — . owt., 

g 9 

6 1 

so that Tj = wt. of 6 cwt. + - x 4 - cwt. = wt. of 9 cwt. 

9 « 


And for 2 a , the velocity of the cannon being zero, we have 
2T a = wt. of (12 cos 0) cwt. ; 

3 

but 9- 9cos0=2£, so that cos0 = - . 

9 

T a =wt. of -cwt. = wt. of 4Jowt. 

a 


7. Let APB be the initial position of the ntiing, P being the 
particle, so that AP=5 feet, and BP = 29 feet. Let Q bo the position 
of the particle when it has described 8 feet, so that AQ = 8 feet, and 
BQ = 26 feet. 

Draw PM and QN perpendicular to A B. 

*Tken £ . 30 . PM = area A APB = ^32.2.27.3 = 72 


£.30.Qtf=area Aj1QB = »/32 .2.24. 6=96. 

Hence tlie vertical distance described by the particle 
9,6-72 8, . 

= ^ 5 - = 6 fo0t ‘ 

Hence the required velocity = y/ 2 . g . |= 10-12 feet per second. 


8. If a particle slide inside from rest at P down the arc PA to 
the lowest point A , tho arc being smooth and subtending an angle 6 
at the centre 0 of the circle, then the velocity v at A is given by 

v a =2 g .OA (1-cos 0) = 4p. OAsin a |. 

& 

$ 9 

Honoe v varies as sin ^ . But the chord AP=20A . sin ^ , so that 

AP 

v varies as < r ?r7 , i.e. varies as the chord AP. 

&UA 

9. If A be the highest point, P be the point where the particle 
leaves the circle, and AP subtend an angle 0 at the centre 0 , and v be 
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the velocity at P, then the horizontal velocity at P=vooa 0, and the 
latus rectum of the subsequent parabolic path 

= -.V a 008 s 6 . 

9 

Now t> a = 2 g . OA (1 - cos 9) = 2ga (1 - cos 6), 

if O A = a; and at P tho pressure of the circle is zero, i.e. 

V ^-=.mg cos 0, so that v*=ga cos0; 

2 

thus ga cob 6 =2ga(l - cob $) t whence oos0=g. 

V 


Therefore 

and hence the latus rectum 




2 2 4 16 

~ g ' 3^ a ‘9 — 27*' 

10. Let u be the velocity of impaot, v and v* be the velocities of 
m and 2 m directly after impact, d be the diameter of the cirole, and h 
and h’ be the heights to which m and 2 m rise after the impact. Then 

u 2 =2gd , mv + 2mv , =mu, 


r + t/=u, and v-v'= - ~u, 

6 

, 4 ,1 

»'=-«, and v=-u. 

y y 

a tt 1 2 gd . d 

= -gj-, bo that fc=g T . 

, , 16a a 16 „ , .. . 16d 

=^= si =8i x2 ^- sothat v= gr- 


11. If e be the required coefficient of restitution, m be the mass 
of each ball, u be the velocity of the moving ball just before impact, 
v be its velocity just afterwards, and v f be that of the other ball, then 
we have 

tt a = 20.2(1 -cos 60°) =64, so that w=8 feet per seoond; 


and then 

mv+mv'=mu, 

i.e> 

r + i/=8, and v- v'= -eu= -8c, 

whence 

t>'=4(l + f). 

But 

v / *=2g . ~=4 x 9, so that t>'=6 feet per second 

hence 

4(l + e) = 6, so that 

a 
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12. If the radius be r, and e be the velocity on leaving the aro, 
the horizontal velocity then =v sin 30°=^ , and the latus reotum of 
the parabola then described 

2 (v\*_vl 

~g‘\V ~ 2g ’ 

but «*= 2g . r sin 30 s , henoe the latus rectum 
=r sin 30°= 


13. ABC is an equilateral triangle of side 2, and C describes a 
vertical circle of radius r 

l sin 60°= 

If C were projected from the lowest point P with velocity v so as just 
to pass the hig hest point Q , then at Q the tension would be zero, and 
the velocity = sjv % -2g. 2 r ; hence 

"»<?="( v'-igr), 

so that v a =5<7r ; therefore, by hypothesis, the actual velocity v' of 
projection =2*j5gr. Also, if Tj and T a be the greatest and least 
tensions in CA and CB, i,e. at P and Q, we have 

2T X cos 30° « (rug + poundals, 


and 

r m n 

2T a cos30°=l - ing — (v^ - 4pr) 

poundals ; 

hence 

P lv /3 = ^m + ~ . 4 . bgr \ lbs. wt., 

so that 

lbs. wt. ; 


and 

7’ a J3=^-m+^(20yr- 4yr)J 

lbs. wt., 

so that 

T 2 =5mis/S lbs. wt. 



Again, if when C is at 11 halfway between P and Q, the string BC 
be out, the velocity V of C is then vertical, and the string CA (=1) is 
horizontal, and 

F'=t^-2 S r=18sr= 18p . 2^1 . ^ , 

which is greater than 2 gl ; henoe C will then describe completely the 
vertical circle through CA with oentre A , and continne to revolve 
round it. 
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14. Let ABCDEFGH be the tube, AB being the lowest side 
horizontal, and GH the vertical side, so that the first particle is at A 
and the second is hanging from H. The line joining A to II is inclined 
at 46° to the horizontal, so that the height of H above A is 

CL 

a sin 45°, i.e. —r . 

v J 

Hence when the first particle leaves the tube at H it is at a height 




above its starting point A, and the other particle has then 


descended a distance 7a. Hence the work done by the weights of 
the particles during the motion =mg ^7 a - , where m is the mass 

of each particle. 

There is no loss of energy during the motion since there are no 
impacts at the corners of the tube. 

Hence, if u be the required velocity, we have, as in Art. 110, 


and therefore 


u=\-Jga (28-2^2). 
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15. The apparent weight of a body m at the equator * its real 

weight , where r is the radius of the earth in feet, and v the 

r 

velocity of any point of it in feet per second, due to the earth’s 
rotation ; also, since the earth rotates once in 24 hours. 


24 x 00 x 60 ‘ 

Hence the weight is diminished by a fraction of itself 
4 T 2 r ir a x 4000 x 1760 x 3 1 

~ (24) 2 x (60) 4 x g “ (12)* x 36"x 300000 x 32 “ 287 ’ neflrl y* 

In the case of the train, its velocity in space 

1760 x 3 _ 2 tt x 4000 x 1700 x 3 1760 x 3 11 x 9304 

60 " 24x60x00 + 60 " 63 ' 

Hence the weight is diminished by a fraction of itself 

= _ (11)^x19304)* 

(C3) J x 32 x 4000 x 1760 x 3 ~ ’ ^ 

16. If u be the velocity at the lowest point of the path, then 

u a =*2<//i. But in order that the particle may make complete revolu- 
tions we must have, as in Art. 160, u 2 >5gr. 27i>6r. 

17. Let the notation be as in Art. 151, so that 

mv=mv" - mv\ and v" + v'=ev. 

Hence 2v" — v (l + c) (1). 

Tf l be the length of the string, we have 

v*=:2gh=zg. y , so that v = ^ j. x. 

So v"=^/| . y. Hence (1) gives 

2y=x(l + e), and e = X . 

18. If v be the velocity when the string becomes tight, and 0 be 
its inclination to the horizontal, then 

v= J2g .3=8 a/ 3, and sin0= 1 ^ = ^, so that 0 = 30°. 

The velocity along the tangent is unaltered by the tightening of 

j o 

the string, and .*. = v cos 0 = 8 x ~ = 12 ft. per sec. 

Also height to which it now rises 

_12*_144 i 
-Tg~ 64- 2 * ft - 
=9 inches above O. 


L. S. K. 


22 
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19. As in Ait. 149 the angle 9 required is given by making R = 0, 


2gX95go-2pa(l + cosff) 


= — - 20089 , B0 that cos 9=^. 


Also « a =^jX 95 ga - 2ga (l + oos 9) = ga - 2 - = | ga, 

so that .=4V 

5 

20. The velocity V immediately after the impact is given by 
4AAAA 1 l C\t\ . 1\ t, 40000 


40000 x ^ = ( 20 +i) V, so that V=‘ 


• oms. per seo. 


„ . . . . , V 1 16 x 10» 

••• Height required = — oms. = 80 oms. nearly. 

21. If V be the velocity of the shot before the impact, and V' 
the common velocity of the box of sand and the shot immediately 
after, then 

20 x F=2020 x V\ i.e. F=101 x V, 

Also V' 2 =2g . /t=2^.j^-3=c4 x 6 s , so that F'=12. 

i X O 

Hence F=1212 ft. per seo. 


EXAMPLES. XXVI. (Pages 199,200.) 


1. The time of oscillation from rest to rest= — , where /a is the 

v/* 

absolute acceleration. 

(1) 2/1=4, so that — = ~ ^ it «/2 seconds, 

(2) ~=9, so that /a = 36, and “ = ^ seconds, 
and (3) 1 ./a=it 9 , so that ^ = ^=lseooncL 

2. The velocity at a distance x from the centre = ajp. (a 9 -s 9 ), so 
that the velooity v at the centre =a*J p ; 

(1) where a =2, and /i=2, o=2^/2 feet per second; 

8 1 

(2) where a = ^ ^ , and /* = 36, v = 1 J feet per second ; 
and (3) where a=l, and /x=t 3 , r =t feet per second. 
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3. As in 2, the yelooit ysa,jn=ijn here. 

2jf _ 

(1) —f = 2, so that Jn = TT t and v = ir feet per second ; 
vA* 

2x 1 _ 

(2) , so that Jfi = 32 7T, and v = 32t feet per second ; 
2 t 

and (3) so that *JJl =2, and v = 2 feet per second. 

2ir 

4. We have 4 = ^. a, and 7r=-y, 

V A * 

so that /a- 4 and a =2. Hence, when as = l t we have 
v = y//x (a? - x*) = 3 46 feet per second. 

5. Here 8= 9), and 6= ^/a (a 1 - 16). 

„ a‘ J - 9 a 2 - 16 , . 

Hence — Q2~ = - 6 4 , whence a = 5 , 

and by substitution, ^/a = 2 ; hence the period 

= -.-== t seconds. 

. VA* 

Also the acceleration at the greatest distance from the centre 
= /xa=20 ft.-sec. units. 


« TT 1 , 2t 1 

6. Here *=Io- ftnd 7^ = 250* 

so that /a=(512t) s . 

Hence the required force = (512x) a dynes. 

7. We have ^r- = l, bo that ft= 4**. 

vA* 

If a be the greatest amplitude, the acceleration of the shelf in its 
extreme position is 4?r a a. If the shelf and particle are to remain in 
contact, this must not be greater than the acceleration due to gravity. 
Hence the maximum value of a is given by 4ir 2 a=981. 

Hence a =25 centimetres, nearly. 

8. Let l feet be the length of the spring when the mass is hanging 
at rest; let a feet be its unstretched length and X the modulus of 
elasticity, so that 

X— =12 lbs. wt.=120 (1). 

d 

Also, since the spring stretches 1 inch for each pound-weight of 
tension, we have 


22—2 
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.( 2 ). 


When the end is raised let its new position be 0 and let A be a 
point at a depth l below 0. 

When the mass is at a distance x below A the foroe acting on it 
= X (i + g) ~? -12 g =X^- a • l ~ a 


-X~,by(l), 


=X? = 12 g.x, by (2). 


Donee its acceleration = 12 g . x+ 12 =g ,x. 

2tt 

time of a complete oscillation seconds, by Art. 153 (8), 


= = I’ll Becs - ne wly- 

\f 04 


Also, since the mass was initially at rest at a depth of 4 inches 
below A t its amplitude iB 4 inohes above and below A. 


9. With the notation of Art. 156, Ex. 3, the point O' is at a 
distance 3 inches, i.e. \ foot below A, and the mass would rest there 
so that 


mg = \ 


i+i-i 
i ’ 


and 


X 

l 


= 4m . g. 


When the partiole is at a distance x below O', the upward force 
— X ^ ~ - mg = 4mg (\ + x) -mg=Amgx. 

Hence the acceleration towards O' = 4gx, and 


2 7T Ts/i 

time of a complete oscillation = secs. = — 


sees. 


10. Let the natural length of the string be a , so that the distance 
between the fixed points is 2a. When the partiole is displaced a 
distance x from the centres the Btretched lengths of the two portions 
of the string are a+s and a-x, and their unstretched lengths are 

eaoh 

Hence their tensions are 


a 


and X 


a 

a * 
2 
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1 . 6 . 


% a + 2x . % a-2x 
X and X ■ 


a a 

where X is the modulus of elasticity. 

force towards the centre = X a + - X a ~ -- X = ^ x. 

a a a 

4\ 

acceleration towards the centre = — r. 

ma 

The motion is thus simple harmonic, and the time of a complete 
oscillation 


0 . /4\ /ma 

= 2tt— a / - - = 7r a / — secs. 
V ma V X 


11. If A move in the straight line GNO, O being on the oircle, and 
BN perpendicular on CO, then since B moves with uniform velocity u 
in the oircle OB, N moves with simple harmonic motion ; and since 

BA = BC , we have CA —x = 2CN ; 

therefore the velocity of A is double that of N t and therefore A moves 
also with simple harmonic motion. Also the velocity of N 



where <a is Jl’s angular velocity in the oircle, so that 


hence the velocity of A 



Jia? - »*. 


« 
a 1 
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EXAMPLES. XXVIL (Page 206; 


1. Here 2 5 


~ r \/l , l being the required length. 
, 82 2 x 7* x 6‘25 


(22)* 


=20*4 feet, nearly. 


2. Here 16=2ir whence p = 987 cm. -sec. units. 

671 / 8 

3. The time of oscillation = ^ * r ^ - , 

whence 82-249, approximately. 

/89-12 

4. Given 1 = t ^ , then if l % and be the required lengths 

in feet, we have 

W i= T \/j> < 2 > \ mw \/j- and ( 8 > — 
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Hence 

(i) 

A 1 /39-12 

Vj 2 V 12^ 1 

whence 

»i= 

:^x 39*12 iuches=9*78 inches, 


(2) 

* ^=2*445 inohes, 

and 

(3) 

^=16^=4 x 39*12= 156-48 inches, 


5, Here, if x be the required number, tbe time of an osoillation 

_242_ /53-41, 

x T V 981 5 


* = 11x7 




6. If g= 32, the time of oscillation would be 


=r \/ 


1760x8 22 — , A 

- gg “ ' = y v 3 x 55=40 seconds, nearly. 


_ „ 180 /37 8 

7. Here^rr^/— , 


so that 


i /®1\* a , e /22\* /01Y> 63 OA1fl 

x3 ' 15= (yj X ((ToJ X 20=32-16, nearly. 


8. The time of an oscillation 

=V = 2 Se0, 

Hence the required number of oscillations 

r oo 

=(24x00x60)^.^2=77756, taking *= =■ 

and V2= 1-4142136. 


9. The required time 


= 2 * = 2t ^/?^i5=23| seconds. 
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EXAMPLES. XXVIIL (Pages 211, 212.) 


1. The pendulum boats in (24 x 3600) seconds, i.e. 86400 seconds, 
(86400-20) times, i.e. 86380 times 

Hence, if g 1 be the value of g at the second place, the time of 
oscillation there 

80400 . /7 

=- Q / — ^ second = tt . / — , 

80380 V 0 1 

l being the length of the pendulum ; 

, , /T . fg, 8638 

aUo 1= '\/^ hCn0e V p §640’ 

and p,=p =32 2 appioximately=32-185. 

2. If p, and g a be the values of g at tlio two plaees, and T, and T, 
be the times of an oscillation, we have 

86400 _ 8640 _8R40 

1 86410 " 8641 ’ “ 5 ~ 1639 * 


/T _8640 J~i 8640 

•’ V <7,-8641’ and V Pa ~ 8639 " 

•• a/*-SS* 80 that i={ 1 + m,y =1+ i 


approximately, 

henoe 


= 1-00046; 
g , : fl 2 =l 00046 : 1. 


3. If n be the required number, we have 


86400+n 


■n~ v \J 32-25’ Bnd 1 ~ r \] \ 32 09* 

/dm t. , 16 \i , 8 , 

“ V 3209 ~\ + 3209 ) 1 + 8209 U ° ar 7 ’ 


, 86400 x 8 AIE . . 

" "=-3209 =215 ' 4 ’ nearIy - 


4. Proceeding as in Ex. 2, p. 210, we have 


. / 86400X 8 2 x , g r/86400\ 8 ,“1 

■\8639l) = ’ 'g' B ° thft * X= ”w® L\8639l) _1 J 
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32x7 a r 1 x ,-i ... 

= - 122? L + 4800 _1 J ’ appr0X,mately - 

32x49 X , , , 

= 484 X 4 8 00 feet= “'°° 8 ,nck 

lienee ilie pendulum mubt be shortened by *008 inch. 

--s-c-ra-i-K^n 


it-s-s-n- 


32 x 7 1 1 , . 

434 8640 feet ’ 


= •0045 incli. 


6. If n and n' be the number of oscillations per day in the two 
cases, and T and T' be the times of oscillation, then nT—n'T ' ; 


hence 


n' T /l ./ ( ( 1 + iOo) 

s/ c ** 1 

= ( 1+ ioo)’ i=1 ~2ro' ai,pr0Iimfttcly - 

-n' 1 .. . , n 86400 ... 

n ~ 200 ’ S °' that ” n_ 200 200 '' 32, 


7. If n be the required number, we have 


86400 

86400 -n > g 
squaring and subtracting, we have 


)0 . f l + 240 

-n~* > g ’ 


and 1 


mw *J l v 


f 86400 \> 7t 2 1 

\86400-n/ “ $ *240* 

/ 86400 y 7T 2 1 
•’* \ 86400 -n) + g '240* 

8<m = ( 1+ 2Wg)~ i=fl ~m’ VS^nmUfyi 


hence 


ir* x 86400 KK . 
B= l80^32- = 66 - neftr,y - 
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8. If l be the original length of the pendulum in centimetres, we 


have 

21 2 A 


so that 

II 

1— t ICO 

jl ,1 jl- 47-6875 

v/^“ a i-V » : 

hence 


47*6875 1 1 7 


g “9 16 ~ 144’ 


9= -f * 47*6875 = 144 x 6*8125=981. 


9. If it lose y seconds in 24 hours, we have 


86400- 


' 86400 

hence 


• fl , 86400 fly 1-i 

1 - ir 'S/ g'* nd 86400-y" X V 

y / i / 283 

“V 1 000233 = 1/ *1000000/ “ l “ 


000238 


233 

2000000 


nearly ; 


233x864 1A , 

V = ' aQOQQ ~ = 10 secondB » nearly. 


10. Let g ^ be the value of g at the bottom of the mine, d be the 
depth of the mine, r be the radius of the earth, and y be the required 
number of seoonds. Then we have 


. /T 86400 / 1 

l_T V g' 86390~ X/ V ffl ' 


and 


86400 
g’ 86390 = 

ffi • g=r-dir. 


„ t d g x ( 8639 V 1 \* , 1 . 

Hence 1 - - g - (^ 8G40 ) - y 1 8G40 ) =1 " 432 o nearI y- 

" ^ = 4^0 yards =1630 yards, nearly. 

Also, if g t be the value of g halfway down the mine, we have 
86400 


86400 


H) fl 


hen0e ? - (* -i) ,=1 -432-60’ nearly * 


a 0. 3 , d ^ 48300 _ , 

“ d «o that j/=^ i5 ^=5 seconds. 
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11, If the acceleration of gravity at the top of the mine be g lt and 
at the bottom be d be the depth of the mine, and l be the length of 
the simple pendulum equivalent to that of the dock, then 

86400 /T ,'86400 /7 

86410“ t V Sl ’ 86890 “'V g t ' 
also 0i : 0 a =r : r-d, r being the radius of the earth ; hence 

%r (SS) a=1+ 8A- 9 newly=1 ' 0006 - nearly: 

i.e . 0! : r; a =l*0005 : 1, 

Also 1*0005 = — 1 = -L— = l + ~, nearly; 

g 2 r-d \ rj r 

hence d=(0006 x 4000) miles=2*000 miles. 

[More nearly, 

d= ( 000463 x 4000) miles =1*852 miles.] 


12. If 0i be the value of g at the top of the mountain, 
ft- / 4000 \*_/ 1 

V 8000 ; • 


If n be the number of seconds lost, we have 


Hence, by division, 


86400 H , , fl 

86400^n =,r V 7 1 ,andl=1r V 

■a i j* • • 86400 -n fg x 

Hence, by dmeion, -gg^- = >/ - 5 

1_ 86400 = ( 1 + 800o) =1_ 8666 nearly ’ 

••• n= S =i0 ' 8Beoond9 - 

If thp pendulum be shortened by x feet, we have 
••• I -*=|i and l=i^; 

-?[ 1 -( l+ iSib)"’]*?[ 1 - 1+ W5]““ 11 

32x49 f©et “’01 inch, nearly. 

484 4000 ’ * 
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13. If ft feet be the height of the mountain, and p, be the value 
of g at its top, we have 

1 1 

9 ' :9 -(r+h)* : r 9 ’ 

r being the radios of the earth in feet ; also 
86400 


sLM^h =ir s/jt ’ and 1 ~ r \/p ; 

86400-n_ /9i_ r 

#% "86400 “V 

• 1 - n — (i + h\ 

• 86400"“ \ ?; ”' 1 r* 


Hence 


nr n x 4000 x 1760 x 3 

ft== 86400 = 86400" “ feet 

=245 .n feet, approximately. 


14. If /be the acceleration of the balloon, we have 

900=^./. (60) a , so that /=|ft.-8eo. unit. 

When the clock is on the ground the acceleration of the point of 
suspension of the pendulum relative to the earth is zero, but in the 

balloon it has an upward acceleration of ^ ; thus in considering the 

relative motion of the bob, g is practically increased by hence the 
time of an oscillation becomes 

T 

32 J * 


* a / ^ 


where 

i.e. the time of oscillation 
therefore the clock makes 
/32* 


T \/‘S2' 
/32 

“V 32 J 5 




32 


x 3600 beats per hoar instead of 8600 ; 


henoe it gains 


3600 £ - 1 + ^1 + seconds per hour, 


i.e . 


360P x , i.e. 28 seconds per hour, nearly. 
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15. As in the last example, the time of an osoillation will be, 

w \f 32-1’ 

(he acceleration of the point of suspension being in the same direction 
as that of the bob ; thus the time of oscillation 

/32 

"V31* 

and the clock will lose per hour 3C00 ^1 - \J^^j seconds, 

i.e. . 3000 [l - (l - . i e. 3600 x i , 

i.e. about 56 seconds. 

16. If 0\ and g be the accelerations at their surfaces due to the 
attractions of tho moon and the earth respectively, then 

_marts of moon > mass of earth b 81 , « 

^ ^ /if a to rli ii □ \2 * /if a rn/lillo\3 12 * * 


' y (its radius) 3 ' (its radius) 3 * 4 a 

also 1 = 7 r A ; 

V 9 

hence the time of oscillation on the moon would be 

' \/i =1 ■ y/si = = s =2i 1 


/go\2 

17. The normal acceleration / of the train is - — -- , where x is the 
radius of the ourve. The tension of the string of the pendulum is 
therefore ™sjj 2 +g‘ 2 - 

The pendulum therefore moves as if the acceleration due to gravity 


were g 1 , whore 

9i 

Hence 1 = 7r 

ji 


/121V 

Hence 

(») 

so that l+^a= ^ 

, 1+ iTo 


l«Jh- 


. (§§ 2_,1 *- 

** x “ / “V30’ 

x =242^/30 feet = about one quarter of a mile. 



350 


ELEMENTS OF DYNAMICS 


Exs. 


18. Let r be the radius of the earth ; the attraction produces an 
acceleration which varies as the distance from the centre of the earth 
and at the surface is equal to g ; therefore the particle aotually has an 
harmonic motion, and 

t= £fr' Wh6re ' tf =* 

Also ’•=^1*. = ; 

hence we have t : f,=| : 2J2. 

19. If 0 be the greatest inclination of the string OP to the vertical 
OA, v be the velocity of the bob at A it8 lowest position, T be the 
tension of the string when at A, and OA = r, then we have 

2mg=T=mg -\- T ~ , 

so that v 2 =gr\ but v* = 2rg (1 - cos 0). 


20. Let 0 be the centre of the circle in which the mass swings; 
ABA ' the arc of swing, B being the lowest point. Let AN be per- 
pendicular to OB, so that AN= J ft. 

Then sin BOA = gj • 

so that the angle BOA is small. Hence, by Art. 159, the required 
time 


-Vi 


The acceleration at A 
The velooity at B 


s:gBmAOB=—r. 

o4 


=V 2 9- BN= \J 2 g . 2 g . approx. =£ ft. per see. 
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EXAMPLES. XXIX. (Page 219.) 

1. We have [£'] = 6280[L], and [T'] = 60[rj, 


Hence 

IV] .MITT 1 5280 

tn“ [£T[ir i " eo 

Also 

[F'] [I/][ T'r* 5280 22 

[F] - (60) a “ 16 • 

2. We have 

[£'] = 5280[£], and [2’']=4[T]. 

Hence 

[r]_[L1[2’'T l _5280_ 

4 — lJ-O. 

Also 

[F']_[I/](Tr* 5280 
W(W* 4* - ad0 - 


3. Here [FT = 44[H. and [T')=60[r]. 
Hence [Z/][r']-»=44|X][:r]- 1 , 

no that [£'] = 44 x 60[L]=880 yards. 

[F 1 ] [X/][r']“* 44 x 60 U 

[F] = [L] * (60)“ = 16* 


« Also 
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4. Here 

[f']=0[n and [T']=5[T]. 

Hence [V'] 

—\F'\\T']—g x 5s 160 feet per second. 

5. We have 

14[P']= fl [J?], and [T']=5[r]. 

Hence 

14 [L'] [T']-2= 32 [L] [T]->. 


QQ 

[L'] = ^ x 5 2 [L] — 57J feet. 

6. Here 

oo 

[H= 5 in [H=60[T]. 

Hence 

[L']=[Fi[r'j=^x60[n[r] 


= 204 feet = 88 yards. 

7. We have 

[t'][T']-»=32[L][r]-a f 

and 

[L'][T']- 1 =160[L](.f’J-i. 

Hence, by division, [r']=5[2'], and [L'] = [Z,]x 32 x 5 J =800 feet. 

8. 

32 x (ll) 1 _ 11 

V 1 1700x8 ”15* 

32x(10 x 60)> =384000< 

’ 10x8 

9. Let x be the required measure, 

so that 

x[Jl"]=32[F], 

i.e. 

x[L'] [T']~* = 32 [L J [T] - *. 

But 

lL']=^ff[L], and [2’'j=C0[r]. 


A *=32 x Jf- x 602=3511303. 

10. Here 


and 

[I/] = -0328[L]. 


" If'’'] - [Z/J[2"]- s 

=8ax ^8 x yj =i2aif * 
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11. We have 

100 9 x 48400 [L] 1 , so that [L']^C0[L]. 
Also 68}[2 ? '] = 32[f 1 ]. 

••• ™ 1 [z/][n-’=32[7,]m-*. 

Hence r? = 3Tr 2 xGC =^ 

ho that the unit of time is 11 seconds. 


EXAMPLES. XXX. (Pages 224 -226.) 

1. By Art. 175 (4), we have the required unit of force 
= - x H x (3)~ a = 40 J poundala. 


2. By Art. 175 (4) and (8), we have the required unit of force 
= 10 x 10 x (10)— 2 — 1 poundal, 
and the required unit of work 

= 10 x (10) 2 x (10)~ a = 10 foot-pounduls. 


3. One pound-weight = 32 poumlals. 


The unit of length = L' = 2L, 

the unit of force = P' = 32P (1), 

the unit of mass =M'=M. 

From (1) we have M , L , [T r \~ i --:miL[T] *; 
hence [7 , ']- 2 =lG[T]- 2 > 

and therefore T'=^T=^ second. 

4 4 


4. Since the weight of one ton produces in one cwt. an accelera- 
tion equal to 20g, we have 

[F'] = 20g[F] t 

i.e. [L f ][TT t 2 =^g[L][T]^. 

Also [L'] = 5280[L] ; 

pTp __ 5280 33 

Ii T F “ 30 g * 4 * 


Hence the new unit of time is ^ *^33 seconds. 


L. S. K. 


23 
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5. The unit of velooity=88 feet per eecondas[L] [T] _1 , 

88 

the unit of acceleration = — ^ ft.-sec. unite 
ouu 

and the unit of force = — poundalssfMHLJtTJ* 2 . 

oo 

Hence (88)*=[L*][21-*:=[L]||; 

•\ [L] = 88 x 300 feet = 8800 yards ; 

r „ n 88x300 onA , 

[T]ss =300 seconds; 

bo 

. rin /82 x 2240 88\„ ... 4 

and [ ^ { — 2 ~ 300 ) lbs ' = 64 A tonB - 

6. The unit of force = 32 poundals = 112 x [L] x (CO)" 2 , 

, 32x3600 , a . 0 _ , 

/. L = — jjg — feet = 342f yards. 


7. The unit of velocity = ^ ^ = [£] x (GO) -1 . 

«7 O 

20x^=400 feet. 

O 

The unit of force in poundals 


so that 


= 82x^=10 = [J/][L][60r», 

.-Safe-™. 

33 r 


8. Here [Z/]= y [Z,], [r]=8[F] f and [P']=6[P]. 
The second of these gives 

[L'][r]-i= 8 [Z.][T]-», i.e. [T']=H[T]j 
hence, from the third, viz. 

W ] [■£>'] 6 [M] [L] [r]-», 

W=6x^x ( ^*[AfJ=mbg. 


Szs 


we have 
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9. (i) 
(il) 

(iii) 


One foot-poundal _ [AT] [Lf [T'] -1 
one erg ~ ['/ ]-» 

= 453 x (30*6)"= 421408-25. 

One er S=42\/oF25 foot 'P oundala 


= 32V4i403-25 fOO *- pOUnds= l3484904 foot -P° nn<l3 
*=7*416 x 10~ 8 foot-pounds. 

i v \ Q n e ho rse- power _q 5 q one foot-poundal x 32 
L ’ one erg per sec. ~ one erg 

= 550 x 32 x 463 x (80*6)* 

= 650 x 13484004 = 7*416 x 10*. 


10. Here \L] [T] a =[*/] [TT* (1), 

and , [J/][r]-i = 3[L][Tr l (2). 


Squaring (1) and (2), and multiplying the results together, we have 
[L][LT=9[LT[L]», 
so that 9 [/,]=[!/], 

i.e. the units of length are as 1 : 9. 

Also, multiplying (1) and (2) together, we have 

[T}-*[T] 1 = 3[T / ]- a [n~ l . 

so that 3[2’] = [r], 

i.e. the units of time are as 1 : 3. 


If, further, m and m' be measures of the mass of a body referred to 
the two units of mass, and v and v' be its velocity in the two systems, 
we have 

mv : mV = 6:2, and v ' — 3v, 
so that m=^m', and therefore m : m! = 16 : 2. 

A 

Eenoe the units of mass are as 2 : 15. (Art. 168.) 


11. We have 

[L']=2[t], [F']=2(H, and [F]=2[P]. 
Henoe [rj=[L'][n _1 = [£] [ =C®*]. 

Also [W] = [P'] [LT 1 m-*= [P] [!.]> [T]-» = [ try. 
And [£]=[#'] [i'] s [2’']- , =[^] M 1 [T]-"*4[iC]. 
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12. We have [Z ']=(60) S [T], [Jf']=112[l/], 
and [I] a . 

so that [L']=#Xjl x(00) 4 [L] 


Therefore 


[TT'] _ [M'] [Vy [/r> _£ „ ,,_4 
[>K] ~ [JU][L] i t2J-' 1 112 [ 1 7 


x (120) 4 . 


So 


[X'l 

[A] 


[MT[L'][rr* 

L/|/][Z] [ij-1 


=g x (60) s =8 x (120) J . 


13. The momentum =1 Henec 



4x5 = 1 [M][L][T]-' 

(1). 

and 

i. 4 x6 J =l.[AJ] [!«]*[/] * 

(2), 

also 

l=i [ii/][L][i]-> 

(3)- 

From (2) and (3), 

r T _ 2 x 25 , „ , 

U ]— ^2 — 1A 


fiom (1) and (3), 

m== 3r = f second: 


hence, from (1), 

20x16x5 .. 

25^8- =81bS 



14 *The new unit of accelciation is g times the ft -see unit , the 
new unit of velocity 5 q times the ongmal, and the new unit of momen 
turn 10# timoB the onginal Hence 

[L'][T']- j =?[A][2]- 3 (1) 

[VyTT'^gVWr 1 ( 2 ), 

and [^'][A'][T']->=10 S [27][I,][2] 1 (3). 

From (1) and (2), by division 

tn=5[n 

and hence [L'] = g . 5 2 [LJ. 

Therefore, fiom (3), 

m=“w 

lienee the requited units are 2 5g feet i e 800 feet, 5 seconds, and 

’° lbs it 2 lbs 
o 
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15. In this case 

[irj=9 x 112 x g[W\ [ff'J=10L/i], 
and 

sothat [JI/'][^ J [r']- J =9xll2xi7[i)f][I,] !! [r]-» (1), 

W) [I/] trT 1= 1«[«] m [T]-> (2). 

and [7/]P"r a = 3!/[L][rr» (3). 


Dividing (1) by the product of (2) and (8), we have 
(T']=21[r]=21 seconda. 

Hence, from (3), [L'] = 3 g x (21) a [L] 

= 14112 yards. 

Therefore, from (2), 

[ J/ ']= 16x 3^82lT(2i)^ 21 [^=li lb - 


16. The new unit of acceleration ia — o.o.b. units. 


In 4 seconds the body moves through J . 4 2 , /.<*. ^ centimetres. 

Li lb i 

Hence the new unit of work is — old units. 

Also the new unit of power is 90<z old units. 


Hence 



(1). 


[M-] [i']» [Tr*=^ [M] [L]> [T]-> 

(2), 

and 

[M 1 ] [L'y [T']-«=<%[JH] [L]* [T]-* 

(3)- 


From (2) and (3), by division, 

[T'] = ? f n [T]= ^ seconds = 5*45 seconds. 
loU loU 
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17 . 60 miles per hour = 88 fast per second. 

We have 8 [I/] [2”]-» = 88 [L; [f]- 1 

10[M'][i'][2'']-»=1000p iaf][L][T]- s 

and 10 [M'l [L'J 2 [T']->= ICOOj x 6280 [M]|L] a [2’]‘ 

From (2) and (3), 

[Z/'] = 5280 feet=l mile. 

Hence, from (1), 

[2”]=^- x 6280 [r] = 480 seoonds = 8 minutes. 


Substituting iu (3), we have 


r ..„ 160 x 32 x 480.. 

[AZ]= ^ - lbs. **99ff tons. 


W. 

( 2 ), 

.( 8 ). 


18 . 8 Dew units of acceleration equal g old units; 100 new units 

of kinetio energy equal i x 600 x (1600) a original units; and 10 new 
& 


units of momentum equal 600 x 1600 oiiginal units. Hence 

HL'][T']-*=g[L]m -* (1), 

100[Jf'][Z/] 2 [2''] -a =^ x 600 x (1600) a [if] [L] 1 [2']~ a ...(2), 

and 10 [A/'] [27] [2''] -1 = 600 x 1600 [32] [L] [2'] -1 (3). 

FromJ2) and (3), by division, 

10 [I/] [T']- 1 = 800 [L] [T]-' (4). 

From (4) and (1), we have 

[T']=:7i seconds, and [Z/]-600 feet. 

Substituting in (3), we have 

[M'] = 1200 lbs. 


19. 45 miles per hour = 66 feet per second. 
[E]=[M][L] 2 [T\~*= j- x ^ x 2240 x 100 x (66) f =224000 x 198, 


[I] = [M][L] [21-1=^x224000 x 66, 
40 


4400x32 


and [H]=[J/][L] a [2T‘ l =gx650ft.lbs.= ^ 

22 

1 


ft.-poundals. 


rr 224000x198 280 x 8x18 

HenW T<S seconds, 
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... 280x8x18 . . , 

i.e. the unit of time=— ^miautea=15f minute.. 

Also [i]m-i=l 2 x6«+|=15; 

. rn itr m 15x280x3)5:18. 

/. [L] = 15[T]= — feet, 

,, .. #1 15x280x3x18 . 

i.e. the unit of length = yards 

miles=2§J J miles. 

A1 rinrnron i 224000 X 60 „ 

Also [If ] [L] [T] _1 = 15 [Af ]= £ lbs., 

•* r H600 OQ . 

i.e. the unit of mass = _ - = 88 tonB. 

6x15 

Also p = .‘12 ffc.-sec. units 

=32x 1® (63)«x(60)» 

3 15x280x3x18 4 a - 2016 ’ 


20. Since the units of length and time are unaltered, the units 
of force and mass must be altered proportionately. But the new 
unit of force is g pouiulals ; hence the new unit of mass is g pounds. 


MISCELLANEOUS EXAMPLES. (Pages 230- 240.) 

1, Let t secs, be the whole time of falling, so that in (f - 1) secs. 

4 

the partiole fell of the distance which it fell in t seos. Hence 




t=3, or 




The latter value is inadmissible, and the required height 
-5 gfl=s 5 x 82 X 3*= 144 feet. 

A U 
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2. Let t Reca. be the time the first stone took to drop, so that 
the first height is yf 2 . The time the second stone took is then 

( t + ^) socs '’ an< ^ t^ le height therefore 18 f f + ^ • 




]00 1 „ 
t— — - - = 6 bees, 
lb 4 


Also the required height = ^ g . t*=676 feet. 


3. Lit/ bo the retardation in ft. -sec units, so that 

600 , =1200 a - 2 ./. * . 

13 


f= 6 (1200 s - 600 2 ) = 18 X 000*. 
If x ft. be the required distance, then 
0 = 1200*- 2/. s. 


x 


1200 * 

2 / 


1200* _ 4 
36 x 600* “ 36 


= 5 ft. =1| inch. 


4. The total masses on the two scale-pans aie respectively 12 and 
16 ozs. 

Hence, by Art. 74, the acceleration = 9 = 9 " 

Let P l be the pressure on the 5 oz. mass, so that the total upward 
force on it is P i - ^ g poundals. Hence 



6 g 

V — 

16 9 


„ 10 6 60 , .. 
p i=~cf x Jo 9 = ~9 oz * wt, = 6 * oz * 


wt. 


So, if P a be the pressure on the 8 oz. mass, the total downward force 

Q 

on it is g - P a poundals, and 

. 8 p 8 g 
•• 16 3 rj = 16 X 9’ 

so that p a =2x fzg poundals = ^ oz. wt.=7J oz. wt. 

» Id 9 
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5. Let m be either of the original masses, so that the tension of 
the string was mg pound ala. After the alterations, the masses are 

/, 1\ , /- 1 \ . n+1 , n + 1 

l 1 + - m and 1 m, i.e . - - m and - m. 

\ nj \ n + 2/ n w+2 

Hence, by Art. 74, the tension 

n + 1 fi -4- 1 
2 x -- x 

_ 2m 1 m 2 7i n+2 

~~ 7/q + m a ^ n + 1 »T+T 

71 71 + 2 


2(71+1) 


mg = m^. .*. eto. 


6. As long as the mass 3m is on the table the acceleration 

m g r . , 

= — T-r 9=i [Art. 75]. 

?7t + dm 4 L 

Hence the common velocity when it leaves the table ( 4^ 


= j2fs=*y 2 x | x a. 


Also the time t that elapses before it hits the floor is given by 


i 1 2d 

a = ^gt 2 , so that t= —■ . 

During this time the horizontal velocity of 3m is unaltered, and 
hence the required distance 




2 x - x a = a. 


7. When the particle has finished describing the first 100 feet, 
let it have been falling t secs, from rest, so that 

and .. t=-g- . - 

Let x be the time taken for the next 100 feet, 

Henoe (t + s) J -|p« a =100. 

29 jm. 3 522 ... . 6 - 22 ... ... ^ . 

... * + _= v__ = .__ , *=_ =-77... secs. ^ 
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In the second ease, let / be the resistance of the air. At the com 
mencement of tbc second 100 feet the velocity of the particle 


Hence 


OQ 

=^ = 32x^ = 116. 
o 

100=116x-9 + ^(p-/)x(-9)». 

U ~ 9) x ^ = 104-4 -100 = 4-4. 

. , , 8-8 
.--/=* + . 81 - 


8-8 


- - 1 + -- - 1+ ^__ 217 
" g -81x32“ + 162 _ 162' 

8. As in tbe figure of page 188 let P be the position of the bob at 
any time, and v its velocity then, so that, by Art. 146, 

v a = 2 g . ON=2g .Icoa 0, 

where l is the length of the string. If T be its tension, then, by 
Art. 135, 

mv^ 

T-wg cos 0= - j — 2 mg cos $. 


T=3mg cos 0 = x ON. 


.'. etc. 


9. When the particle is at the end of tbe horizontal diameter its 
velocity v = *J<bgi - 2gr = 2 Jgr, and the tension jT x then 

A 

=m—=4mg. 

r 

When the particle is at its highest point, the velocity r x 
= jjftgr - 2g . 2r= 2 gr t 

and the tension T 3 is given by 

v a 

T i + mg = m ~ = 2mg, 
so that T 9 =mg. Hence 2\=4r a . 

10. Let P be the pull of the engine in poundals, bo that the 

p 

acceleration of the train is — g sin a - tig cos a. 

' m 


i.e. 


t; = ^ - g mna- fig cob t, 

P=m + y (sin a + /a cos a) J . 
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AIbo the space moved through in time t= product of the time and 
the average velocity —hvt. 

a 

Henoe if x be the required average h.-p., then 


ax 550y x t= work done=^ vt x ^* 
t> P . 

" * _ i!oo g -et0 * 


11. If / be the absolute acceleration of the lift upwards, and 
its velocity when the partiole is thrown, then the total vertical 
distance described in time t by the particle and lift is the same. 

+^/t >= (“+«i) * - \gP' 



-9= 


“lu - yt 

t 


12, Draw a line NOS from north to south, making NO=OS t so 
that ON and OS represent the velooity u of the two ships. Draw OK 
in a direotion between north and east to represent the direction and 
Magnitude of the velocity of the wind, and complete the parallelograms 
OKMN and OKLS. Then OL and OM represent the relative velocities 
of the wind with respect to the two ships. 

We aie given 

L SOX/=G7i°, and lNOM= 22*°. 
lLOM= 90°. 

Since KL=KM, and iLOM is a right angle, 
..'OK=KM=ON, 

i.e. the velooity of the wind and ship are the same. 

Also since KO=KM, 

L KOM= lKMO= lNOM= 22$® 

L NOK is 45°, and OK is drawn in the direction N.E. 


13. 15 miles pe* hour =22 ft. per sec. The friction must be at 
least capable of producing the required normal acceleration, so that if 
fL be the least value of the coefficient of friction, then 


22 s 




22x22 
GO x 32 s 


m 

: 480 = 


: about 


4- 


14. If u be the required velocity, which is destroyed in 60n sees., 
the retardation = ^ . 
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Also from the formula «* = u a + 2 '.ft, the retardation = ^ . Equating 

these two values, we have u = . 

8(m 

16. Since the straight line joining the two ships is always east 
and west, their velocities resolved north and soath are equal. Hence 
since their total velocities are equal, the inclinations of their direc- 
tions to the south must be the same. Hence the Beoond vessel must 
be going either S.E. or S.W. Also since the vessels are approaching 
one another the required direction must be S.W. 

16. The velocity parallel to the plane is unaltered by the impacts, 
so that the distance described parallel to the plane will be zero at the 
end of a time t given by 

0 = v cos (9 - a) t - ^ g sin at 1 , 

... „ 2v cos (0 - a) 

so that t=— : 

g sin a 

Also, since the elasticity is perfect, the velocity perpendicular to 
the piano is just reversed at each impact. The time of flight for each 
trajectory is thus twice the time in which the velocity v sin {0 - a) is 

destroyed by pcosa, and thus = 

y g cos a 

Clearly the particle will return to the point of projection if the 
first of these is some multiple, n, of tho second, i.e. if 
2ucos(0-a)_ 2usin(0-a) 
g sin a “ g cos a 9 
i.e. if cot a . cot (0 - a) is an integer. 

17. The velocities of the particle at the middles of these successive 
intervals t are respectively 

5 * (§'-'')*• 

Hence the total space described 

= t x sum of these velocities 

!/') + 

= t a xsum of an a.p. whose 1st term is and whose 
common difference is ^ (/-/') 


^*y[/+(2n-l)xi (/-/')] 

n/2 

: T [(2n + l)/-(2n-l)/']. 
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18. The friction fimg must be at least capable of oommunioating 
the required normal acceleration w 2 a to the particle. Henfce the 
greatest value of o> is given by mur 2 q=j/.mg. Hence the greatest 
number of revolutions per minute 


= G0x 


w _ 
27 r 


30 

7 r 



19. As in Art. 107 let a and 90° - a be the two directions of pro- 
jection corresponding to a velocity of projection u, so that 


u a sin 2a 

T 


=R. 


Also 

Thus 


sin* a ^,_u*siii 2 (90° - a) _ u 2 cos 2 a 

*9 ’ an " Jg “~2 g~ ' 

/ — u 2 1 u a 1 

Jhh'= — sin a cos a = -7 -sm i 2a=~R. 

2 g 4 g 4 


20. Let u be the velocity of the person as ho passes through the 

u 2 

lowest point of his swing. The tension then = mg + m — , where l is 

the length of the rope. If this tension bo 2mg, wo have 

• u 2 

2 mg = mg + m — , 

so that u q =:lg. With the figure of page 188, the velocity will thon be 
zero at P, where 0 = u a -2^ . AN, so that AN=*~ , and thus — ~ . 

Hence L AOP= cos -1 = cos ' 1 * = 60°. 


21 . If x be the distance of m* from the ring, the tension of the 
string is m'uPx (Art. 135, Cor.). Since m remains at rest this tension 
must be equal to its weight mg. m'ur i x = mg. 


22. Let P be the impulse of the blow, u the velocity of each ball 
after impact along the line of centres and v the velocity of the first 
ball perpendicular to the line of centres. Then 

P cos a^= (m + m') u and Pflina = m». 

Hence the kinetic energy generated 

1 . _ 1 _ ll^cos 3 * 1 f^sin** 

~2 ( to+w *) “ a+ 2 mvt ~ 2 TZ+ZT 


-Po- 


st — _ [m cos a a + (m + m') sin 2 a] 

2m (m + m) 

P 2 pn + m' sin ’ 2 a l 

“2 (m + t/O L m J 
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If the balls had been interchanged, the kinetic energy would 
similarly have been 


P 2 rm' +m sin* a”| 

ITSiL 5? J- 




2 (m + 

23. Let a be the angle the direction of projection makes with the 
horizontal. As in Art. 109, the time of flight 

Bi n(a- /3)_ r 
g cos p 

The velooity parallel to the plane when the partiole strikes it 

=eu cos (a - /3) - g sin £ . T 

, ^ „ sin a - 8 sin 8~\ 

cos (a — /9) — 2 — ~ L 

v cos/3 J 

Also the velocity perpendicular to the plane then is u sin (a - /3), 
and by the question these two component velocities are equal. Equat- 
ing them, we have 

1 = tan (a — p) [1 + 2 tan 0], i.e. — ^ = tar ^ _ a ~ tan ft 

r 1 + 2 tan p l + tanatan£ 

1 + tan 8 + 2 tan 2 5 . 

•\ tan a= =-7-7 . 

l + tan/3 

The vertical height required 

. _ 2 u* sin 8 . . 2u a . _ tan a - tan 

= PQ sin 8= g-^ cos asm (a-£) = — tan/3 . — — - — g— “ 

x r pcos a /3 9 1 + tan a a 

2u 9 o/i * ^ l + tan/3 + 2 tan 2 /3 - tan /8 (1 + tan 8) 

= T tan^(l + tan^) ^ (T f^ pfkggP 

2u a . l + tan 2 /3 

«— tan/3( 4 tan 0) tan , ^ + 2 tan /3 + 1] [2 + 2 tan 2 /3] 

_u a tan /3 (1 4 tan /3) _ 

~~ p 1 + 2 tan /3 + 2 tan a /3“ e °* 

24. Let 9 be the inclination of the direction of projection to the 
horizontal, and x the distance from the wall of the point of projection, 
so that the time to the wall= ^ . After the impact the horizontal 
velooity is eV oos $, so that the partiole will be vertically over the 
starting point again in time e y^—Q from the impact. 

The vertioal velocity is unaltered by the impact, so that the 
partiole will be on the same vertioal level as the point of projection 
. .. 2Fsin* 

in time . 


9 
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The particle will therefore return to the point of projection if 
2Fsin0_ x x J 

g ~ Fcos 0 * eVcoa$* 

t if 2 sin 9 cos 0 . — = * , 

9 e 

e V 9 

i.e. if s=- sin 20. 

1 + e ^ 

Now the greatest value of sin 20 is uirity, so that the greatest 
6 F 9 

value of x is = . 

1 +e g 

25. Immediately after the impact let u be the velocity of each 
particle along the direction of the string. 

Then the impulsive tension T of the string has changed the 


velocity v' oos a to u , and hence 

T=m(u- tf'cosa) (1). 

Similarly it has decreased the velocity u'cosa to u, and 

T = m'(v cob a-u) (2). 


Eliminating u from (1) and (2), by multiplying them by m' and m 
and adding, we have 

(to' + to) T= mm' (v - o') cos a. 

26. With the notation and results of Ex. 31, page 97 of the text, 
the acceleration of the partiole down the plane face is g sin a, and that 
of the plane, resolved in a direction parallel to the face and upwards, 
is / 2 cos a. 

Hence the acceleration of the particle relative to the face 
=psina+/ a cosa 

mg sin a cos 9 a M + to 
*=0 sin a+ , . „ — = jrp- q • 0cos a. 

M+m sm s a M + m sin 2 a 

27. Let /i be the acceleration of the wedge horizontally, and 
and/, the accelerations of the particle perpendicular to and along the 


face downwards. 

Since the particle has no vertical acceleration, 

/. /, sin a+/ a cosa = 0 (1). 

Also / 8 =0sina (2). 

Since the plane and particle remain in contact, their accelerations 
perpendicular to the face are the same. 

f\ sin «= ~f 2 (3). 

Solving (1), (2), (3), we have 


/!=ptana, and / 9 = - y sin a tan a. 
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Also, if R be the required pressure, we have 

mg oos a - R=mf 3 = - mg sin a tan a. 

R=mg [cos a + sin a tan a] = mg see a. 

28. Let 0 be the fixed end of the string, and A and B the posi- 
tions of the masses m ^ and so that OA=AB = l. Let T and 2\ be 
the tensions of the portions OA and AB } and o> the angular velocity of 
the string. Then 

T - T l = m^uPl, and Tj = . 21. 

/. + eto. 


29. Let A, B, C be the masses of 1, 2, and 3 lbs. and let /, , /j, /. 
be their accelerations, all measured positively downwards. Let T and 
T x be the tensions of the strings which pass round the fixed and 
movable pulleys D and E. Then we have 

30-r=3/ 8 (1), 

2y-r i = 2/ a (2), 

( 3 )- 

Also the forces acting on the pulley E must balance ; for otherwise, 
§ince it is of zero mass, its acceleration would be infinite, which is 
clearly impossible. 

Hence T-2T l = 0 (4). 

Also since the length of the string AEB is constant, 

depth of A + depth of B - 2 depth of E [all below D] is constant. 
/. velocity of A + velocity of B - 2 velocity of E is zero. 

acceleration of A + acceleration of B - 2 acceleration of E is zero, 

fi +/a + 2/3 = 0 (5), 

[for the acceleration of E downwaids-that of G upwards— -/J. 

We want the values of 2 T and/ 8 . 

(2) and (3) give 2/, -/, =g (6). 

(1), (2), (3), and (4) give 

/i + 2/,-8/,=0 (7). 

Solving (5), (6), (7), we have/, = ^ , bo that the acceleration of the 

greater mass is — downwards. 

Substituting in (1), we have 

\ pressure on fixed pulley 

qfi 

= 2T= f7 !/=5ttff=5H *ba. wt. 
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30. Let /be the acceleration of the lower mass downwards. 

By the prinoiple of work the upper mass moves 8 times as f&st as 
the lower, and hence its acceleration is 8/ upwards. 

Let T be the tension of the string round the lower pulley ; then 
T . 

^ is the tension of the string attached to the upper mass. Hence 
28<7 - 2T=28/, 

and 3g-j=3x(-8f)= -24/. 

Hence, eliminating T t we have 

28p -2ty = 28/+ 192/= 220/, i.e. S-h‘ 

r>5 


31. At a timo t from the initial instant, the distances of the 
trains from the crossing are a - ut and b-vt . Hence the distance x 
between them then is given by 

x a =(a -uJ) a + (6 - vt ) a - 2 (a - ut) (b - vt) cos a 

= t 2 [ u 2 + v 2 - 2 uv cos aj - 2 1 [au + bv- (av + bu) cos a] 

+ a J + b 2 - 2 ah cos a 

= At 2 -2Bt+C> for brevity, 

• 1 B 8 

= 2 [At-Bf + C-^L. 

Now the square on the right-hand side cannot be negative and 
hence its least value is zero. 

B 2 

Hence the least value of x a is C - — - , 

[ u a + v 2 - 2 uv cos a] [a 2 + M - 2a& cos a] - [au + bv - (av + bu) cos a] a 
u a + v a - 2uvcosa * 




(av - &u) a sin a a 
u 2 4- v' J - 2uv cos a 


on reduction. 


32. At the end of time t the distances between the two points 
measured along and perpendicular to the line a are a - ut and vt. 
Hence, if x be the distance between them, 

x 2 =(a-uty i + vH 2 =a 2 -2aut+ V 2 t % 



Sinoe the smallest value of a square is zero, the least value of * f 

CLU (JpV 2 

U when X = and then the value of x 2 is • 


L. 9. K. 


24 
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33. Let f be the acceleration of the hanging mass AI, and hence 
that of the pulley; let f a and / a be the accelerations of the masses Af 
and if+mon the table. 

Let T be the tension of the hanging string, so that, since the pulley 


is massless, the tension of the other string is - T. 

a 


Hence 

Mg -T=M/ V 

(i). 


\ T = M f> 

(2). 

and 

\T=(M+m)f s 

0). 

Also, since the length of the string on 

the table is constant, we 

have, as in Ex. 29, 

/a+/s~ 2/i - 0 .... 

«. 


Substituting from (1), (2), (3), in (4) we have 


JT T _ _ 2 T- 

2M + + W 

7 ,_4 M ( M + m ) g 
m + 5rn ’ 

. j_ T _ 4 (M + m) _ 2M + m 

fl ~ 9 ~Jr 9 ~~m+5m 9 ~m+5rn 3 ' 

34. Initially the weight and power were masses of 7m and m 
respectively, so that by the principle of work the latter would move 
through 7 times the distance that the former did. When m is changed 
to 4 m this same relation must hold between their accelerations. Let 
then / and 7/ be the accelerations of 7m and 4 m. Let T be the tension 
of the string attached to 4m, so that 2 T and 47" are the tensions of 
the other strings. We then have 

img -T~\m . 7/=28m/, 
and 7T -7mg = 7mf. 

Solving, we have /= s? • 

29 

35. Let f he the acceleration of the 3 lb. downwards, so that 2/ 
is the acceleration of the 1 lb. up ; also let T be the tension of the 
string. 

Then 3^-2T=3/, 

and 7-1. 2/. 

Q Q 

Solving, we have/= | , and T =-g=l% lbs. wt. 
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36. Let A be the oyclist, B the pedestrian ; when the latter, hears 
the bell let him move bo that he meets the cyclist's path in G\ *Draw 
BN ( = d ) pei pendicular to AG. Let AB=x % AC =y. 


Then BC = x* + y*-'2y*Jx 2 -d 2 . 

The cyclist will then just meet the pedestrian if y = 


i.e. if t?V= r 2 [J 9 + ?/ 9 - 2 y *Jx * - d 2 ]. 

/. (V* -v*)y*-2yV*jF>^d*+V*x*=Q. 
This has unreal roots, i.e. the collision is impossible, if 
[2F 2 N /(^ 2 ^d r )J a <4(r a -v 2 )x V*x\ 
i.e. if 4 V'^u^x 2 - 4 F 4 d a < 0, 


i.e. if 


Vd 
x< — . 

V 


37. Let the second stone be thrown at a time T after the first so 
as to hit the latter at a time t alter it started. Then the horizontal 
and vertical distances described by the first in time t must be equal to 
the corresponding distances described by the second in time t- T. 

.*. Fcos a . t= V cosa' (t- 1) (1), 

and Ksin a . t - ^ qC 1 ^ V ' sin a' (t - T) - j.g (t - T) 1 (2). 

2 2 

Dividing (2) by t - T, and substituting from (1), we have 

jrt ft 1 . V' cos a' . , 1 

K cos a tan a-- at __ = V sin a - - a ( t-T ). 

‘2 9 V cob a 2 ' ' 

Bin (a - a') _ 1 _ 1 V' cos a' - V cos a _ 1 V* cos a! T 

cosa 2^ ~2 3 V cos a ~2^ V cos a 

. j_ 2 sin (a - a) 

g V cos a + V ' cos a' * 


38. Let F be the resistance, so that in the first case we have 

mP=2^ (1). 

In the second case, let U be the common velocity of the shot and 
plate when the penetration is completed, and let x be the distance 
penetrated. Then 

mV*-mU*=2Fx .. .. ( 2 ), 

and * MU‘ J = 2Fx (3). 

From (2) and (3), 

AImV 2 =2Fx (HI + m)=Y m ^ s (if+m) ty (1). 
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39. Let f a be the accelerations, all measured downwards, 

of the three masses P, Q, R and let T be the tension of the string. 
Then 

Pg-T=P/ x (1), 

Q9-T=Qf t (2), 

and Rg-2T=Rf i (3). 

Since the total length of the string is constant, therefore, as in 
Ex. 29, 

/.+/.+ 2/, =0 (4K 

Substituting in (4) from (1), (2), and (3) we have 


T T 4 T 


T= 


Also bom (3) 


iPQ R _ n 
QR+RP + iPQ 9 ' 


2 T 8 PQ QR + RP-iPQ 

fi=B j{-a qr + RP+4PQ 9 ~ QR + RP+iPQ 9 ' 


40. As in Ex. 26 the acceleration / of the partiole relative to the 
M + m 

plane face is ^ r-rf— . g sin a. 

1 t M + m Bin 4 a 

Also the particle goes a distance along the plane ; 


.-. V*=2f~=2gh 

sin a M+m sin 2 a 


41, Since the partiole is to be at rest relative to the plane it must 
have the same accelerations as the point of the plane with which it is 
in contact, i.e. /cos a along the plane upwards and /sin a perpen- 
dicular to the plane. Hence, if JR be the reaction, 


-B + m0COBa = 7n/sin a (1), 

and fiR - mg sin a=mf cos a (2), 

in the limiting caBe. 


fi (g cos a - /sin a) =g sin a +/c ofl a. 

. y.MgQOB a-flsina 

*’ * /*Bina+oosa 

If /be greater than this value, then the ratio of the friotion to the 

normal reaction, which by (1) and (2) = - — a * , is >/*, which 

g cos a "/ Bin a 

is impossible, ondi bo motion will ensue. 
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42, Let ABCDEF be the hexagon, the side AB being op the 
ground. Let 0 be the point of projection and let it be nearer A than 
B. Let v and 0 be the velocity and angle of projeotion, and let OA —x. 
Let 2 a be the side of the hexagon, so that 

AE = 2 . 2a sin 60° = 2 
Draw FM perpendicular to OA % bo that 

FM=2aBin 60° = a^/3, and A M = 2a cos 60°= a, 
and OM -x-a. 

Since the motion is symmetrical with respeot to the vertical 
through the middle point of AB t the range is 2 (a;+a), and 

2u a sin d cos 6 „ v 

=2 (x + tt) (1). 

Let t be the time from 0 to A, so that 

jr=t?00B O.t, and v Bin 0 . t - i pt a = 2a v /3. 

Therefore eliminating t, we have 


( 2 ). 


(3). 


x tan B - \ g . 

2 V 9 COB J 0 v 

. Similarly since the particle goes through F \ 

/ vx A 1 (a -a) 3 

L = aV3 

Subtracting (3) from (2), we have, after substituting for v » from 
(1) and simplifying, 

\/ 3 X * 

x + a = a^— tan 0 , 

and therefore from (1) 

v 9 oos a 0=g^a, 


Substituting for x and v in (2), we have 

tan 0 -1^ tan 0-^ ^ 3 tanff-lJ=‘V3. 
Simplifying, we have 

qo a 

tan 8 0= — , and .\ cos , d = 57 . 
o ol 

least velocity __ t?cos 0 _ V 3 

*’ final velocity ~~ v 36000 “^31" 

3tw 

43. Let m be the mass of the man, and therefore the mass of 

• a 

the weight. Let T be the tension whioh he causes in the rope and 
/, /j the corresponding accelerations of the man and weight, both 
measured upwards. 
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Thou T - mg — mf (1), 

and ^-yJ=y/i (2). 

Also, since the acceleration of the point of the rope in contact with 
his hands must be the same as that of the weight, 

••• f+fi=J (3)- 


Solving (1), (2), (3), we have /i=| and T = ~7H0=y times the 
weight of the mam 


44. Let u be the velocity of the sphere just before hitting the 
plane, v >, the velocity just after hitting it, both being perpendicular to 
the inclined face. Let v a be the velocity communicated to the wedge 
by the impulse R between the wedge and sphere. 


Then R=m (u + Vj) (1), 

and R sin a = Mv 9 (2). 

Also, by Newton’s experimental law, 

Vj + v, sin a = cu (3)' 

Solving, we have 


u : :: M + m Bin 2 a : eM - m sin 2 a. 


45. Let / 2 bo the acceleration upwards of the 4 lbs. and therefore 
of the 1 lb. pulley downwards. Let / a and / 3 be the accelerations of 
the 2 and 3 lbs. both measured downwards. Let T , T x be the tensions 


of the upper and lower strings. Then 

T - 4# = 4/j (1), 

2T 1 -T+0=1./ 1 (2), 

2*7 -T, = 2/, (3), 

and 3p-r, = 3/, (4). 

Also, just as in Ex. 29, we have 

/j+/»=2/i (5). 

Adding (1), (2), (3), (4) we hove 

6/i + 2/.+8/,=2*7 (6). 

Also from (3), (4), 

3/» - 2/ a =0 (7). 


Solving (6), (6), (7) we have /i= jg • 
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46. When the particle is distant x from the middle pojnt the 
stretched lengths of the two parts of the string are ~-+x and ^ - x 

respectively, and the unstretohed lengths are each ? . Let T and T ] 

2 

be the corresponding tensions ; then, by Hooke’s Law, 

na a na a 

~2 +X ~ 2 ~2~~ X ~ 2 

T=\ , and T 1= - 1. 

a 1 a 


T —T 4\ 

The acceleration of the particle then = 1 = — x . 

7/i rna 

The motion is thus simple harmonic, and the time of oscillation 

Q_ /™ a 

" 2 V 4\‘ 

47. With the usual notation 

[jtf'j [Z,T[r ]->=2 . 5 x 2., . 50 [Jlf] [Lp [r]-> (1). 

[M’] [L'l [r]-i=£ X J-iffTOO [Jlf] [J,] ['/•]-» (2), 

[LQ =50 [L] (3). 

Dividing (1) by (2), we have 


and then, by (3), 


[i/] [T'r^’vioo^ m cm 

\T r \~ 1 m-1 — C yn-i 

L J “ 100 L J ~ 100 1 J * 


••• I T >4TJ2 «eos. =| V2 secs. 


48. I^et C be the centre of the circle ; draw CN perpendicular to 

or. 

Then the velocity of Y 

=the velocity of Y relative to N together with the velocity of N 
= the velocity of P relative to G together with velocity of N 
= the actual velocity of P together with the velocity of N. 

Hence the velocity of Y relative to P=tho actual velocity of N. 
Now N moves on a circle of half the size of the given circle; and 
the angular velocity of N in this circle 
s= twice its angular velooity about O 

= twice the angular velocity of P about C 9 since ON, GP are 
always parallel. ■ 
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Hence the velooity of N 

= - OC x twice the angular velooity of P 
= CPx the angular velocity of P= the velocity of P. 


49. Let / and /' he the accelerations (both upwards) of the two 
men, and T the tension of the rope at any time. 

Then T-Mg=Mf t 

and T- (M+m) g = (M + m)f\ 

By subtraction, we have 

/'» 


M , m 
* M+m* M+m ^ 


..( 1 ) 


Also A=|/t a . 

required distances h - ^ f't * 

, 1 M 


2 M+m^ tt+ 2 M+m 


9t * 


M 1 m . 
M+m + 2 M+m 9 


m 

M + m 


[?♦*]• 


50. Let P be the pull of the engine in poundals, and / the retar 
dation per unit mass due to friction. Since the train was originally 
travelling with uniform velocity, the forces on it then just balanced, 
and therefore P=Mf, After the unconplmg, the distance gone by the 
v* 

last carriage = ^ , where v was the original velocity. 

The acceleration of the first portion of the train 


P-(flf-m), 
r M-m 


m 

* M-m 




by 


Henoe the velocity v, after a distauoe l has been described is given 
Vl *=o*+2 f'l. 

Hence the distance described by the first part before coming to rest 






/' 
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51. Let T be the tension of the string ; f x and/ 2 the acoelerajioni 
of m and ro', and / 8 that of the pulley. 

Then mg-T=mf 1 (1), 

m!g-T = m% (2), 

and 2 T = M/ 3 . . . (3). 


Also, as in Ex. 29, since the length of the string is constant, 

2/s=/i+/ a (4). 

From (1), (2), and (3), substituting in (4), we have 
4 T T T 
M ~ 9 ~m +9 ~m'' 
j,_ 2 Mmm! 

~~ 4mm' + Mm + Mm ' 

. _ 2T _ 4mm' 

* M ~~ M (m + m') + 4mm'^' 

52. The resultant acceleration is g'=>Jp+Y i at an angle 0 to 

the horizon, suoh that tan 0= j . 

The velocity resolved perpendicular to the direction of g ' 

ssvgob [90° -a-0]=v sin (a + 0) 

„ /sin a + a cos a / 

=r [sin a + cos a tan 0] . cos 0=v - — 

f JP+9* 

/sin a + g cos a 
~ V f ’ ■ 

Hence, as in Art. 113, the latus rectum 

__2_ f / sinci + ff cos a l? _ 2v*(f sin a + g cos a)* 

~7 L" 9 ' J “ (/‘ + J 5 ) 4 


53, The acceleration of the particle perpendicular to the inclined 
face 

= that of the wedge in this direction =/ sin a. 

The acceleration of the particle down the plane =g sin a. 

Hence the total vertical acceleration of the particle 

s:/sin a cos a - g sin* a = sin a cos a [/- g tan a]. 

Hence the particle ascends vertically if f>g tan a. 

Let 0 be the lowest point of the inclined face OA , so that 

OA - and let P bo the point at which the partiole is at the end 
sin a 
of time t. 
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The acceleration of the particle np the inclined face relative to the 
plane = / cos a - g sin a Hence 

0 P =2 (/cos a-g sin a) t 2 . 

The velocity relative to the plane at time t = ( f cos o - g sin a) t 
After the end of time t the acceleration relative to the plane 

= - g sin a 

The particle just reaches the top if 

(/ cos a-g sin a) 3 1 8 = 2 [^-OP] q sm a 

=2gh-g sm a (/cos a - g sin a) t*, 

i e if etc 


54. Let a and 6 ft be the radii of the wheel and of the axle 
respectively, so that 

a 2 = 6 10 (1) 

When the 1 lb has been added let T, T f be the tensions of the 
stnngB going round the wheel and axle, and / and /j the accelerations 
of the 3 and 10 lbs respectively downwards and upwards 

Then 3g-T=Sf . (2) 

and 7,-100 =10^ (3) 

The tensions must balance about the centre of the machine, so 
that 

T a = T 6, 

t* T'=5T, by (1) (4) 

Also smce the whole machine turns about the centre, 

(s > 

(2), (8), and (4) give 5g = 15j + 10/i = 1G/+ 2/ by (5). 


Then, by (2), 


T= 3 S~Jf~ 2 ^ lba wt, > 


and 


2 X »10H lbs. wt 



Exa. 


SOLUTIONS 


379 


55. If W be the mass supported, then as in Static * , Art. 164, 
W(a-b) = 2Pc (1). 

When P becomes 2 P let T be the tendon of its iope, and T' that 
of the other. Let / be the acceleration of 2 P downwards and /' that 
of W upwards. Then 

2Pg-T=2Pf (2), 

and 2T'-W.g=W.f (3). 

Also by the Principle of Virtual Work [ Static* % Art. 236], we have 


/ 

r 


W 

P 


2 c 

a-b' 


W. 


Also, since the moments of the tensions of the strings round the 
central line of the axis must vanish, 


T.c = T’(a-b) (6). 

p 

Solving (2), (3), (4), (6) for /, and UBing the relation (1) for — we 
have the required answer. 


• 56. Let 0 be the point of projection, OA the range on the in- 
clined plane ; let v be the velocity of projection at an angle p to the 

inclined plane. The time of flight is 2 ^ » and therefore velocity 

at A along the plane 

„ 2v sin B 

=0Oob/ 9- — . y sin u. 

g cos a 

Hence the condition gives 

. _ „ 20sin/9sina 

v sin 3 : v cos B : : cot a : 1. 

* ' Ann n 


cob a 

.*. cos a cos fl= 3 sin a sin p. 

1 

cos a ~ “ “ 


sin p _ cos £ _ 

" “ “Ssina” ^/l a. 8 sin 3 a' 


After hitting the plane again at A the velocity along the plane 
downwards initially 

„ 2v sin B sin a , . 

srv cos B , as before. 

r oos a * * 


Jl + 8 sin* a 

Also the initial velooity perpendicular to the plane=o sin p t as 
before, and hence time of flight in second trajectory 


y cos a 
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Therefore second range 

vsina 2vsin 8 1 /2t>sin£\ a 

= - r = x + - g sin a . ( ) 

*/l + 8 sin* a poos a 2 \g cos a/ 

_ 2v 8 ^ cos a 2u 8 cos 3 a . sin a 

g a * 1 + 8 sin 3 a g cos 8 a ’ 1 + 8 sin 8 a 

_4i> 8 Bin a _ 

~~ g 1 + 8 sin 8 a’ 

But the range OA in the original trajectory, by Art. 109, 

2u* cos (a + /3) . sin 0 _ 4r 8 sin a 
^ cos 8 a ~~ g 1 + 8 sin 8 a’ 

Also the time of flight in either trajectory, and also in the vertical 
path after leaving A , 

_2rsin/3 2v 

g cos a 0*71 + 8 sin 8 a 
•\ total time = three times this = etc. 

57, Let /, , ft , f a , / 4 be the accelerations, all measured downwards, 
of the masses 2m, 8m, m, and 4m ; /- and / fl those of the two pulleys ; 
T the tension of the string round the fixed pulley, T x of that round 
the first movable pulley, and T a of that round the second one. 


Then 2 mg -T x = 2 mf x (1), 

3m0 - Tj = 8m/ 2 (2), 

2r 1 -r+m0=m/ # . (8), 

mg - T a =mf a (4), 

4mp - T a =4m/ 4 (5), 

and 2 T 2 - T+mg=mf e (6). 

Also, just as in Ex. 29, we have, since the strings are of oonstant 
length, 

/i+/ 3 =2/ fl (7), 

/•+/4 s= 2/ 8 (8). 

Also / 5 = (9), 


since one of the movable pulleys goes up as fast as the other goes down. 
Solving these equations, we have — 

40 
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58. Let 0 be the centre of the circle, OA the vertical ; if possible 
let the bead be on the point of slipping when at P where l AOP=$. 
Let R be the reaction along OP t and fiR the friction. Then the 
acceleration of the bead towards the centre is and along the 
tangent it is zero. 


nuo 2 a = mg cos 0-R (1), 

and fiR=mg sin 0 (2), 


«*a=^ (/ucos 0 - 8in0) = ^-^J^-cos (0 + e), where ji= cote. 

^ o_ 

Hence the position of P is given by cos (0 + e) = - 


gjl + fjp' 

This gives no real value of 0, i.e. the bead is never on the point of 
blipping, 

if fjuj) 2 a >■ g*Jl + A 


i.e. if 


i.e. if 


1 + 


s! 

a> \/i \/ 


i + 


59. Let 0 be the centre of the hoop, A OB a vertical diameter, A 
hying the lowest point. Let the particle leave the hoop at P. 

If the velocity of projection at A be u, the velocity v at P is given 
by v 2 =u 3 -2g (a + acos0), where lBOP—0. 

The particle leaves the hoop at P, if 
mv * v? 

mg oos0= — = m — - 2g (1 + cos 0), 


i.e. if u*=ga[2 + 3 cos 0] (1). 

Let t be the time from P to A ; thou at P the particle starts with 
initial horizontal and vertical velocities equal to v oos 0 and v sin 0, 
and describes a parabolic path. Thus 

a sin 0=vcos 0 . e, and - (a + a cos 0)=t> sin0 . t- - gt*. 


.\ -(a + acoB0) = 
But from (1) v*=ay oos0. 

-a-a cos 0=- 


a sin 3 0 1a 3 sin 3 0 


cos 0 


~2 g v 3 "cos 3 0 ' 


( 2 ). 


. 1 aa* sin 2 0 

a COB 0 - jr j-t, 

2 ag cos 8 0 


cos 0 

- 2a cos 8 0=2a cos 3 0 - a sin 3 0. 
.* 2 cos 8 0 + 3 cos 3 0-1=0. 
(cos 0+ 1) 3 (2 cos 0-1) =0. 


The only admissible solution is 008 0=^, i.e, 0=00°, and then, 




Iga 
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60. With the notation oi the labt example we have u a =2 g ( a+b ), 
and the equation (1) becomes 

003 e= Ta (1)> 


and 


v*=ag coa 6=-bg (2). 


The string will be taut again at the point of intersection Q of the 
circle and parabolic path. Hence if iAOQ — <f> t and t be the time 
from F to Q , then 

a sin 0 + asin 0=vcos 6 . t , 

and - (a cos 0 + a cos 0) = v sin d . t - * gt a . 

Eliminating 0 we have 

(t7 cob 0 . t - a Bin 0)- -f cos 0 + v sin 0 . t - i yt^j = a a . 

• 1 

.. v‘ 2 t* + a 2 - gt 2 (a cos 0 + v sin 0 . t)-\ ^ y 2 L i =a i , 

x.e. ^gH' 2 = -v 2 + g (a co^d + vsin 0 . t) 

/ 2by / 4 b 2 

=gvame.t=g. \/ - ^ 1 - ^ . t. 

27pt 2 a a = 82/>7 (9a J - 4i 2 ). 

61. Let 0 be the point of attachment. Draw OABG vertical, and 
let OA=a, AB = a, BC = 2a. 

Let P be any point between B and C such that AF=x. Let T be 
the tension at F . Then the acceleration of P towards O 


_ X — mg 

T -mg a 


, by Hooke’s Law, 


a 

The motion is therefore simple harraouio about B as centre with 
2a as half-amplitude. Hence, by page 196, the time from C to A 

2t 


Also the velocity at A = ^ J ^ N /4a*-a a = Jbga. 
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After passing A the string becomes slack and this velocity is 
destroyed in time tJ‘dga-$-y = • Therefore total time froin'C to 

the highest point of the path = ^ ^/3 + . 

Also required time = twice this. etc. 

62. Let v be the velocity with which the ball starts, so that 
T=^is the impulse on the system A and B. The velocity of each 
v 

of the latter is therefore ^ , and they move with no acceleration. 

Let x be the distance A goes before the ball catches him. Then, 
since the ball just reaches him, the time that elapses is that in which 
v 

v is reduced to ^ by the acceleration g and therefore is — . 

20 20 // 


Hence 




and 


r _v_ 19 o 

*“20 X 20 tf 


2 g (z + /i) = 


399 

400 1 


399 x gjr 


19 


= 21// a;. 


2 h 
* = 19* 


After A has caught the baK his acceleration downwards 


(i), 

■■•(a). 


m 

m+~~ in 

— ~ g =. 9 


m 

m + + m 


21 1 


aud the velocity — is therefore destroyed in a space y, where 




and 


_21 v* _ 21 gx_ 21 _21 h 

’■ y ~2g 1 400 “ ' 19 ~ 38 X — 361 ’ 

required toted distance = x + y =* -g J • 
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63. Let f x and / a be the accelerations, both measured downwards, 
of m and Since the mass M is to remain at rest, the tension of 

jjj 

the string must be - g. 


Henoe 


( 1 ), 


and 


, Mg 

no — f= mf z 


( 2 ). 


Also, sinoe one of the moving masses goes up as fast as the other 
goes down, 

(^)* 

ITenoe, from (1) and (2), 

g .^ +g JJl = 0 . 

9 2 lit 9 2m' 

. i-I+I 

M m m ' 


04. Let / be the acceleration of the wedge horizontally and 
theiefore that of M' vertically. Let T be the tension of the string, 
R the reaction between the wedge and the mass m , and /. and the 
accelerations of the mass m perpendicular to and down the inclined 
face of the wedge. 


Then R - mg cos a =mf 1 (1), 

g Bin a=/ a (2), 

R Bin a + T=*Mj (3), 

and M'g-T=M[f .. .. ... (4). 

Also, since the acceleration f x must be equal to the acceleration of 
the wedge perpendicular to the inclined plane, 

••• /i= -/Bin a (5). 

Solving (1), (8), (4), (6), we have 

f M'g + mg cos a bin a 
■' 5S Jtf+Af'+i»sm a a 


Now the relative acceleration 


s acceleration of the wedge resolved upwards along the 
inclined face + f% 

=/oosa+0sma 

__ (M + Af' + m) sin a + Af'cos a 

~ M+M ' + msm a a ^ 

Also from (1) 

R=smg cos a + mj 1 =m (g cos a -/sin a) 

(M+ M') cos a -M' sin a 
mm M+M' + m sm a a 
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65. With the notation of Ex. 31, page 97, the aeoeleration of the 
particle relative to the plane is down the line of greatest slope and 

=g sina+/ a cosa 


=g sin a + 


mg sin a cos* a 
If +?7i sin* a 


=g sin ax 


Af+msin^a' 


and is therefore constant and in a constant direction. Hence, as in 
Art. 112, the path on the plane is a parabola. 

66. The particle cannot retrace its path unless its direction of 
motion at the point of impact is perpendioular to the plane. 

Let v be the initial velocity at an angle ft to the plane. The time 

of flight is an( i hence, as in Art. 109, 

g cos a 

,^ a „2z^siivgco8(a J-ft) m 


Also at the moment of impact the velocity along the plane 
_ . 2v sin ft 


This is zero if 


= t7 cos ft- g sin a . 

r g cos a 

2 sin a sin ft= cos a cos ft, 
sin ft cos ft _ 1 

cos a 2 sin a jV+3 sin* a * 


and then from (1) , 

oos* « 

2 Bin ft (cos a cos ft - sin a sin ft) 

_gl 1 + 3 sin* a 
” 2 sin a 

67. Let X be the coefficient of elasticity so that 


m ?= x s 


When the mass is at a distance x from A the point where the 
perpendicular from 0, the fix ed point, upon the bar meets it, the 
length of the spring is Jc % +x* and its tension 




L. 8. K. 


25 
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Henco the force to bring the both back 


= T COB OKA - T -4=- = H!i r X - "-I = *’[«- «rj , 

Jt 2 + x* e L J 6 L cJ 


as far as first powers of x . 

Hence the acceleration =^. - C - xi 
i)/ e c 

The motion is thus simple harmonic for small values of v , and the 
time is as given 


68. Let P bo the diffeience between the horizontal pressures 
exerted by the two rails lhen P is equal to a paiallel force P acting 
through the centio of meitia together with a couple P h tending to 
overturn the carriage 

Also P = m — (1) 

r ' 


Let R and S be the vertical pressuies exerted by the inner and 
outer iails, so that R + 8—mg 

The forces R, S , and mg must therefore form a couple to balance 
the former couple 

Taking moments about the outer rail the moment of this couple 
= mga - R 2a 

v * 

m — h=mga - 2 Ra, 


D m r vVn 

"2 \f raj* 

If t> » , this value of 11 will be negative, t e for equihbnum 

the inner rail would have to pull the carriage downwards, which is 
impossible Hence the carnage would upset 


69. Suppose the wedge to move with acceleiation / Let S be 
the pressure of the table on the wedge and R the reaction between the 
inclined face and particle , also let be the acceleration of the partiole 
perpendicular to the inclined face 

Then R-mg coBa.=mf 1 (1), 

Mg + Rcoaa-S (2), 

and R Bin a - 6 tan c = Mf (3) 

Also Bince the wedge and mass remain in contact, the acceleration 
of each peipendicular to the piano fact must be the same 

llenco /jss^/sina, (4) 
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From (2) and (3), 

R [cos a sin e - sin a cos e] = - Mf cob c - Mg sin e, 
and lionce, by (1) and (4), 

(mg cos a - mf sin a) sin (a-e)~Mf cos e + Mg sin e. 
f mg cos a sin (a - e) - Mg sin c 
il/cos e + msin a sin (a-c) 

The wedge will just not move if this acccleiation be just zero, i.c. if 
m cos a sin (a - e) = M sin e, 
i.c. if m cos a [sin a - cos a tan e] = M tan 

, m cos a sin a 
i.c. if tan f= __ 77-- . 

M+mooB* a 

If tlie wedge is to move, the coefficient of friction must be less 
than this. 


■ 70 . Let T be the tension of the unbroken string which is attached 
to the point 0 of the window OABC } where OA (-a) is vertical and 
OC( = b) horizontal. The window will be in contact with the frame- 
work at A and C. Let J H and S be the normal reactions at theso points 
and /.di, g.S the frictions both of which act upwards. Let T be the 
tension of the unbroken string; then / is also the upward acceleration 
M 

of the weight — , where M is the mass of the window. 

u 

Then T -^gJ±f (1), 

and Mg-T-n(R + S)=Mf (2). 

Also, by resolving horizontally, 

R=S (3). 

Also, since the frame cannot twist, the sum of the moments about 
the centre of gravity must vanish. 

(T+pJt) b - = nS h -+(R + S)“. 


(1), (2) and (3) give 


T . b — 'Mli, by (3), 


This and T from (1) substituted in (4) give 

*£<*+/)=>*£ fto-V)- 

. u~- IzM 
g+f' 
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71. The average foroes whilst the body is describing the 1st, 2nd, 
8rd etc., feet are 

450 + 820 820 + 270 4 

g , - 2 — , ... lbs. wt. 

t e. 885, 295, 840, 445, 545, 755 lbs. wt. 

Henee the net vertical forces are 

85, -5, 40, 145, 245, and 455 lbs. wt. 


When at a height of 5j feet the potential energy stored up 
= 6j x 300 ft.-lba. = 1650 ft.-lbs. 

The kinetic energy of the mass then = work done on it 

= 85 x 1 + ( -5) x 1 + 40 x 1 + 145x1 + 215 x 1 + 455 x £ ft.-lbs. 

= 737*5 ft.-lbs. 

The total work done by the force = sum of the kinetio and potential 
energies 

= 2387*5 ft.-lbs. 


72. The average forces during consecutive inches are 

22 + 86*2 86-2 + 44*5 

2 • 2 1 

i e. 29*1, 40*35, 46*75, 50*5, 51*9 and 49-9 lbs. wt. 

At a height of 2 inches the work done by the foroe 
29*1 + 40 35 69*45 . 


12 


12 


- ft.-ll 


The work done against the weight = ~ ^ ~ * ft -lbs. 

The work done against the spring (Static*, Art. 217) 

ft.-lbs. 

.-. Kinetic energy -= net work done 
69-45-20-20 


12 


=2-45 ... ft.-lbs. 


The potential energy then 

- 20 + 20 , 8ift .. lbB . 


13 
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At a height of 4 inches the corresponding yorks are 
291 + 40-36 + 46-75 + 50-6 10 x 4 1 .... „ 4 

i2 * tst* 2 t40+0]X r2 : 

168-7 40 80 
*'*' 12 * 12* ia’ 

Kinetio energy = net work done 
166*7-40-80 46*7 


12 


12 


= 8*80 ... ft.-Jbs. 


The Potential Energy then = = 10 ft. -lbs. 

Also, if V be the velocity when it has been raised 6 inohes, we 
have 

1 lorfl _ 166*7 + 61*9 + 49*9 10x0 1 r - 6 

2*1° T “ 12' “ --12"“2 [G() + ()] 12 

268-6-60-180 28-6 ,, „ 

= X2 =12- ft - lb8 ‘ 

28’6 

=~j2 x ^* P oun ^ B - 

F a =^^- 2 = l-9x 8 = 15-2. 

•\ V= ^15-2 = 3*9 ft. per seo. nearly. 


73 . M A be the area of the section of the hose, and m the mass 
of a unit volume of water, the water delivered per second each 
particle of whioh has velocity v. 

.*. energy of this water = ^ . A mv . v* = . v 8 , 

A A 

so that the energy delivered per second varies as v*. 


74. The force between the wheels and the rails 
*=4 tons wt. = 4 x 2240 lbs. \vt. 

Henoe if v be the velocity of the train in ft. per sec., we have 

4 x 2240 x v = work done by the train per second = 700 x 660. 

700x550 , ilh , 

.*. vsz 4 x 2 2 4 q =vory nearly 48 ft. per seoond 

=a little less than 80 miles per hour. 


75 . Let the engine exert its pull for time 
a distance x v and a velocity v is acquired. 

P-R , -R „ 
are—y and -^g, 


fi , during whioh it goes 
Then the accelerations 
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(P - R) g R . . 

-ir at <*-*> 

(P-R)g 1 0 _fy (l _ x) 
M 2 ~W { ’ 

r M Mn \ 


;• j 

H *““ ^’- a [pT5 + "]’ wh ““ *-l$Tw- 

Also (1) gives 

Pg. R . ,, , , , n lPgt* - 2MBI 2MI 

80 ttat 1 ~ 1 P~* S?gt l l ~Rgt’ 

76. Whilst ho is running down the hill uniformly the forces 

must balance, so that tho lesistanoe R of the air= — Mg When he 

m 

is going up tho incline the total resistance * 

= ll+l.Mg = (± + l \Mg. 
n \m n J 

/. work he does per second = My x v. 

. /I 1 \Mgv 

reqU1,0,lnP= U + «j 550 - 

77. Lot II be his constant horse-power, and P the resistance. 
Then 

88 D TJ 88 /180 D \ 

I xP=H= i 2 X U + )' 

ool 

/. 12P=5P + 22£, so that P=~I = 3^ r . 

Also, when ho is going down the second incline, the resistance to 
his motion 

=p “Ioo 180 = 3 A-g=i™ ^s. wt. 

Hence if v be his required greatest velocity in ft per sec., vre have 

1 2 0 rr 88 q 8H _ 3 

l T Sxv = £r= T xP* T x3^ r . 
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70 88 45 60 x 60 . 

' V= 99 * 6 “ * H X 5280 m,le 9 *P er hour - 


300 q 

= — = 27yy miles per hour. 


78. Lot V be the velocity acquired. Since no momentum is lost 
by the impact, 

mv = (M+m) V, so that 7=---. 
x ' M + m 

Let F be the resistance, so that F .a — work done by it =s change in 
the kinetic energy of the system 


*=^ mu ’ -5 (M+m) 

2 2 

= 2 mva [ 1 -M^] = 


‘2 M + m 


„ Mm u a . . 

F= MTTn2a P ° Um,ftla 


Mm v* 


lbs. wt. 


M + m 2(ja 

Also, ii t be the time of penetration, 

F. t = change in the momentum of m 
= m (v - V) 

mv _ Mmv 

SB — — — [M + m- m] — — • 

M + v i L J M + m 


_ Mmv 
t = M~+ni 


/ Mm v‘ J \ 2rx 

\M + m2aJ ~ v * 


During this time the acceleration of M 
_F m V s 

s M~~W+ri>2a' 

distance described by it = ^ . ~ & 

* 2 M+m2a 

m v a 4a a _ ma 

~ M+m ±a‘ t> a “ M+m 86 * 
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